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E. Zelenyuk. Topological groups with �nite semigroups of ultra�lters // Matematy-
chni Studii. 6 (1996) P.41{52.

Under CH for every natural number m there are constructed three group topolo-
gies pm, λm, κm on a countable Boolean group B such that their semigroups of ultra-
�lters are m-element. Each discrete subset of the group (B, pm) ((B, λm), (B,κm))
is closed. The group (B,κm) is irresolvable and extremally disconnected. The group
(B, λm), m ≥ 2, is irresolvable and not extremally disconnected. This fact answers
negatively the question of Comfort and van Mill whether an irresolvable abelian
group is extremally disconnected [5].

�®à®è® ¨§¢¥áâ­®, çâ® â®¯®«®£¨ï â®¯®«®£¨ç¥áª®© £àã¯¯ë ¯®«­®áâìî ®¯à¥¤¥-
«ï¥âáï ä¨«ìâà®¬ ®ªà¥áâ­®áâ¥© ¥¤¨­¨æë,   á«¥¤®¢ â¥«ì­®, ¨ ã«ìâà ä¨«ìâà ¬¨,
áå®¤ïé¨¬¨áï ª ¥¤¨­¨æ¥. �§¢¥áâ­® â ª¦¥, çâ® ç¨á«® ¯®á«¥¤­¨å «¨¡® ª®­¥ç­®,
«¨¡® ≥ 2c. �â® ¤¢¥ ¯à¨­æ¨¯¨ «ì­® à §«¨ç­ë¥ ¢®§¬®¦­®áâ¨. �á¥ ®¡ëç­ë¥
­¥¤¨áªà¥â­ë¥ £àã¯¯ë (¬¥âà¨§ã¥¬ë¥, ª®¬¯ ªâ­ë¥ ¨ â.¤.) ®â­®áïâáï, ¯®­ïâ­®,
ª® ¢â®à®¬ã á«ãç î. � ¤ ­­®© à ¡®â¥ ¨§ãç îâáï â®¯®«®£¨ç¥áª¨¥ £àã¯¯ë á ª®-
­¥ç­ë¬ ç¨á«®¬ á¢®¡®¤­ëå áå®¤ïé¨åáï ª ¥¤¨­¨æ¥ ã«ìâà ä¨«ìâà®¢. � ­¥¥ ¡ë«
¨§¢¥áâ¥­ «¨èì ®¤¨­ ¯à¨¬¥à â ª®© £àã¯¯ë, ¯®áâà®¥­­ë© �.�. � «ëå¨­ë¬ [1]
¢ ¯à¥¤¯®«®¦¥­¨¨  ªá¨®¬ë � àâ¨­  ��. �àã¯¯  � «ëå¨­  { áç¥â­ ï ¡ã«¥¢ 
£àã¯¯ , â.¥. áç¥â­ ï £àã¯¯  íªá¯®­¥­âë 2, á ¥¤¨­áâ¢¥­­ë¬ á¢®¡®¤­ë¬ áå®¤ï-
é¨¬áï ª ­ã«î ã«ìâà ä¨«ìâà®¬. � ¦¤ ï â®¯®«®£¨ç¥áª ï £àã¯¯  á ¥¤¨­áâ¢¥­-
­ë¬ á¢®¡®¤­ë¬ áå®¤ïé¨¬áï ª ¥¤¨­¨æ¥ ã«ìâà ä¨«ìâà®¬ á®¤¥à¦¨â ®âªàëâãî
áç¥â­ãî ¡ã«¥¢ã ¯®¤£àã¯¯ã [1,2]. �®¯®«®£¨ç¥áª ï £àã¯¯  á ¥¤¨­áâ¢¥­­ë¬ á¢®-
¡®¤­ë¬ áå®¤ïé¨¬áï ª ¥¤¨­¨æ¥ ã«ìâà ä¨«ìâà®¬ ®¡« ¤ ¥â á«¥¤ãîé¨¬¨ íªáâà¥-
¬ «ì­ë¬¨ â®¯®«®£¨ç¥áª¨¬¨ á¢®©áâ¢ ¬¨, ¤®áâ â®ç­® ¨§¢¥áâ­ë¬¨ â®¯®«®£ ¬.
�­  ­¥à §«®¦¨¬ , íªáâà¥¬ «ì­® ­¥á¢ï§­  ¨ ª ¦¤®¥ ¤¨áªà¥â­®¥ ¯®¤¬­®¦¥áâ¢®
¢ ­¥© § ¬ª­ãâ®. \� ¨¢­ë¥" ¯à¨¬¥àë ­¥¤¨áªà¥â­ëå â®¯®«®£¨ç¥áª¨å £àã¯¯,
®¡« ¤ îé¨å å®âï ¡ë ®¤­¨¬ ¨§ â ª¨å á¢®©áâ¢, ­¥¨§¢¥áâ­ë. �®«¥¥ â®£®, «¨èì
¤«ï íªáâà¥¬ «ì­®© ­¥á¢ï§­®áâ¨ ¡ë«¨ ¨§¢¥áâ­ë ¯à¨¬¥àë, ®â«¨ç­ë¥ ®â ¯à¨¬¥à 
� «ëå¨­ . �¥¤ ¢­® �.�. �à®â á®¢ë¬ [3] ¡ë«® ¤®ª § ­®, çâ® ¨§ áãé¥áâ¢®¢ -
­¨ï â®¯®«®£¨ç¥áª®© £àã¯¯ë á ¥¤¨­áâ¢¥­­ë¬ á¢®¡®¤­ë¬ áå®¤ïé¨¬áï ª ¥¤¨­¨æ¥

1991 Mathematics Subject Classi�cation. 22A05, 54H11, 54D80.

Typeset by AMS-TEX
41



42 �.�. �������

ã«ìâà ä¨«ìâà®¬ ¢ëâ¥ª ¥â áãé¥áâ®¢ ­¨¥ P -â®çª¨ ¢ ¯à®áâà ­áâ¢¥ βω\ω. �«¥-
¤®¢ â¥«ì­®, \­ ¨¢­®" â ªãî £àã¯¯ã ¯®áâà®¨âì ­¥¢®§¬®¦­®.

� ¯®áâà®¥­¨¨ ¨ ¨§ãç¥­¨¨ â®¯®«®£¨ç¥áª¨å £àã¯¯ á ª®­¥ç­ë¬ ç¨á«®¬ m > 1
á¢®¡®¤­ëå áå®¤ïé¨åáï ª ¥¤¨­¨æ¥ ã«ìâà ä¨«ìâà®¢, ¢ ®â«¨ç¨¥ ®â á«ãç ï m = 1,
áãé¥áâ¢¥­­ãî à®«ì ¨£à ¥â ¯®«ã£àã¯¯®¢ ï ®¯¥à æ¨ï ­  ã«ìâà ä¨«ìâà å, ¥áâ¥-
áâ¢¥­­® ¯à®¤®«¦ îé ï ®¯¥à æ¨î ã¬­®¦¥­¨ï í«¥¬¥­â®¢ £àã¯¯ë. �â­®á¨â¥«ì-
­® íâ®© ®¯¥à æ¨¨ ¢á¥ á¢®¡®¤­ë¥ áå®¤ïé¨¥áï ª ¥¤¨­¨æ¥ ã«ìâà ä¨«ìâàë ­  â®-
¯®«®£¨ç¥áª®© £àã¯¯¥ ®¡à §ãîâ ¯®«ã£àã¯¯ã, ­ §ë¢ ¥¬ãî ¯®«ã£àã¯¯®© ã«ìâà -
ä¨«ìâà®¢ á®®â¢¥âáâ¢ãîé¥© â®¯®«®£¨ç¥áª®© £àã¯¯ë ¨«¨ â®¯®«®£¨¨ [4].

� ¤ ­­®© à ¡®â¥ ¤«ï ª ¦¤®£® ­ âãà «ì­®£® ç¨á«  m ­  áç¥â­®© ¡ã«¥¢®©
£àã¯¯¥ B ¢ ¯à¥¤¯®«®¦¥­¨¨ ª®­â¨­ãã¬ £¨¯®â¥§ë CH ¯®áâà®¥­ë âà¨ £àã¯¯®-
¢ë¥ â®¯®«®£¨¨ ϱm, λm, κm, ¯®«ã£àã¯¯ë ã«ìâà ä¨«ìâà®¢ ª®â®àëå ¥áâì m-
í«¥¬¥­â­ë¥ ¯®«ã£àã¯¯ë ¯à ¢ëå ­ã«¥©, «¥¢ëå ­ã«¥© ¨ æ¥¯ì ¨¤¥¬¯®â¥­â®¢ á®®â-
¢¥âáâ¢¥­­®. �® ¢á¥å £àã¯¯ å (B, ϱm), (B, λm), (B,κm) ª ¦¤®¥ ¤¨áªà¥â­®¥ ¯®¤-
¬­®¦¥áâ¢® § ¬ª­ãâ®. �àã¯¯ë (B,κm) ­¥à §«®¦¨¬ë ¨ ¥ªáâà¥¬ «ì­® ­¥á¢ï§­ë.
�àã¯¯ë (B, ϱm) ¯à¨ m ≥ 2 ­¥ ¡®«¥¥, ç¥¬ m-à §«®¦¨¬ë ¨ íªáâà¥¬ «ì­® ­¥á¢ï§-
­ë. �àã¯¯ë (B, λm) ¯à¨ m ≥ 2 ­¥à §«®¦¨¬ë ¨ ­¥ íªáâà¥¬ «ì­® ­¥á¢ï§­ë.
�®á«¥¤­ïï á¥à¨ï ¯à¨¬¥à®¢ ®âà¨æ â¥«ì­® à¥è ¥â ¢®¯à®á �®¬ä®àâ -¢ ­ �¨«« 
¨§ [5]: ¢¥à­® «¨, çâ® ­¥à §«®¦¨¬ ï  ¡¥«¥¢  £àã¯¯  íªáâà¥¬ «ì­® ­¥á¢ï§­ ?

�®ª § ­®, çâ® ª ¦¤ ï å ãá¤®àä®¢   ¡¥«¥¢  £àã¯¯  á m-í«¥¬¥­â­®© ¯®«ã-
£àã¯¯®© ã«ìâà ä¨«ìâà®¢ á®¤¥à¦¨â ®âªàëâãî áç¥â­ãî ¯®¤£àã¯¯ã ¯¥à¨®¤  ≤
2m.

�®ª § ­® â ª¦¥, çâ® ¨§ áãé¥áâ¢®¢ ­¨ï ­¥¤¨áªà¥â­®©  ¡¥«¥¢®© £àã¯¯ë á ª®-
­¥ç­®© ¯®«ã£àã¯¯®© ã«ìâà ä¨«ìâà®¢ ¢ëâ¥ª ¥â áãé¥áâ¢®¢ ­¨¥ P -â®çª¨ ¢ βω\ω.
�«¥¤®¢ â¥«ì­®, \­ ¨¢­®" â ªãî £àã¯¯ã ¯®áâà®¨âì ­¥¢®§¬®¦­®.

�á­®¢­ë¥ à¥§ã«ìâ âë à ¡®âë  ­®­á¨à®¢ ­ë ¢ [6].

§1. �¯¯à®ªá¨¬ æ¨®­­ ï â¥®à¥¬ .

