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The semiperfect rings with the periodic (correspondently p-group, polycyclic,
�Cernikov, simple) groups are characterized.

1. �¨¢ç¥­­î á¯¥æi «ì­¨å â¨¯i¢  á®æi â¨¢­¨å ªi«¥æì, ¯à¨õ¤­ ­i £àã¯¨ ïª¨å
­ «¥¦ âì ¤® ®¤­®£® i§ ¢i¤®¬¨å ª« ái¢ £àã¯, ¯à¨á¢ïç¥­® ¡ £ â® à®¡iâ (¤¨¢.,
­ ¯à¨ª« ¤, [1{10]).

� ¤ ­i© à®¡®âi ®å à ªâ¥à¨§®¢ ­o ­ ¯i¢¤®áª®­ «i ªi«ìæï § ¯¥ài®¤¨ç­®î (¢i¤-
¯®¢i¤­® à-£àã¯®î, ¯®«iæ¨ª«iç­®î, ç¥à­iª®¢áìª®î, ¯à®áâ®î) ª¢ §ià¥£ã«ïà­®î
£àã¯®î.

�®§­ ç¥­­ï:
K ⋊ T { ­ ¯i¢¯àï¬¨© ¤®¡ãâ®ª £àã¯ � â  �;
p { ¯à®áâ¥ ç¨á«®;
GF (q) { áªi­ç¥­­¥ ¯®«¥ ¯®àï¤ªã q, q = pn (n ∈ N);
Mm(q) { ¯®¢­¥ ªi«ìæ¥ ¬ âà¨æì ¯®àï¤ªã m § ¥«¥¬¥­â ¬¨ i§ ¯®«ï GF (q);
GLm(q) { ¯®¢­  «i­i©­  £àã¯  ¬ âà¨æì ¯®àï¤ªã m § ¥«¥¬¥­â ¬¨ i§ ¯®«ï GF (q);
R+ {  ¤¨â¨¢­  £àã¯  ªi«ìæï R;
R◦ { ¯à¨õ¤­ ­  (=ª¢ §i-à¥£ã«ïà­ ) £àã¯  ªi«ìæï R;
U(R) { £àã¯  ®¤¨­¨æì ªi«ìæï R;
J (R) { à ¤¨ª « �¦¥ª®¡á®­  ªi«ìæï R;
1 + J (R) { ã­i¯®â¥­â­  £àã¯  ªi«ìæï R;
F(R) { ¯¥ài®¤¨ç­  ç áâ¨­  ªi«ìæï R;
charR { å à ªâ¥à¨áâ¨ª  ªi«ìæï R;
T ∗ { ¬ã«ìâ¨¯«iª â¨¢­  £àã¯  âi«  T ;
π(G) { ¬­®¦¨­  ¢áiå ¯à®áâ¨å ¤i«ì­¨ªi¢ ¯®àï¤ªi¢ ¥«¥¬¥­âi¢ ¯¥ài®¤¨ç­®ù £àã¯¨G;
Z(G) { æ¥­âà £àã¯¨ G;
Z(R) { æ¥­âà ªi«ìæï R;
CG(a) = {g ∈ G | ga = ag} { æ¥­âà «i§ â®à ¥«¥¬¥­â  a ¢ £àã¯i G;
CR(a) = {r ∈ R | ra = ar} { æ¥­âà «i§ â®à ¥«¥¬¥­â  a ¢ ªi«ìæi R;
Zm { £àã¯  (ªi«ìæ¥) «¨èªi¢ §  ¬®¤ã«¥¬ m;
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� ¤ «i ¡ã¤¥¬® ç áâ® ¢¨ª®à¨áâ®¢ã¢ â¨

�¢¥à¤¦¥­­ï 1.1. �¥å © R { ªi«ìæ¥.
1. �ªé® F { ¯i¤ªi«ìæ¥ ªi«ìæï R, â® F ◦ { ¯i¤£àã¯  ¯à¨õ¤­ ­®ù £àã¯¨ R◦.
2. �ªé® I { i¤¥ « ªi«ìæï R, â® I◦ { ­®à¬ «ì­  ¯i¤£àã¯  ¯à¨õ¤­ ­®ù £àã¯¨ R◦.
3. (R/J (R))◦ ∼= R◦/J (R)◦.
4. �ªé® R { ªi«ìæ¥ § ®¤¨­¨æ¥î, â®

 ) R◦ ∼= U(R);
¡) U(1 + J (R)) ∼= J (R)◦;
¢) U(R)/1 + J (R) ∼= U(R/J (R)).