�ãáâì G { ¡¥áª®­¥ç­ ï £àã¯¯ , βG { ç¥å-áâ®ã­®¢  ª®¬¯ ªâ¨ä¨ª æ¨ï G ª ª
¤¨áªà¥â­®£® ¯à®áâà ­áâ¢ . �«¥¬¥­â ¬¨ ¯à®áâà ­áâ¢  βG ï¢«ïîâáï ã«ìâà -
ä¨«ìâàë ­  ¬­®¦¥áâ¢¥ G. �à¨ íâ®¬ £« ¢­ë¥ ã«ìâà ä¨«ìâàë ®â®¦¤¥áâ¢«ïîâ-
áï á á®®â¢¥âáâ¢ãîé¨¬¨ í«¥¬¥­â ¬¨ ¨§ G. � §ã â®¯®«®£¨¨ ¯à®áâà ­áâ¢  βG
®¡à §ãîâ ¬­®¦¥áâ¢  ¢¨¤  A = {p ∈ βG : A ∈ p}, £¤¥ A ¯à®¡¥£ ¥â ¢á¥ ¯®¤¬­®-
¦¥áâ¢  ¨§ G. � ¦¤ë© ä¨«ìâà φ ­  ¬­®¦¥áâ¢¥ G ®¯à¥¤¥«ï¥â ¢ βG ­¥¯ãáâ®¥
§ ¬ª­ãâ®¥ ¯®¤¯à®áâà ­áâ¢® φ = ∩{A : A ∈ φ}. �¡à â­®, ª ¦¤®¥ ­¥¯ãáâ®¥
§ ¬ª­ãâ®¥ ¯®¤¯à®áâà ­áâ¢® ¨§ βG ®¤­®§­ ç­® ¯à¥¤áâ ¢¨¬® ¢ â ª®¬ ¢¨¤¥. � -
à ªâ¥à ¯®¤¯à®áâà ­áâ¢  φ ¢ ®¡ê¥¬«îé¥¬ ¯à®áâà ­áâ¢¥ βG à ¢¥­ å à ªâ¥àã
ä¨«ìâà  φ { ¬¨­¨¬ «ì­®© ¨§ ¬®é­®áâ¥© ¡ § ä¨«ìâà  φ.

�¯¥à æ¨ï ã¬­®¦¥­¨ï í«¥¬¥­â®¢ £àã¯ë G ¥áâ¥áâ¢¥­­® ¯à®¤®«¦ ¥âáï ¤® ®¯¥-
à æ¨¨ ã¬­®¦¥­¨ï ã«ìâà ä¨«ìâà®¢ { í«¥¬¥­â®¢ ¯à®áâà ­áâ¢  βG, { ­¥¯à¥àë¢-
­®© ¯® ¢â®à®¬ã  à£ã¬¥­âã, ª®£¤  ¯¥à¢ë©  à£ã¬¥­â ä¨ªá¨à®¢ ­ ¨ ¯à¨­ ¤«¥¦¨â
G, ¨ ­¥¯à¥àë¢­®© ¯® ¯¥à¢®¬ã  à£ã¬¥­âã ¯à¨ «î¡®¬ ä¨ªá¨à®¢ ­®¬ ¢â®à®¬. �á-
«¨ p, q ∈ βG, â® ¬­®¦¥áâ¢  ¢¨¤  ∪{a ·Ba : a ∈ A}, £¤¥ A ∈ p, Ba ∈ q, ®¡à §ãîâ
¡ §ã ã«ìâà ä¨«ìâà  p · q. �à®¤®«¦¥­­ ï ®¯¥à æ¨ï ®áâ ¥âáï  áá®æ¨ â¨¢­®©,
¯à¥¢à é ï, â ª¨¬ ®¡à §®¬, βG ¢ ¯®«ã£àã¯¯ã. � ª®¥ ¯à®¤®«¦¥­¨¥ ¢®§­¨ª«® ¨
¨­â¥­á¨¢­® ¨á¯®«ì§ã¥âáï ¢ ª®¬¡¨­ â®à¨ª¥ ç¨á¥« (á¬., ­ ¯à¨¬¥à, ®¡§®à [7]).

� ¬ª­ãâë¥ ¯®¤¯®«ã£àã¯¯ë ¯®«ã£àã¯¯ë βG ­ §ë¢ îâáï ¯®«ã£àã¯¯ ¬¨ ã«ì-
âà ä¨«ìâà®¢ ­  £àã¯¯¥ G. � ª ¦¤®© ¯®«ã£àã¯¯¥ ã«ìâà ä¨«ìâà®¢ φ ®¯¥à æ¨ï
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ã¬­®¦¥­¨ï ­¥¯à¥àë¢­  ¯® ¯¥à¢®¬ã  à£ã¬¥­âã,   á ¬  ¯®«ã£àã¯¯  φ ª®¬¯ ªâ-
­ . �«¥¤®¢ â¥«ì­® (á¬., ­ ¯à¨¬¥à, [8]), φ á®¤¥à¦¨â ¬¨­¨¬ «ì­ë© ¨¤¥ « I(φ),
ª®â®àë© ï¢«ï¥âáï ¢¯®«­¥ ¯à®áâ®© ¯®«ã£àã¯¯®©.

�¥¬¬  1. �ãáâì S = {pi : i < m} { ª®­¥ç­ ï ¯®«ã£àã¯¯  á¢®¡®¤­ëå ã«ìâà -
ä¨«ìâà®¢ ­  £àã¯¯¥ G, {Fn(pi) : n < ω} { ã¡ë¢ îé ï ¯®á«¥¤®¢ â¥«ì­®áâì
í«¥¬¥­â®¢ ã«ìâà ä¨«ìâà  pi, F0(pi) ∩ F0(pj) = ∅, ¥á«¨ i ̸= j, p(a) = pi, ¥á-
«¨ a ∈ Fn(pi). �®£¤  áãé¥áâ¢ã¥â â ª ï ¯®á«¥¤®¢ â¥«ì­®áâì {an : n < ω}
à §«¨ç­ëå í«¥¬¥­â®¢ ¨§ G, çâ®
1) an ∈ Fn(pi), £¤¥ i ®áâ â®ª ®â ¤¥«¥­¨ï n ­  m;
2) an0 · . . . · ank

∈ Fn0(p(an0) · . . . · p(ank
)), £¤¥ n0 < · · · < nk.

�®ª § â¥«ìáâ¢®. �ë¡¥à¥¬ ¬­®¦¥áâ¢® A0 ∈ p0 â ª®¥, çâ®

A0 · p ⊂ F0(p0 · p)

¤«ï ¢á¥å p ∈ S, § â¥¬ ¢ë¡¥à¥¬ a0 ∈ A0 ∩ F0(p0).
�à¥¤¯®«®¦¨¬, çâ® ã¦¥ ¯®áâà®¥­  ¯®á«¥¤®¢ â¥«ì­®áâì {an : n < l} â ª ï,

çâ®
1) an ∈ Fn(pi), £¤¥ i { ®áâ â®ª ®â ¤¥«¥­¨ï n ­  m;
2) an0 · . . . · ank

∈ Fn0(p(an0) · . . . · p(ank
)), £¤¥ n0 < · · · < nk < l;

3) an0 · . . . · ank
· p ∈ Fn0(p(an0) · . . . · p(ank

) · p), £¤¥ n0 < · · · < nk < l, p ∈ S.
�ãáâì j { ®áâ â®ª ®â ¤¥«¥­¨ï l ­  m. �ë¡¥à¥¬ Al ∈ pj â ª®¥, çâ®

an0 · . . . · ank
·Al ⊂Fn0(p(an0) · . . . · p(ank

) · pj),

Al · p ⊂Fl(pj · p),

an0 · . . . · ank
·Al · p ⊂Fn0(p(an0) · . . . · p(ank

) · pj · p),

£¤¥ n0 < · · · < nk < l, p ∈ S. � â¥¬ ¢ë¡¥à¥¬ al ∈ Al ∩ Fl(pj)\{an : n < l}.
�®£¤  ãá«®¢¨ï 1)|3) ­ è¥£® ¨­¤ãªâ¨¢­®£® ¯à®æ¥áá  ¡ã¤ãâ â ª¦¥ ¢ë¯®«­ïâáï
¨ á § ¬¥­®© l ­  l + 1.

�ç¥¢¨¤­®, çâ® â ª ¯®áâà®¥­­ ï ¯®á«¥¤®¢ â¥«ì­®áâì {an : n < ω} ¡ã¤¥â âà¥-
¡ã¥¬®©.

�¨«ìâà φ ­  £àã¯¯¥ G ­ §ë¢ ¥âáï í«¥¬¥­â à­ë¬ FP-ä¨«ìâà®¬, ¥á«¨ áã-
é¥áâ¢ã¥â ¯®á«¥¤®¢ â¥«ì­®áâì {an : n < ω} à §«¨ç­ëå í«¥¬¥­â®¢ ¨§ G â ª ï,
çâ® ¬­®¦¥áâ¢  ¢¨¤ 

Un = FP{ai : i ≥ n} = {an0 · . . . · ank
: n ≤ n0 < · · · < nk}

®¡à §ãîâ ¡ §ã φ. FP-ä¨«ìâà®¬ ­ §ë¢ ¥âáï ®¡ê¥¤¨­¥­¨¥ ¢®§à áâ îé¥© æ¥¯¨
í«¥¬¥­â à­ëå FP-ä¨«ìâà®¢. �á«¨ £àã¯  G  ¡¥«¥¢ , â® ¢¬¥áâ® ¯à¨áâ ¢ª¨ \FP"
¨á¯®«ì§ã¥âáï \FS". �â¬¥â¨¬, çâ® ¥á«¨ G { ¡ã«¥¢  £àã¯¯ ,   φ { FS-ä¨«ìâà ­ 
G, â® ä¨«ìâà φ0 = {F ∪ {0} : F ∈ φ} ¨¬¥¥â ¡ §ã ¨§ ¯®¤£àã¯¯.

�¥¬¬  2. �á«¨ φ { FP-ä¨«ìâà, â® ¤«ï «î¡®£® U ∈ φ ­ ©¤¥âáï V ∈ φ â ª®¥,
çâ® V · φ ⊂ U , ¢ ç áâ­®áâ¨, φ { ¯®«ã£àã¯¯ .

�®ª § â¥«ìáâ¢®. �ãáâì ψ { í«¥¬¥­â à­ë© FP-ä¨«ìâà â ª®©, çâ® U ∈ ψ ⊂ φ,
{an : n < ω} { ¯®á«¥¤®¢ â¥«ì­®áâì à §«¨ç­ëå í«¥¬¥­â®¢ ­  G â ª ï, çâ®
¬­®¦¥áâ¢  Un = FP{ai : i ≥ n} ®¡à §ãîâ ¡ §ã ψ, n { ­®¬¥à â ª®©, çâ® Un ⊂ U .
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�®áâ â®ç­® ¯®ª § âì, çâ® Un ·ψ ⊂ Un. �ãáâì an0 · . . . · ank
, £¤¥ n ≤ n0 < . . . nk,

{ ¯à®¨§¢®«ì­ë© í«¥¬¥­â ¨§ Un. �®£¤  an0 · . . . ·ank
·Un′ ⊂ Un0 ¤«ï ¢á¥å n

′ > nk.

�® â®£¤  an0 · . . . · ank
· ψ ⊂ Un0 ¨, §­ ç¨â, Un · ψ ⊂ Un.

�®«ã£àã¯¯  ã«ìâà ä¨«ìâà®¢ φ ­  £àã¯¯¥ G ­ §ë¢ ¥âáï FP-¯®«ã£àã¯¯®©
(í«¥¬¥­â à­®© FP-¯®«ã£àã¯¯®©), ¥á«¨ φ { FP-ä¨«ìâà (í«¥¬¥­â à­ë© FP-ä¨«ìâà).
�ç¥¢¨¤­®, çâ® í«¥¬¥­â à­ ï FP-¯®«ã£àã¯¯  ¨¬¥¥â áç¥â­ë© å à ªâ¥à.

�¥®à¥¬  1. �ãáâì S = {pi : i < m} { ª®­¥ç­ ï ¯®«ã£àã¯¯  á¢®¡®¤­ëå ã«ì-
âà ä¨«ìâà®¢ ­  G, φi { § ¬ª­ãâë¥ ¯®¤¯à®áâà ­áâ¢  ¨§ βG áç¥â­®£® å -
à ªâ¥à  â ª¨¥, çâ® pi ∈ φi, φi ∩ φj ̸= ∅, ¥á«¨ i ̸= j. �®£¤  áãé¥áâ¢ãîâ

­¥¯ãáâë¥ § ¬ª­ãâë¥ ¯®¤¯à®áâà ­áâ¢  ψi ⊂ φi áç¥â­®£® å à ªâ¥à  â ª¨¥,

çâ® ψ = ∪{ψi : i < m} { í«¥¬¥­â à­ ï FP-¯®«ã£àã¯¯ , ¯à¨ç¥¬ ψi · ψj = ψl,
£¤¥ ­®¬¥à l ®¯à¥¤¥«ï¥âáï ¨§ ãà ¢­¥­¨ï pi · pj = pl.

�®ª § â¥«ìáâ¢®. � ª ¦¤®¬ ä¨«ìâà¥ φi ¢ë¡¥à¥¬ ã¡ë¢ îéãî ¡ §ã {Fn(pi) :
n < ω} â ª, çâ® F0(pi) ∩ F0(pj) = ∅, ¥á«¨ i ̸= j. �ãáâì {an : n < ω} { ¯®-
á«¥¤®¢ â¥«ì­®áâì, ¯à¥¤®áâ ¢«ï¥¬ ï «¥¬¬®© 1, ψ { í«¥¬¥­â à­ë© FP-ä¨«ìâà,
¯®à®¦¤¥­­ë© ¥î, â. ¥. ä¨«ìâà, ¡ §ã ª®â®à®£® ®¡à §ãîâ ¬­®¦¥áâ¢  Un =
FP{ar : r ≥ n}, ψi { ä¨«ìâà, ¡ §ã ª®â®à®£® ®¡à §ãîâ ¬­®¦¥áâ¢  Un ∩ F0(pi) =
Vn(pi). �®£¤  ψi ⊃ φi, ψ = ∩{ψi : i < m}. � ¬ ®áâ «®áì ¤®ª § âì ¢ª«îç¥­¨¥

ψi · ψj ⊂ ψl. �«ï íâ®£® ¤®áâ â®ç­® ¯à®¢¥à¨âì, çâ® Vn(pi) · ψj ⊂ Vn(pl). �ãáâì
an0 · . . . · ank

, £¤¥ n ≤ n0 < · · · < nk, { ¯à®¨§¢®«ì­ë© í«¥¬¥­â ¨§ Vn(pi). �®£¤ 

an0 ·. . .·ank
·Vn′(pj) ⊂ Vn0(pl) ¤«ï ¢á¥å n

′ > nk. �® â®£¤  an0 ·. . .·ank
·ψj ⊂ Vn0(pl)

¨, §­ ç¨â, Vn(pi) · ψj ⊂ Vn(pl).

�«¥¤áâ¢¨¥. � ¦¤ ï ¯®«ã£àã¯¯  á¢®¡®¤­ëå ã«ìâà ä¨«ìâà®¢ áç¥â­®£® å -
à ªâ¥à  á®¤¥à¦¨â í«¥¬¥­â à­ãî FP-¯®«ã£àã¯¯ã.

§2.

� áá¬®âà¨¬ ­  £àã¯¯¥ G ¯à®¨§¢®«ì­ë© FP-ä¨«ìâà φ. �«ï ª ¦¤®£® a ∈ G
ç¥à¥§ φa ®¡®§­ ç¨¬ ä¨«ìâà ­  G, á®áâ®ïé¨© ¨§ ¬­®¦¥áâ¢ a · F , £¤¥ F ∈ φ.
�®£¤  φa = a · φe ¨ ¤«ï «î¡®£® U ∈ φe ­ ©¤¥âáï V ∈ φe â ª®¥, çâ® U ∈ φa ¤«ï
¢á¥å a ∈ V . �¥©áâ¢¨â¥«ì­®, ¯¥à¢®¥ ãâ¢¥à¦¤¥­¨¥ ®ç¥¢¨¤­®, ¢â®à®¥ ¢ëâ¥ª ¥â ¨§
«¥¬¬ë 2: ¢ë¡¥à¥¬ V ∈ φe â ª®¥, çâ® V · φe ⊂ U , â®£¤  a · φe = φa ⊂ U ¤«ï
¢á¥å a ∈ V ¨«¨, çâ® â® ¦¥, U ∈ φa. �«¥¤®¢ â¥«ì­®, ­  £àã¯¯¥ G áãé¥áâ¢ã¥â
â®¯®«®£¨ï, ¢ ª®â®à®© ã¬­®¦¥­¨¥ ­¥¯à¥àë¢­® ¯® ¢â®à®¬ã  à£ã¬¥­âã ¨ φe {
ä¨«ìâà ®ªà¥áâ­®áâ¥© ¥¤¨­¨æë. �¡®§­ ç¨¬ ¥¥ ⟨φ⟩.

�¥¬¬  3. � ¦¤ ï ¯®«ã£àã¯¯  á¢®¡®¤­ëå ã«ìâà ä¨«ìâà®¢ φ áç¥â­®£® å -
à ªâ¥à  á®¤¥à¦¨â í«¥¬¥­â à­ãî FP-¯®«ã£àã¯¯ã ψ â ªãî, çâ® â®¯®«®£¨ï
⟨ψ⟩ à¥£ã«ïà­ .

�®ª § â¥«ìáâ¢®. �® á«¥¤áâ¢¨î ¨§ â¥®à¥¬ë 1 ¬®¦­  áç¨â âì, çâ® φ { í«¥¬¥­-
â à­ë© FP-ä¨«ìâà, ¯®à®¦¤¥­­ë© ­¥ª®â®à®© ¯®á«¥¤®¢ â¥«ì­®áâìî {an : n <
ω}. � ¬ ¤®áâ â®ç­® ¯®áâà®¨âì ¢ ­¥© ¯®¤¯®á«¥¤®¢ â¥«ì­®áâì {ank

: k < ω}
â ªãî, çâ®
1) ¤«ï «î¡®£® ­¥¥¤¨­¨ç­®£® g ∈ G ­ ©¤¥âáï ­®¬¥à j â ª®©, çâ® g /∈ Uj =

{e} ∪ FP{anr : r ≥ j};
2) ¤«ï «î¡ëå ­®¬¥à  j ¨ ­¥¥¤¨­¨ç­®£® g ∈ G â ª¨å, çâ® g /∈ Uj , ­ ©¤¥âáï

­®¬¥à i â ª®©, çâ® g · Ui ∩ Uj = ∅.
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�ãáâì {gi : i < ω} { ¬­®¦¥áâ¢® ­¥¥¤¨­¨ç­ëå í«¥¬¥­â®¢ ¯®¤£àã¯¯ë, ¯®à®¦-
¤¥­­®© ¬­®¦¥áâ¢®¬ {an : n < ω}. �ë¡¥à¥¬ ­®¬¥à n0 â ª®©, çâ® g0 · {e, an0} ∩
{e, an0} = ∅. �à¥¤¯®«®¦¨¬, çâ® ã¦¥ ¯®áâà®¥­  ¯®á«¥¤®¢ â¥«ì­®áâì {ni : i < k}
­®¬¥à®¢ â ª ï, çâ® gi · U(i, k) ∩ U(j(i), k) = ∅, £¤¥

U(i, k) = {e} ∪ FP{anr : i ≤ r < k},

j(i) =

{
i, ¥á«¨ gi ∈ U(j, i) ¤«ï ¢á¥å j < i,

min{j : gi /∈ U(j, i)}, ¢ ¯à®â¨¢­®¬ á«ãç ¥.

�® â®£¤  ¬®¦­  ¢ë¡à âì ¨ ­®¬¥à nk > nk−1 â ª®©, çâ® gi ·U(i, k+1)∩U(j(i), k+
1) = ∅ ¤«ï ¢á¥å i < k + 1. �¥©áâ¢¨â¥«ì­®, ¥á«¨ íâ® ­¥ â ª, â® ­ ©¤ãâáï ­®¬¥à
i < k + 1 ¨ ¡¥áª®­¥ç­® ¬­®£® ­®¬¥à®¢ nk â ª¨¥, çâ®

gi · U(i, k) · {e, ank
} ∩ U(j(i), k) · {e, ank

} ̸= ∅, ¥á«¨ i < k,

gi · {e, ank
} ∩ U(j(k), k) · {e, ank

} ̸= ∅, ¥á«¨ i = k, j(k) < k,

gi · {e, ank
} ∩ {e, ank

} ̸= ∅, ¥á«¨ i = k, j(k) = k.

�¤­ ª® ª ¦¤ ï ¨§ íâ¨å ¢®§¬®¦­®áâ¥© ¢«¥ç¥â ¯à®â¨¢®à¥ç¨¥.

�¥¬¬  4. (�à®â á®¢, [4]). �ãáâì I(φ) { ¬¨­¨¬ «ì­ë© ¨¤¥ « ¯®«ã£àã¯¯ë
ã«ìâà ä¨«ìâà®¢ φ. �á«¨ p ∈ I(φ), â® ¤«ï «î¡ëå A ∈ p, U ∈ φ ­ ©¤¥âáï
ª®­¥ç­®¥ ¯®¤¬­®¦¥áâ¢® K ⊂ U â ª®¥, çâ® K−1AA−1 ∈ φ.

�¥¬¬  5. � ¦¤ ï ¯®«ã£àã¯¯  á¢®¡®¤­ëå ã«ìâà ä¨«ìâà®¢ φ áç¥â­®£® å -
à ªâ¥à  á®¤¥à¦¨â í«¥¬¥­â à­ãî FP-¯®«ã£àã¯¯ã ψ â ªãî, çâ® ψ∩I(φ) = ∅.

�®ª § â¥«ìáâ¢®. �® á«¥¤áâ¢¨î ¨§ â¥®à¥¬ë 1 ¯®«ã£àã¯¯  φ á®¤¥à¦¨â í«¥¬¥­-
â à­ãî FP-¯®«ã£àã¯¯ã ψ, ¯®à®¦¤¥­­ãî ­¥ª®â®à®© ¯®á«¥¤®¢ â¥«ì­®áâìî {an :
n < ω}. �® «¥¬¬¥ 4 ¤®áâ â®ç­® ¯®áâà®¨âì ¯®¤¯®á«¥¤®¢ â¥«ì­®áâì {anl

: l < ω}
¯®á«¥¤®¢ â¥«ì­®áâ¨ {an : n < ω} â ªãî, çâ® U\K−1AA−1 ̸= ∅ ¤«ï «î¡ëå
U ∈ φ ¨ ª®­¥ç­®£® K ⊂ V , £¤¥ A = FP{anl

: l < ω},   V { ­¥ª®â®àë© ä¨ªá¨à®-
¢ ­­ë© í«¥¬¥­â φ, ¨ ¢§ïâì ¢ à®«¨ ψ í«¥¬¥­â à­ë© FP-ä¨«ìâà, ¯®à®¦¤¥­­ë©
íâ®© ¯®á«¥¤®¢ â¥«ì­®áâìî.

�á«¨ φ á®áâ®¨â «¨èì ¨§ ­¥áç¥â­ëå ¬­®¦¥áâ¢, â® ¯®«®¦¨¬ nl = n. � ¯à®-
â¨¢­®¬ á«ãç ¥ ¢ë¡¥à¥¬ áç¥â­®¥ V ∈ φ. �ãáâì {αn : n < ω} { ¬­®¦¥áâ¢® ¢á¥å
¯ à α = (Uα,Kα), £¤¥ Uα { í«¥¬¥­â ­¥ª®â®à®© ä¨ªá¨à®¢ ­­®© áç¥â­®© ¡ §ë
φ, Kα { ª®­¥ç­®¥ ¯®¤¬­®¦¥áâ¢® ¨§ V . �ë¡¥à¥¬ ª ª®©-â® ­®¬¥à n0 ¨ í«¥¬¥­â
b0 ∈ Uα0

\K−1
α0

· {e, an0 , a−1n0 }. �á«¨ ¤«ï ª ¦¤®£® i < l ã¦¥ ¢ë¡à ­ë ni, bi â ª¨¥,

çâ® bi ∈ Uαi\K−1
αi
AlA

−1
l , £¤¥ Al = FP{ani : i < l}, â® ¢ë¡¥à¥¬ nl > nl−1 â ª®©,

çâ® bi ∈ Uαi\K−1
αi
Al+1A

−1
l+1 ¤«ï ¢á¥å i < l, ¨ ¢ë¡¥à¥¬ bl ∈ Uαl

\K−1
αl
Al+1A

−1
l+1. �

à¥§ã«ìâ â¥ íâ®£® ¯à®æ¥áá  ¯®«ãç¨¬ bl ∈ Uαl
\K−1

αl
AA−1 ̸= ∅ ¤«ï ¢á¥å l < ω.

� ¯®¬­¨¬ ®¯à¥¤¥«¥­¨ï ­¥ª®â®àëå ¯®«ã£àã¯¯ ¨¤¥¬¯®â¥­â®¢. �®«ã£àã¯¯ 
S ­ §ë¢ ¥âáï ¯®«ã£àã¯¯®© ¯à ¢ëå («¥¢ëå) ­ã«¥©, ¥á«¨ pq = q (pq = p) ¤«ï
«î¡ëå p, q ∈ S, â. ¥., ¥á«¨ ª ¦¤ë© í«¥¬¥­â ¨§ S ï¢«ï¥âáï ¯à ¢ë¬ («¥¢ë¬)
­ã«¥¬. �®«ã£àã¯¯  S ­ §ë¢ ¥âáï æ¥¯ìî ¨¤¥¬¯®â¥­â®¢, ¥á«¨ pq = qp = p ¨«¨
pq = qp = q ¤«ï «î¡ëå p, q ∈ S, â. ¥., ¥á«¨ S { æ¥¯ì ®â­®á¨â¥«ì­® áâ ­¤ àâ­®£®
ç áâ¨ç­®£® ¯®àï¤ª  ­  ¨¤¥¬¯®â¥­â å:

p ≤ q ⇐⇒ pq = qp = p ⇐⇒ pS ⊂ qS, Sp ⊂ Sq.
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�¥®à¥¬  2. �ãáâì φ { ¯à®¨§¢®«ì­ ï ¯®«ã£àã¯¯  á¢®¡®¤­ëå ã«ìâà ä¨«ìâà®¢
áç¥â­®£® å à ªâ¥à  ­  £àã¯¯¥ G. �«ï ª ¦¤®£® ­ âãà «ì­®£® ç¨á«  m ¯®«ã-
£àã¯¯  φ á®¤¥à¦¨â m-í«¥¬¥­â­ë¥ ¯®«ã£àã¯¯ë ¯à ¢ëå ­ã«¥©, «¥¢ëå ­ã«¥© ¨
æ¥¯ì ¨¤¥¬¯®â¥­â®¢.

�®ª § â¥«ìáâ¢®. �§ â¥®à¨¨ ¢¯®«­¥ ¯à®áâëå ¯®«ã£àã¯¯ (â ª®¢®© ï¢«ï¥âáï I(φ))
¢ëâ¥ª ¥â, çâ® ¤«ï â®£®, çâ®¡ë ­ ©â¨ ¢ φ m-í«¥¬¥­â­ãî ¯®«ã£àã¯¯ã ¯à ¢ëå
­ã«¥©, ¤®áâ â®ç­® ­ ©â¨ ¢ ¯®«ã£àã¯¯¥ φ m ¤¨§êî­ªâ­ëå «¥¢ëå ¨¤¥ «®¢. �®
«¥¬¬¥ 3 ¯®«ã£àã¯¯  φ á®¤¥à¦¨â í«¥¬¥­â à­ãî FP-¯®«ã£àã¯¯ã ψ â ªãî, çâ®
â®¯®«®£¨ï ⟨ψ⟩ à¥£ã«ïà­ ; á­ ¡¤¨¬ íâ®© â®¯®«®£¨¥© £àã¯¯ã G. �ë¡¥à¥¬ ¢ G
¡¥áª®­¥ç­ãî ¯®á«¥¤®¢ â¥«ì­®áâì à §«¨ç­ëå í«¥¬¥­â®¢, áå®¤ïéãîáï ª ¥¤¨­¨-
æ¥, ¨ ®¡®§­ ç¨¬ ç¥à¥§ A ¬­®¦¥áâ¢® ¥¥ í«¥¬¥­â®¢. �ãáâì p, q { ¯à®¨§¢®«ì­ë¥
à §«¨ç­ë¥ á¢®¡®¤­ë¥ ã«ìâà ä¨«ìâàë ­  G, á®¤¥à¦ é¨¥ A, { â ª¨å ã«ìâà -
ä¨«ìâà®¢ ¨¬¥¥âáï 2c ¨ ¢á¥ ®­¨ ¯à¨­ ¤«¥¦ â ¯®«ã£àã¯¯¥ ψ. �®ª ¦¥¬, çâ®
βG · p ∩ βG · q = ∅. �ãáâì H = {hn : n < ω} { ¯®¤£àã¯¯ , ¯®à®¦¤¥­­ ï ¬­®-
¦¥áâ¢®¬ A, {gα : α ∈ A} { ¬­®¦¥áâ¢® ¯à¥¤áâ ¢¨â¥«¥© «¥¢ëå á¬¥¦­ëå ª« áá®¢
£àã¯¯ë G ¯® H. �ë¡¥à¥¬ ¢ A ¤¨§êî­ªâ­ë¥ ¯®¤¬­®¦¥áâ¢  P0 ∈ p, Q0 ∈ q ¨
¯®«®¦¨¬ R0 = h0 · (P0 ∪Q0). � â¥¬ ¢ë¡¥à¥¬ ¢ A ¤¨§êî­ªâ­ë¥ P1 ∈ p, Q1 ∈ q
â ª¨¥, çâ® R1 = h1 ·(P1∪Q1) ⊂ H\R0. � â¥¬ ¢ë¡¥à¥¬ ¢ A ¤¨§êî­ªâ­ë¥ P2 ∈ p,
Q2 ∈ q â ª¨¥, çâ® R2 = h2 · (P2 ∪ Q2) ⊂ H\(R0 ∪ R1), ¨ â. ¤. �® § ¢¥àè¥­¨¨
¯à®æ¥áá  ¯®«®¦¨¬ P = {gαhnPn : n < ω, α ∈ A}, Q = {gαhnQn : n < ω, α ∈ A}.
�®£¤  P ∩Q = ∅, βG · p ⊂ P , βG · q ⊂ Q. � ¬¥â¨¬, çâ® ¢ ¯à¨¢¥¤¥­­ëå à ááã¦-
¤¥­¨ïå ­ã¦­  ¤ ¦¥ ­¥ à¥£ã«ïà­®áâì â®¯®«®£¨¨ ⟨ψ⟩,   «¨èì ¥¥ å ãá¤®àä®¢®áâì.

�®ª ¦¥¬, çâ® p · ψ ∩ q · ψ = ∅. � ª ª ª â®¯®«®£¨ï ⟨ψ⟩ à¥£ã«ïà­ , â® áã-
é¥áâ¢ãîâ ¤¨§êî­ªâ­ë¥ ®âªàëâë¥ ¬­®¦¥áâ¢  U ∈ p, V ∈ q. �«ï ª ¦¤®£®
a ∈ A ∩ U ¢ë¡¥à¥¬ Wa ∈ ψ â ª®¥, çâ® a ·Wa ⊂ U , ¨ ¤«ï ª ¦¤®£® b ∈ A ∩ V
¢ë¡¥à¥¬ Wb ∈ ψ â ª®¥, çâ® b ·Wb ⊂ V . �®«®¦¨¬ P = ∪{a ·Wa : a ∈ A ∩ U},
Q = ∪{b ·Wb : b ∈ A ∩ V }. �®£¤  P ∩Q = ∅, p · ψ ⊂ P , q · ψ ⊂ Q.

�®ª ¦¥¬, çâ® ¯®«ã£àã¯¯  φ á®¤¥à¦¨â m-í«¥¬¥­â­ãî æ¥¯ì ¨¤¥¬¯®â¥­â®¢. �
¯®¬®éìî «¥¬¬ë 5 ¯®áâà®¨¬ ã¡ë¢ îéãî ¯®á«¥¤®¢ â¥«ì­®áâì ¯®«ã£àã¯¯ φ =
φ1 ⊃ φ2 ⊃ · · · ⊃ φm−1 ⊃ φm áç¥â­®£® å à ªâ¥à  â ªãî, çâ® I(φ1) ∩ φ2 =
∅, . . . , I(φm−1) ∩ φm = ∅. �ãáâì pm { ¨¤¥¬¯®â¥­â ¨§ φm, L { ¬¨­¨¬ «ì­ë©
«¥¢ë© ¨¤¥ « φm−1, á®¤¥à¦ é¨©áï ¢ φm−1 ·pm, R { ¬¨­¨¬ «ì­ë© ¯à ¢ë© ¨¤¥ «
φm−1, á®¤¥à¦ é¨©áï ¢ pm ·φm−1, pm−1 { ¥¤¨­¨æ  £àã¯¯ë R∩L. �®£¤  pm−1 <
pm. � â¥¬ ¢ φm−1 ¢ë¡¨à ¥¬ pm−2 < pm−1 ¨ â. ¤.

�®¯à®á 1. �ãé¥áâ¢ã¥â «¨ ­  Z ª®­¥ç­ ï ¯®«ã£àã¯¯  ã«ìâà ä¨«ìâà®¢, ®â-
«¨ç­ ï ®â ¯®«ã£àã¯¯ ¯à ¢ëå ­ã«¥©, «¥¢ëå ­ã«¥© ¨ æ¥¯¥© ¨¤¥¬¯®â¥­â®¢?

§3.

�«ï ¯à®¨§¢®«ì­®© £àã¯¯®¢®© â®¯®«®£¨¨ τ ­  £àã¯¯¥ G ¬­®¦¥áâ¢® ¢á¥å á¢®-
¡®¤­ëå áå®¤ïé¨åáï ª ¥¤¨­¨æ¥ ã«ìâà ä¨«ìâà®¢ ­  (G, τ) ¥áâì § ¬ª­ãâ ï ¯®¤¯®-
«ã£àã¯¯  ¢ βG, ª®â®à ï ­ §ë¢ ¥âáï ¯®«ã£àã¯¯®© ã«ìâà ä¨«ìâà®¢ â®¯®«®£¨-
ç¥áª®© £àã¯¯ë (G, τ) ¨«¨ ¯®«ã£àã¯¯®© ã«ìâà ä¨«ìâà®¢ â®¯®«®£¨¨ τ [4]. �á«¨
G { ¡ã«¥¢  £àã¯¯ , â® ª ¦¤ ï FS-¯®«ã£àã¯¯  φ á¢®¡®¤­ëå ã«ìâà ä¨«ìâà®¢
­  G § ¤ ¥â ­  G £àã¯¯®¢ãî â®¯®«®£¨î, ¯®«ã£àã¯¯  ã«ìâà ä¨«ìâà®¢ ª®â®à®©
¥áâì φ.

�¥®à¥¬  3 (CH). �ãáâì φ { ¯à®¨§¢®«ì­ ï ¯®«ã£àã¯¯  á¢®¡®¤­ëå ã«ìâà -
ä¨«ìâà®¢ áç¥â­®£® å à ªâ¥à  ­  £àã¯¯¥ G. �«ï ª ¦¤®£® ­ âãà «ì­®£® ç¨á« 
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m ¯®«ã£àã¯¯  φ á®¤¥à¦¨â m-í«¥¬¥­â­ë¥ FP-¯®«ã£àã¯¯ë ¯à ¢ëå ­ã«¥©, «¥-
¢ëå ­ã«¥© ¨ æ¥¯ì ¨¤¥¬¯®â¥­â®¢.

�®ª § â¥«ìáâ¢®. �®ª ¦¥¬ â¥®à¥¬ã ¤«ï ¯®«ã£àã¯¯ ¯à ¢ëå ­ã«¥©. �® á«¥¤-
áâ¢¨î ¨§ â¥®à¥¬ë 1 ¬®¦­  áç¨â âì, çâ® £àã¯¯  G áç¥â­ . �ãáâì {Xα : α < ω1}
{ á¥¬¥©áâ¢® ¢á¥å ¯®¤¬­®¦¥áâ¢ £àã¯¯ë G. �® â¥®à¥¬¥ 2 ¢ φ áãé¥áâ¢ã¥â m-
í«¥¬¥­â­ ï ¯®«ã£àã¯¯  ¯à ¢ëå ­ã«¥© S0 = {p0i : i < m}. �ë¡¥à¥¬ ¯®¯ à-
­® ¤¨§êî­ªâ­ë¥ F 0

i ∈ p0i â ª¨¥, çâ® F 0
i ⊂ X0 ¨«¨ F 0

i ⊂ G\X0, ¨ ®¡à §ã-
¥¬ ä¨«ìâàë �0

i § ¬ëª ­¨¥¬ á¨áâ¥¬ë ¬­®¦¥áâ¢ φ ∪ {F 0
i } ®â­®á¨â¥«ì­® ª®­¥ç-

­ëå ¯¥à¥á¥ç¥­¨© ¨ ­ ¤¬­®¦¥áâ¢. �® â¥®à¥¬¥ 1 áãé¥áâ¢ãîâ ­¥¯ãáâë¥ § ¬ª­ã-

âë¥ ¯®¤¯à®áâà ­áâ¢  φ0i ⊂ �
0

i áç¥â­®£® å à ªâ¥à  â ª¨¥, çâ® ¯à®áâà ­áâ¢®
φ0 = ∪{φ0i : i > m} { í«¥¬¥­â à­ ï FP-¯®«ã£àã¯¯ , ¯à¨ç¥¬ φ0i · φ0j ⊂ φ0j .

� ä¨ªá¨àã¥¬ ­¥­ã«¥¢®¥ ξ < ω1 ¨ ¯à¥¤¯®«®¦¨¬, çâ® ã¦¥ ¯®áâà®¥­ë ã¡ë-
¢ îé¨¥ ξ-¯®á«¥¤®¢ â¥«ì­®áâ¨ ­¥¯ãáâëå § ¬ª­ãâëå ¯®¤¯à®áâà ­áâ¢ áç¥â­®£®
å à ªâ¥à  {φα

i : α < ξ} (i < m) â ª¨¥, çâ® ¤«ï ª ¦¤®£® α < ξ ¯à®áâà ­áâ¢®
φα = ∪{φα

i : i < m} { í«¥¬¥­â à­ ï FP-¯®«ã£àã¯¯ , ¯à¨ç¥¬ φα
i · φα

j ⊂ φα
j .

�®«®¦¨¬ ψ
ξ

i = ∩{φα
i : α < ξ}, ψξ

= ∪{ψξ

i : i < m}. �ãáâì R { ¬¨­¨¬ «ì­ë©

¯à ¢ë© ¨¤¥ « ¯®«ã£àã¯¯ë ψ
ξ
. �®£¤  ∅ ̸= R ∩ ψξ

i { ¯à ¢ë© ¨¤¥ « ¯®«ã£àã¯¯ë

ψ
ξ

i . �­ ç¨â, áãé¥áâ¢ã¥â ¨¤¥¬¯®â¥­â p
ξ
i ∈ R ∩ ψξ

i . �® â®£¤  Sξ = {pξi : i < m} {
¯®«ã£àã¯¯  ¯à ¢ëå ­ã«¥©. � «¥¥, ¤«ï ª ¦¤®£® i < m ¢ë¡¥à¥¬ F ξ

i ∈ pξi â ª®¥,

çâ® F ξ
i ⊂ Xξ ¨«¨ F ξ

i ⊂ G\Xξ, ¨ ®¡à §ã¥¬ ä¨«ìâà �ξ
i § ¬ëª ­¨¥¬ á¨áâ¥¬ë

¬­®¦¥áâ¢ ψξ
i ∪ {F ξ

i } ®â­®á¨â¥«ì­® ª®­¥ç­ëå ¯¥à¥á¥ç¥­¨© ¨ ­ ¤¬­®¦¥áâ¢. �®

â¥®à¥¬¥ 1 áãé¥áâ¢ãîâ ­¥¯ãáâë¥ § ¬ª­ãâë¥ ¯®¤¯à®áâà ­áâ¢  φξ
i ⊂ �

ξ

i áç¥â­®£®

å à ªâ¥à  â ª¨¥, çâ® ¯à®áâà ­áâ¢® φξ = ∪{φξ
i } { í«¥¬¥­â à­ ï FP-¯®«ã£àã¯¯ ,

¯à¨ç¥¬ φξ
i · φ

ξ
j ⊂ φξ

j .

�® § ¢¥àè¥­¨¨ ®¯¨á ­®£® ¯à®æ¥áá  ¤«ï ª ¦¤®£® i < m ¯®«®¦¨¬ pi = ∩{φα
i :

α < ω1}. �®£¤  pi { ã«ìâà ä¨«ìâà ¨ S = {pi : i < m} { FP-¯®«ã£àã¯¯  ¯à ¢ëå
­ã«¥©.

�«ï ¯®«ã£àã¯¯ «¥¢ëå ­ã«¥© â¥®à¥¬  ¤®ª §ë¢ ¥âáï â®ç­® â ª ¦¥. �®çâ¨
â ª¦¥ ¤®ª §ë¢ ¥âáï â¥®à¥¬  ¨ ¤«ï æ¥¯¥© ¨¤¥¬¯®â¥­â®¢. �áâ ­®¢¨¬áï «¨èì ­ 
®¤­®¬ ®á­®¢­®¬ ¬®¬¥­â¥.

�à¥¤¯®«®¦¨¬, çâ® ã¦¥ ¯®áâà®¥­ë ã¡ë¢ îé¨¥ ξ-¯®á«¥¤®¢ â¥«ì­®áâ¨ ­¥¯ã-
áâëå § ¬ª­ãâëå ¯®¤¯à®áâà ­áâ¢ áç¥â­®£® å à ªâ¥à  {φα

i : α < ξ} (i < m)
â ª¨¥, çâ® ¤«ï ª ¦¤®£® α < ξ ¯à®áâà ­áâ¢® φα = ∪{φα

i : i < m} { í«¥¬¥­â à-
­ ï FP-¯®«ã£àã¯¯ , ¯à¨ç¥¬ φα

i · φα
j ⊂ φα

min{i,j}. �®«¦¨¬ ψ
ξ

i = ∩{φα
i : α < ξ},

µξ
i = ∪{ψξ

j : i ≤ j < m}. �®£¤  {µξ
i : i < m} { ã¡ë¢ îé ï ¯®á«¥¤®¢ â¥«ì-

­®áâì ¯®«ã£àã¯¯ ¨ I(µξ
i ) ∩ µ

ξ
i+1 = ∅ (i < m − 1). �«¥¤®¢ â¥«ì­®, áãé¥áâ¢ã¥â

¢®§à áâ îé ï æ¥¯ì ¨¤¥¬¯®â¥­â®¢ Sξ = {pξi : i < m} â ª ï, çâ® pξi ∈ ψ
ξ

i .

�«¥¤áâ¢¨¥ (CH). �ãáâì B { áç¥â­ ï ¡ã«¥¢  £àã¯¯ . �«ï ª ¦¤®£® ­ âãà «ì-
­®£® ç¨á«  m ­  B áãé¥áâ¢ãîâ £àã¯¯®¢ë¥ â®¯®«®£¨¨ ϱm, λm,κm, ¯®«ã£àã¯¯ë
ã«ìâà ä¨«ìâà®¢ ª®â®àëå ¥áâì m-í«¥¬¥­â­ë¥ ¯®«ã£àã¯¯ë ¯à ¢ëå ­ã«¥©, «¥-
¢ëå ­ã«¥© ¨ æ¥¯ì ¨¤¥¬¯®â¥­â®¢ á®®â¢¥âáâ¢¥­­®.

� ¬¥ç ­¨¥. �¥®à¥¬ã 3 ¬®¦­® ¤®ª § âì ¨ ¢ ¯à¥¤¯®«®¦¥­¨¨ MA, ®¤­ ª® à á-
áã¦¤¥­¨ï § ¬¥â­® ãá«®¦­ïîâáï.
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§4.

�¥¬¬  6. �ãáâì G { å ãá¤®àä®¢  £àã¯¯  á ª®­¥ç­®© ¯®«ã£àã¯¯®© ã«ìâà -
ä¨«ìâà®¢ φ. �á«¨ |φ| ≤ m, â® G á®¤¥à¦¨â ®ªà¥áâ­®áâì ¥¤¨­¨æë ¨§ í«¥¬¥­-
â®¢ ¯®àï¤ª  ≤ 2m.

�®ª § â¥«ìáâ¢®. �à¥¤¯®«®¦¨¬ ¯à®â¨¢­®¥. �®£¤  ­ ©¤ãâáï ã«ìâà ä¨«ìâà p ∈
φ ¨ ¬­®¦¥áâ¢® A ∈ p ¨§ í«¥¬¥­â®¢ ¯®àï¤ª  > 2m. �«ï ª ¦¤®£® i ≤ m ®¯à¥¤¥-
«¨¬ ®â®¡à ¦¥­¨¥ fi : G→ G ¯à ¢¨«®¬

fi(x) = x2
i

¨ ®â¬¥â¨¬, çâ®
1) fi+j = fjfi;
2) ¥á«¨ i ̸= j, â® fi(a) ̸= fj(a) ¤«ï ª ¦¤®£® a ∈ A.

�®«®¦¨¬ pi = f i(p), £¤¥ f i : βG → βG { ­¥¯à¥àë¢­®¥ ¯à®¤®«¦¥­¨¥ fi. �®-
­ïâ­®, çâ® pi ∈ φ. �®ª ¦¥¬, çâ® pi ̸= pj , ¥á«¨ i ̸= j. �ãáâì ¤«ï ®¯à¥¤¥«¥­­®áâ¨
i < j. �®£¤ 

pj = f j(p) = fj−ifi(p) = f j−i(f i(p)) = f j−i(pi).

� ¯®¬­¨¬ ¨§¢¥áâ­ë© ä ªâ, ª®â®àë© «¥£ª® á«¥¤ã¥â ¨§ «¥¬¬ë ¤¥ �à¥©­ -�à¤¥-
è  [9]: ¤«ï «î¡ëå ã«ìâà ä¨«ìâà  q ­  ¬­®¦¥áâ¢¥ X ¨ ®â®¡à ¦¥­¨ï h : X → X

h(q) = q ⇐⇒ {x ∈ X : h(x) = x} ∈ q.

�®§ì¬¥¬ ¯à®¨§¢®«ì­ë© b ∈ fi(A) ∈ pi ¨ ¯®ª ¦¥¬, çâ® fj−i(b) ̸= b. �¥©áâ¢¨-
â¥«ì­®, ¥á«¨ íâ® ­¥ â ª, â®

fi(a) = b = fj−i(fi(a)) = fj(a)

¤«ï ­¥ª®â®à®£® a ∈ A, ç¥£® ¡ëâì ­¥ ¬®¦¥â. � ª¨¬ ®¡à §®¬, |φ| ≥ m + 1, {
¯à®â¨¢®à¥ç¨¥.

�¥¬¬  7. �ãáâì G { â®¯®«®£¨ç¥áª ï £àã¯¯  á ª®­¥ç­®© ¯®«ã£àã¯¯®© ã«ì-
âà ä¨«ìâà®¢ φ. �á«¨ G  «£¥¡à ¨ç¥áª¨ ¥áâì ¯àï¬®¥ ¯à®¨§¢¥¤¥­¨¥ ­¥ ¡®«¥¥
ç¥¬ áç¥â­ëå £àã¯¯, â® G á®¤¥à¦¨â áç¥â­ãî ®ªà¥áâ­®áâì ¥¤¨­¨æë.

�®ª § â¥«ìáâ¢®. �ãáâì G =
∏
{Gα : α ∈ A}, |Gα| ≤ ω, |α| > ω, |φ| = m. �«ï

¯à®¨§¢®«ì­®£® l ≥ 1 ç¥à¥§ f(l) ®¡®§­ ç¨¬ ¬ ªá¨¬ «ì­®¥ k ≥ 0 â ª®¥, çâ® 2k|l.
� ä¨ªá¨àã¥¬ n > m ¨ ãáâà®¨¬ à §¡¨¥­¨¥ A = {Aj : j < n} ¬­®¦¥áâ¢  G\{e}
¯® ¯à ¢¨«ã

g ∈ Aj ⇐⇒ f(| supp(g)|) ≡ j(modn),

£¤¥, ª ª ®¡ëç­®, supp(g) = {α ∈ A : prα(g) ̸= e}. � ª ª ª n > m, â® ­ ©-
¤ãâáï ®ªà¥áâ­®áâì U ¥¤¨­¨æë G ¨ j∗ < n â ª¨¥, çâ® U ∩ Aj∗ = ∅. �ë¡¥à¥¬
®ªà¥áâ­®áâì V ¥¤¨­¨æë G â ªãî, çâ®

(V · V −1)2
n

⊂ U,

¨ ¯®ª ¦¥¬, çâ® |V | ≤ ω. �à¥¤¯®«®¦¨¬ ¯à®â¨¢­®¥. �® «¥¬¬¥ ® ¯¥à¥á¥ç¥­¨ïå
­ ©¤ãâáï ­¥áç¥â­®¥ ¬­®¦¥áâ¢® M ⊂ V ¨ ª®­¥ç­®¥ ¬­®¦¥áâ¢® A0 ⊂ A â ª¨¥,
çâ®

| supp(g1)| = | supp(g2)|, supp(g1) ∩ supp(g2) = A0, prA0
(g1) = prA0

(g2)
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¤«ï «î¡ëå à §«¨ç­ëå g1, g2 ∈ M . �®§ì¬¥¬ ¢ M 2n+1 à §«¨ç­ëå í«¥¬¥­â®¢
ai, bi (i < 2n) ¨ ¯®«®¦¨¬ ci = aib

−1
i . �â¬¥â¨¬, çâ®

ci ∈ V · V −1, | supp(ci)| = | supp(cj)| ≥ 1, supp(ci) ∩ supp(cj) = ∅,

¥á«¨ i ̸= j. � ª®­¥æ, à áá¬®âà¨¬ n í«¥¬¥­â®¢

dj =
∏

{ci : i < 2j} ∈ U (j < n).

� ª ª ª | supp(dj)| = 2j · t, £¤¥ t = | supp(ci)|, â® ¢á¥ n í«¥¬¥­â®¢ dj ¯®¯ ¤ãâ ¢
à §«¨ç­ë¥ ¡«®ª¨ à §¡¨¥­¨ï A. � ç áâ­®áâ¨, ª ª®©-â® ¨§ ­¨å ¯®¯ ¤¥â ¢ Aj∗ , {
¯à®â¨¢®à¥ç¨¥.

�¥®à¥¬  4. �ãáâì G { å ãá¤®àä®¢  £àã¯¯  á ª®­¥ç­®© ¯®«ã£àã¯¯®© ã«ìâà -
ä¨«ìâà®¢ φ. �á«¨ G  ¡¥«¥¢ ,   |φ| ≤ m, â® G á®¤¥à¦¨â ®âªàëâãî áç¥â­ãî
¯®¤£àã¯¯ã ¯¥à¨®¤  ≤ 2m.

�®ª § â¥«ìáâ¢®. �® «¥¬¬¥ 6 £àã¯¯  G á®¤¥à¦¨â ®ªà¥áâ­®áâì ¥¤¨­¨æë U ¨§
í«¥¬¥­â®¢ ¯®àï¤ª  ≤ 2m. � áá¬®âà¨¬ ®âªàëâãî ¯®¤£àã¯¯ã H, ¯®à®¦¤¥­­ãî
U . � ª ª ª G  ¡¥«¥¢ , â® H ¨¬¥¥â ¯¥à¨®¤ ≤ 2m ¨, á«¥¤®¢ â¥«ì­®, ã¤®¢«¥â¢®-
àï¥â ãá«®¢¨î «¥¬¬ë 7. �ãáâì V { áç¥â­ ï ®ªà¥á­®áâì H. �®£¤ , ¯®¤£àã¯¯ ,
¯®à®¦¤¥­­ ï V , ¡ã¤¥â âà¥¡ã¥¬®©.

�®¯à®á 2. �¥à­® «¨, çâ® å ãá¤®àä®¢  £àã¯¯  á ª®­¥ç­®© ¯®«ã£àã¯¯®© ã«ì-
âà ä¨«ìâà®¢ á®¤¥à¦¨â ®âªàëâãî ¡ã«¥¢ã ¯®¤£àã¯¯ã?

�®¯à®á 3. �¥à­® «¨, çâ® áç¥â­ ï ¡ã«¥¢  £àã¯¯  á ¥¤¨­áâ¢¥­­ë¬ á¢®¡®¤­ë¬
áå®¤ïé¨¬áï ª ­ã«î ã«ìâà ä¨«ìâà®¬ ¨¬¥¥â ¡ §ã ®ªà¥áâ­®áâ¥© ­ã«ï ¨§ ¯®¤-
£àã¯¯?

§5.

�¥¬¬  8. �ãáâì G { å ãá¤®àä®¢  £àã¯¯  á ¯®«ã£àã¯¯®© ã«ìâà ä¨«ìâà®¢ φ.
�á«¨ ã«ìâà ä¨«ìâà p ∈ φ á®¤¥à¦¨â áç¥â­®¥ ¤¨áªà¥â­®¥ ¯®¤¬­®¦¥áâ¢® ¨§
G, â® p ¨¬¥¥â ¡¥áª®­¥ç­ë© ¯®àï¤®ª ¢ φ.

�®ª § â¥«ìáâ¢®. �à¥¤¯®«®¦¨¬ ¯à®â¨¢­®¥: pn = pm ¤«ï ­¥ª®â®àëå à §«¨ç-
­ëå m,n ≥ 1. �®£¤  pq = pr ¤«ï ­¥ª®â®àëå à §«¨ç­ëå q, r ∈ φ ∪ {e}. �«ì-
âà ä¨«ìâà p á®¤¥à¦¨â ­¥ª®â®à®¥ áç¥â­®¥ ¤¨áªà¥â­®¥ ¯®¤¬­®¦¥áâ¢® A ⊂ G.
�ë¡¥à¥¬ ¤«ï ª ¦¤®£® a ∈ A ®ªà¥áâ­®áâì Ua â®çª¨ a â ª, çâ® Ua ∩ Ub = ∅,
¥á«¨ a ̸= b. � â¥¬ ¤«ï ª ¦¤®£® a ∈ A ¢ë¡¥à¥¬ Qa ∈ q, Ra ∈ r â ª, çâ®
a · Qa ⊂ Ua, a · Ra ⊂ Ua, Qa ∩ Ra = ∅. �®£¤  Q = ∪{a · Qa : a ∈ A} ∈ pq,
R = ∪{a ·Ra : a ∈ A} ∈ pr, Q∩R = ∅. �«¥¤®¢ â¥«ì­®, pq ̸= pr, { ¯à®â¨¢®à¥ç¨¥.

�«¥¤áâ¢¨¥. �ãáâì G { å ãá¤®àä®¢  £àã¯¯  á ª®­¥ç­®© ¯®«ã£àã¯¯®© ã«ìâà -
ä¨«ìâà®¢ φ. �®£¤  p ∈ p ·φ ¤«ï ª ¦¤®£® ã«ìâà ä¨«ìâà  p ∈ φ, á®¤¥à¦ é¥£®
áç¥â­®¥ ¯®¤¬­®¦¥áâ¢® ¨§ G. �á«¨ G  ¡¥«¥¢ , â® p ∈ p ·φ ¤«ï ª ¦¤®£® p ∈ φ

�®ª § â¥«ìáâ¢®. �à¥¤¯®«®¦¨¬, çâ® ¤«ï ­¥ª®â®à®£® p ∈ φ, á®¤¥à¦ é¥£® áç¥â-
­®¥ ¯®¤¬­®¦¥áâ¢® B ⊂ G, p /∈ p·φ. �®£¤  ­ ©¤¥âáï A ∈ p â ª®¥, çâ® A∩A·φ = ∅
(¢¢¨¤ã ª®­¥ç­®áâ¨ φ). �® â®£¤  ¤«ï ª ¦¤®£® a ∈ A ­ ©¤¥âáï Va ∈ φ â ª®¥, çâ®
A ∩ a · Va = ∅. � ª ª ª Va ∪ {e} { ®ªà¥áâ­®áâì ¥¤¨­¨æë G, â® íâ® ®§­ ç ¥â,
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çâ® A ¤¨áªà¥â­®. � ª¨¬ ®¡à §®¬, ã«ìâà ä¨«ìâà p á®¤¥à¦¨â ¤¨áªà¥â­®¥ ¯®¤-
¬­®¦¥áâ¢® A ⊂ G,   §­ ç¨â, p á®¤¥à¦¨â ¨ áç¥â­®¥ ¤¨áªà¥â­®¥ ¯®¤¬­®¦¥áâ¢®
A ∩ B ⊂ G. �® â®£¤  ¯® «¥¬¬¥ 8 ã«ìâà ä¨«ìâà p ¨¬¥¥â ¡¥áª®­¥ç­ë© ¯®àï-
¤®ª, ®âªã¤  φ ¡¥áª®­¥ç­ , { ¯à®â¨¢®à¥ç¨¥. �âáî¤  ¨ ¨§ â¥®à¥¬ë 4 ¢ëâ¥ª ¥â ¨
¢â®à®¥ ãâ¢¥à¦¤¥­¨¥.

�¥®à¥¬  5. �ãáâì G { å ãá¤®àä®¢  £àã¯¯  á ª®­¥ç­®© ¯®«ã£àã¯¯®© ã«ìâà -
ä¨«ìâà®¢ φ. �®£¤  ª ¦¤®¥ áç¥â­®¥ ¤¨áªà¥â­®¥ ¯®¤¬­®¦¥áâ¢® ¨§ G § ¬ª­ã-
â®. �á«¨ G  ¡¥«¥¢ , â® ª ¦¤®¥ ¤¨áªà¥â­®¥ ¯®¤¬­®¦¥áâ¢® ¨§ G § ¬ª­ãâ®.

�®ª § â¥«ìáâ¢®. �á«¨ áãé¥áâ¢ã¥â áç¥â­®¥ ¤¨áªà¥â­®¥ ­¥§ ¬ª­ãâ®¥ ¯®¤¬­®-
¦¥áâ¢® ¨§ G, â® áãé¥áâ¢ã¥â ã«ìâà ä¨«ìâà p ∈ φ, á®¤¥à¦ é¨© áç¥â­®¥ ¤¨á-
ªà¥â­®¥ ¯®¤¬­®¦¥áâ¢®, ®âªã¤  ¯® «¥¬¬¥ 8 ¯®«ã£àã¯¯  φ ¡¥áª®­¥ç­ . �â®à ï
ç áâì â¥®à¥¬ë ¢ëâ¥ª ¥â ¨§ ¯¥à¢®© ¨ â¥®à¥¬ë 4.

�¥¬¬  9. �ãáâì G { å ãá¤®àä®¢  £àã¯¯  á ¯®«ã£àã¯¯®© ã«ìâà ä¨«ìâà®¢ φ,
ψ { ä¨«ìâà ­  G, á®¤¥à¦ é¨© φ. �á«¨ ä¨«ìâà ψ ¨¬¥¥â ¡ §ã ¨§ ®âªàëâëå
¯®¤¬­®¦¥áâ¢, â® ψ { ¯à ¢ë© § ¬ª­ãâë© ¨¤¥ « φ. � á«ãç ¥, ª®£¤  φ ª®­¥ç­ ,
á¯à ¢¥¤«¨¢® ¨ ®¡à â­®¥: ¥á«¨ ψ { ¯à ¢ë© ¨¤¥ « φ, â® ä¨«ìâà ψ ¨¬¥¥â ¡ §ã
¨§ ®âªàëâëå ¯®¤¬­®¦¥áâ¢.

�®ª § â¥«ìáâ¢®. �«ï ¤®ª § â¥«ìáâ¢  ¯¥à¢®£® ãâ¢¥à¦¤¥­¨ï ¤®áâ â®ç­® § ¬¥-
â¨âì, çâ® ¤«ï ª ¦¤®£® ®âªàëâ®£® ¬­®¦¥áâ¢  U ¨§G, ¨¬¥îé¥£® ¥¤¨­¨æã â®çª®©
¯à¨ª®á­®¢¥­¨ï, ¬­®¦¥áâ¢® U ∩ φ = {p ∈ φ : U ∈ p} { ¯à ¢ë© § ¬ª­ãâë© ¨¤¥ «
φ [4]. �«ï ¤®ª § â¥«ìáâ¢  ¢â®à®£® ãâ¢¥à¦¤¥­¨ï ¤®áâ â®ç­® § ¬¥â¨âì, çâ® â ª
ª ª ψ ·φ ⊂ ψ ¨ ¯®«ã£àã¯¯  φ ª®­¥ç­ , â® ¬­®¦¥áâ¢  ¢¨¤  ∪{{a}∪a·Ba : a ∈ A},
£¤¥ A ∈ ψ, Ba ∈ φ, ®¡à §ãîâ ¡ §ã ä¨«ìâà  ψ.

�®¯®«®£¨ç¥áª®¥ ¯à®áâà ­áâ¢® ­ §ë¢ ¥âáï íªáâà¥¬ «ì­® ­¥á¢ï§­ë¬, ¥á«¨ ¢
­¥¬ § ¬ëª ­¨¥ ª ¦¤®£® ®âªàëâ®£® ¯®¤¬­®¦¥áâ¢  ®âªàëâ®. �®¯®«®£¨ç¥áª®¥
¯à®áâà ­áâ¢® ­ §ë¢ ¥âáï ­¥à §«®¦¨¬ë¬, ¥á«¨ ¥£® ­¥«ì§ï à §¡¨âì ­  ¤¢  ¯«®â-
­ë¥ ¯®¤¬­®¦¥áâ¢ .

�¥®à¥¬  6. �ãáâì G { å ãá¤®àä®¢  £àã¯¯  á ª®­¥ç­®© ¯®«ã£àã¯¯®© ã«ìâà -
ä¨«ìâà®¢ φ.
1) G íªáâà¥¬ «ì­® ­¥á¢ï§­  â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  φ ¨¬¥¥â ¥¤¨­áâ¢¥­-

­ë© ¬¨­¨¬ «ì­ë© ¯à ¢ë© ¨¤¥ «.

2) G ­¥à §«®¦¨¬  â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  φ ¨¬¥¥â «¥¢ë© ­ã«ì.

�®ª § â¥«ìáâ¢®. �ªáâà¥¬ «ì­ ï ­¥á¢ï§­®áâì £àã¯¯ë G íª¢¨¢ «¥â­  ®âáãâ-
áâ¢¨î ¢ G ¤¢ãå ¤¨§êî­ªâ­ëå ®âªàëâëå ¯®¤¬­®¦¥áâ¢, ª á îé¨åáï ¥¤¨­¨æë.
�® «¥¬¬¥ 9 íâ® íª¢¨¢ «¥­â­® ®âáãâáâ¢¨î ¢ ¯®«ã£àã¯¯¥ φ ¤¢ãå ¤¨§êî­ªâ­ëå
¯à ¢ëå ¨¤¥ «®¢ ¨«¨, çâ® â® ¦¥, ¥¤¨­áâ¢¥­­®áâ¨ ¬¨­¨¬ «ì­®£® ¯à ¢®£® ¨¤¥-
 « . �¥à §«®¦¨¬®áâì £àã¯¯ë G íª¢¨¢ «¥â­  áãé¥áâ¢®¢ ­¨î á¢®¡®¤­®£® ã«ì-
âà ä¨«ìâà  ­  G, áå®¤ïé¥£®áï ª ¥¤¨­¨æ¥ ¨ ¨¬¥îé¥£® ¡ §ã ¨§ ®âªàëâëå ¯®¤-
¬­®¦¥áâ¢ [10]. �® «¥¬¬¥ 9 íâ® íª¢¨¢ «¥­â­® áãé¥áâ¢®¢ ­¨î ¢ ¯®«ã£àã¯¯¥ φ
®¤­®í«¥¬¥­â­®£® ¯à ¢®£® ¨¤¥ «  ¨«¨, çâ® â® ¦¥, áãé¥áâ¢®¢ ­¨î «¥¢®£® ­ã«ï.

�à® ­ «¨§¨àã¥¬ ¯®áâà®¥­­ë¥ ¢ §3 â®¯®«®£¨ç¥áª¨¥ £àã¯¯ë (B,κm), (B, ϱm),
(B, λm) á ¯®¬®éìî â¥®à¥¬ 5,6. �® ¢á¥å íâ¨å £àã¯¯ å ª ¦¤®¥ ¤¨áªà¥â­®¥ ¯®¤-
¬­®¦¥áâ¢® § ¬ª­ãâ®. �àã¯¯ë (B,κm) íªáâà¥¬ «ì­® ­¥á¢ï§­ë ¨ ­¥à §«®¦¨-
¬ë. �àã¯¯ë (B, ϱm) ¯à¨ m ≥ 2 íªáâà¥¬ «ì­® ­¥á¢ï§­ë ¨ à §«®¦¨¬ë. �àã¯¯ë
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(B, λm) ¯à¨ m ≥ 2 ­¥à §«®¦¨¬ë ¨ ­¥ íªáâà¥¬ «ì­® ­¥á¢ï§­ë. �®á«¥¤­ïï á¥-
à¨ï ¯à¨¬¥à®¢ ®âà¨æ â¥«ì­® à¥è ¥â ¢®¯à®á �®¬ä®àâ  ¨ ¢ ­ �¨««  [5]: ¢¥à­®
«¨, çâ® ­¥à §«®¦¨¬ ï  ¡¥«¥¢  £àã¯¯  íªáâà¥¬ «ì­® ­¥á¢ï§­ ?

§6. P -

�®çª  ¢ â®¯®«®£¨ç¥áª®¬ ¯à®áâà ­áâ¢¥ ­ §ë¢ ¥âáï P -â®çª®©, ¥á«¨ ¯¥à¥á¥ç¥-
­¨¥ ¯à®¨§¢®«ì­®£® áç¥â­®£® á¥¬¥©áâ¢  ¥¥ ®ªà¥áâ­®áâ¥© ¥áâì ®ªà¥áâ­®áâì. � á
¡ã¤ãâ ¨­â¥à¥á®¢ âì P -â®çª¨ ¢ ¯à®áâà ­áâ¢¥ βω\ω. �§¢¥áâ­®, çâ® á¢®¡®¤­ë©
ã«ìâà ä¨«ìâà p ­  ω ¥áâì P -â®çª  ¢ βω\ω â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¤«ï «î¡®-
£® ®â®¡à ¦¥­¨ï f : ω → ω ­ ©¤¥âáï A ∈ p â ª®¥, çâ® «¨¡® ®¡à § f |A ª®­¥ç­ë©,
«¨¡® ¢á¥ ¯à®®¡à §ë â®ç¥ª ®â®¡à ¦¥­¨ï f |A ª®­¥ç­ë (ç¥à¥§ f |A ®¡®§­ ç ¥âáï,
ª ª ®¡ëç­®, áã¦¥­¨¥ ®â®¡à ¦¥­¨ï f ­  ¬­®¦¥áâ¢® A).

�¥¬¬  10. �ãáâì {pi : i < m} { ª®­¥ç­®¥ ¬­®¦¥áâ¢® á¢®¡®¤­ëå ã«ìâà -
ä¨«ìâà®¢ ­  ω. �à¥¤¨ ã«ìâà ä¨«ìâà®¢ pi ¥áâì P -â®çª  â®£¤  ¨ â®«ìª®
â®£¤ , ª®£¤  ¤«ï «î¡®£® ®â®¡à ¦¥­¨ï f : ω → ω ­ ©¤ãâáï i < m ¨ A ∈ pi
â ª¨¥, çâ® «¨¡® ®¡à § f |A ª®­¥ç­ë©, «¨¡® ¢á¥ ¯à®®¡à §ë â®ç¥ª f |A ª®­¥ç­ë.

�®ª § â¥«ìáâ¢®. �¥®¡å®¤¨¬®áâì ®ç¥¢¨¤­ . �®ª ¦¥¬ ¤®áâ â®ç­®áâì. �à¥¤-
¯®«®¦¨¬ ¯à®â¨¢­®¥. �®£¤  ¤«ï ª ¦¤®£® i < m áãé¥áâ¢ã¥â ®â®¡à ¦¥­¨¥ fi :
ω → ω â ª®¥, çâ® ¤«ï «î¡®£® A ∈ pi ®â®¡à ¦¥­¨¥ fi|A ¨¬¥¥â ¡¥áª®­¥ç­ë© ®¡-
à § ¨ ­¥ ¢á¥ ª®­¥ç­ë¥ ¯à®®¡à §ë â®ç¥ª. �«ï ª ¦¤®£® i < m ¢ë¡¥à¥¬ Fi ∈ pi
â ª, çâ® Fi ∩ Fj = ∅, ¥á«¨ i ̸= j, ¨ ¯®áâà®¨¬ ®â®¡à ¦¥­¨¥ f : ω → ω â ª®¥,
çâ® f |Fi = fi|Fi. �®£¤  ¤«ï «î¡ëå i < m ¨ A ∈ pi ®â®¡à ¦¥­¨¥ f |A ¨¬¥¥â
¡¥áª®­¥ç­ë© ®¡à § ¨ ­¥ ¢á¥ ¯à®®¡à §ë â®ç¥ª ª®­¥ç­ë, { ¯à®â¨¢®à¥ç¨¥.

P -â®çªã ¢ βω\ω ­¥á«®¦­® ¯®áâà®¨âì á ¯®¬®éìî, ­ ¯à¨¬¥à, CH. �¤­ ª®, ª ª
¯®ª § « �¥« å [11], áãé¥áâ¢ãîâ ¬®¤¥«¨ ZFC, ¢ ª®â®àëå βω\ω ­¥ á®¤¥à¦¨â P -
â®ç¥ª.

�¥®à¥¬  7. �á«¨ áãé¥áâ¢ã¥â ­¥¤¨áªà¥â­ ï  ¡¥«¥¢  £àã¯¯  á ª®­¥ç­®© ¯®«ã-
£àã¯¯®© ã«ìâà ä¨«ìâà®¢, â® ¢ βω\ω áãé¥áâ¢ã¥â P -â®çª .

�®ª § â¥«ìáâ¢®. �ãáâì G { ­¥¤¨áªà¥â­ ï  ¡¥«¥¢  £àã¯¯  á ª®­¥ç­®© ¯®«ã-
£àã¯¯®© ã«ìâà ä¨«ìâà®¢ φ = {pi : i < m}. �® â¥®à¥¬¥ 4 ¬®¦­® áç¨â âì, çâ®
G =

∑
{Gn : n < ω}, £¤¥ Gn { ª®­¥ç­ë¥  ¡¥«¥¢ë £àã¯¯ë. �¡®§­ ç¨¬ ç¥à¥§

max, min ®â®¡à ¦¥­¨ï ¨§ G\{0} ¢ ω, á®¯®áâ ¢«ïîé¨¥ ª ¦¤®¬ã g ∈ G\{0}
á®®â¢¥âáâ¢¥­­® ­ ¨¡®«ìè¨© ¨ ­ ¨¬¥­ìè¨© í«¥¬¥­âë ¬­®¦¥áâ¢  supp(g),   ç¥-

à¥§ max, min ¨å ­¥¯à¥àë¢­ë¥ ¯à®¤®«¦¥­¨ï βG\{0} → βω. � áá¬®âà¨¬ ­  ω

ã«ìâà ä¨«ìâàë max(pi), min(pi) (i < m).
�®ª ¦¥¬ ¢­ ç «¥, çâ® áà¥¤¨ ã«ìâà ä¨«ìâà®¢ min(pi) ¥áâì ¯® ªà ©­¥© ¬¥à¥

®¤¨­ á¢®¡®¤­ë©. �à¥¤¯®«®¦¨¬ ¯à®â¨¢­®¥. �®£¤  ­ ©¤¥âáï ¤®áâ â®ç­® ¡®«ì-
è®¥ n ¨ ®ªà¥áâ­®áâ¨ ­ã«ï U â ª¨¥, çâ® min(g) < n ¤«ï «î¡®£® g ∈ U\{0}.
�ë¡¥à¥¬ ®ªà¥áâ­®áâì ­ã«ï V â ªãî, çâ® V − V ⊂ U . � ª ª ª ¬­®¦¥áâ¢® V
¡¥áª®­¥ç­®,   £àã¯¯ 

∑
{Gj : j < n} ª®­¥ç­ , â® ­ ©¤ãâáï à §«¨ç­ë¥ g1, g2 ∈ V

â ª¨¥, çâ® prj(g1) = prj(g2) ¤«ï ª ¦¤®£® j < n. �® â®£¤  0 ̸= g1 − g2 ∈ U ,  
min(g1 − g2) ≥ n, { ¯à®â¨¢®à¥ç¨¥.

�â ª, áà¥¤¨ ã«ìâà ä¨«ìâà®¢ min(pi) ¥áâì ¯® ªà ©­¥© ¬¥à¥ ®¤¨­ á¢®¡®¤­ë©
ã«ìâà ä¨«ìâà min(pi∗). � áá¬ âà¨¢ ï ¢ á«ãç ¥ ­¥®¡å®¤¨¬®áâ¨ £àã¯¯ã G, á­ ¡-
¦¥­­ãî ¬ ªá¨¬ «ì­®© £àã¯¯®¢®© â®¯®«®£¨¥©, ¢ ª®â®à®© ã«ìâà ä¨«ìâà pi∗ áå®-
¤¨âáï ª ­ã«î, ¬®¦­® áç¨â âì, çâ® ¢á¥ ã«ìâà ä¨«ìâàë min(pi) á¢®¡®¤­ë¥.
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�®ª ¦¥¬ â¥¯¥àì, çâ® áà¥¤¨ ã«ìâà ä¨«ìâà®¢ max(pi) ¥áâì P -â®çª . �®§ì¬¥¬
¯à®¨§¢®«ì­®¥ ®â®¡à ¦¥­¨¥ f : ω → ω ¨ ¤«ï ª ¦¤®£® i < m ¢ë¡¥à¥¬ Ai ∈ pi
â ª®¥, çâ® «¨¡® f ◦max(g) ≤ min(g) ¤«ï «î¡®£® g ∈ Ai, «¨¡® f ◦max(g) > min(g)
¤«ï «î¡®£® g ∈ Ai.

�à¥¤¯®«®¦¨¬, çâ® ¤«ï ­¥ª®â®à®£® i < m ¨¬¥¥â ¬¥áâ® ¯¥à¢ë© á«ãç ©. �®
á«¥¤áâ¢¨î ¨§ «¥¬¬ë 8 ­ ©¤¥âáï p ∈ φ â ª®©, çâ® pi + p = pi. �ë¡¥à¥¬ í«¥¬¥­â
b ∈ G\{0} â ª®©, çâ® b+p ∈ Ai,   § â¥¬, ¨á¯®«ì§ãï â®, çâ® ã«ìâà ä¨«ìâà min(p)
á¢®¡®¤­ë©, ¢ë¡¥à¥¬ ¬­®¦¥áâ¢® A ∈ p â ª®¥, çâ® min(a) > max(b) ¤«ï «î¡®£®
a ∈ A ¨ b+A ⊂ Ai. �®£¤  f ◦max(a) = f ◦max(b+ a) ≤ min(b+ a) = min(b) ¤«ï
«î¡®£® a ∈ A. �â® ®§­ ç ¥â, çâ® ®¡à § f ◦ max |A { ª®­¥ç­ë©. �® â®£¤  ¤«ï

max(A) ∈ max(p) ª®­¥ç­ë¬ ¡ã¤¥â ¨ ®¡à § ®â®¡à ¦¥­¨ï f |max(A).
�à¥¤¯®«®¦¨¬ â¥¯¥àì, çâ® ¤«ï ª ¦¤®£® i < m ¨¬¥¥â ¬¥áâ® ¢â®à®© á«ãç ©.

�®«®¦¨¬ U = ∪{Ai : i < m} ∪ {0} ¨ ¢ë¡¥à¥¬ ®ªà¥áâ­®áâì ­ã«ï V â ªãî, çâ®
V − V ⊂ U . �®ª ¦¥¬, çâ® ¢á¥ ¯à®®¡à §ë â®ç¥ª f ◦ max |V ª®­¥ç­ë. �®£¤ 

¤«ï max(V ) ∈ max(pi) (¤«ï «î¡®£® i < m) ª®­¥ç­ë¬¨ ¡ã¤ãâ â ª¦¥ ¯à®®¡à §ë
â®ç¥ª ®â®¡à ¦¥­¨ï f |max(V ).

�®¯ãáâ¨¬ ¯à®â¨¢­®¥. �®£¤  ­ ©¤ãâáï ç¨á«® n ¨ ¡¥áª®­¥ç­®¥ ¯®¤¬­®¦¥áâ¢®
C ⊂ V \{0} â ª¨¥, çâ® f ◦max(c) = n ¤«ï «î¡®£® c ∈ C. �ë¡¥à¥¬ ¡¥áª®­¥ç­®¥
¯®¤¬­®¦¥áâ¢® C0 ⊂ C â ª®¥, çâ® prj(c1) = prj(c2) ¤«ï «î¡ëå c1, c2 ∈ C0, j < n,
  § â¥¬ ¢ë¡¥à¥¬ c, d ∈ C0 â ª¨¥, çâ® max(c) > max(d). �®£¤  f ◦ max(c) =
f ◦max(c− d) > min(c− d) ≥ n, { ¯à®â¨¢®à¥ç¨¥.

�«¥¤®¢ â¥«ì­®, ¯® «¥¬¬¥ 10 áà¥¤¨ ã«ìâà ä¨«ìâà®¢ max(pi) ¥áâì P -â®çª .
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