� £ ¤ õ¬® â ª®¦, é® ªi«ìæ¥ R § ®¤¨­¨æ¥î ­ §¨¢ õâìáï ­ ¯i¢¤®áª®­ «¨¬,
ïªé® ä ªâ®à-ªi«ìæ¥ R/J (R) ª« á¨ç­®-­ ¯i¢¯à®áâ¥, i i¤¥¬¯®â¥­â¨ ¬®¦­  ¯i¤-
­i¬ â¨ §  ¬®¤ã«¥¬ à ¤¨ª «  �¦¥ª®¡á®­  J (R).

�¥èâ  ¯®§­ ç¥­ì i ä ªâi¢ áâ ­¤ àâ­i i ùå ¬®¦­  §­ ©â¨, ­ ¯à¨ª« ¤, ¢ [11{
13].

2. � áâã¯­  «¥¬  ¢¨¯«¨¢ õ i§ [14] i [15].

�¥¬  2.1. �«ï âi«  T ài¢­®á¨«ì­i â ªi â¢¥à¤¦¥­­ï:
1) T ∗ { ¯¥ài®¤¨ç­  £àã¯ ;
2) T ∗ { «®ª «ì­® áªi­ç¥­­  £àã¯ ;
3) T ∗ { «®ª «ì­® æ¨ª«iç­  £àã¯ ;
4) T ∗ ¢ª« ¤ õâìáï ¢ ä ªâ®à-£àã¯ã Q/Z;
5) T ∗ { §«iç¥­­  ¯¥ài®¤¨ç­   ¡¥«¥¢  £àã¯ ;
6) T { ¯®«¥ ¯à®áâ®ù å à ªâ¥à¨áâ¨ª¨ p,  «£¥¡à ùç­¥ ­ ¤ ¯à®áâ¨¬ ¯i¤¯®«¥¬, i,

ïª ­ á«i¤®ª, T ∗ { p′-£àã¯ ;
7) T ∗ ∼=

∑⊗
r∈π Tr, π { ¬­®¦¨­  ¢áiå ¯à®áâ¨å ç¨á¥«, Tr { ¯i¤£àã¯  ª¢ §iæ¨ª«iç-

­®ù r-£àã¯¨ Cr∞ , Tp = 1.

�®«¥ T , ïª¥ § ¤®¢®«ì­ïõ ã¬®¢¨ «¥¬¨ 2.1, ­ §¨¢ õâìáï  ¡á®«îâ­¨¬.

�¥¬  2.2. �¥å © R { à ¤¨ª «ì­¥ ªi«ìæ¥, ¯®à®¤¦¥­¥ ®¤­¨¬ ¥«¥¬¥­â®¬. �ªé®
¯à¨õ¤­ ­  £àã¯  R◦ ¯¥ài®¤¨ç­ , â® R { ­i«ì¯®â¥­â­¥ ªi«ìæ¥.

�®¢¥¤¥­­ï ¢¥¤¥âìáï §  âiõî ¦ áå¥¬®î, ïª i ¢ «¥¬i 3 [16]. �«ï ¯®¢­®â¨ ¢¨ª« ¤ã
­ ¢¥¤¥¬® ©®£®.

�à®§ã¬i«®, é® ªi«ìæ¥ R { £®¬®¬®àä­¨© ®¡à § ¢i«ì­®ù à ¤¨ª «ì­®ù Z- «£¥¡à¨
F , ¯®à®¤¦¥­®ù ®¤­¨¬ ¥«¥¬¥­â®¬. �®¤i R ∼= F/I ¤«ï ¤¥ïª®£® i¤¥ «  I. �ªé®
ç¥à¥§ F ′ ¯®§­ ç¨¬® ªi«ìæ¥, ®âà¨¬ ­¥ ¯à¨õ¤­ ­­ï¬ ¤® F ®¤¨­¨ç­®£® ¥«¥¬¥­â 
1 ¯à¨à®¤­¨¬ ç¨­®¬, â® ¢®­® õ ¯i¤ªi«ìæ¥¬ Z(x), ¯®à®¤¦¥­¨¬ F â  1. �®¤i I {
â ª®¦ i¤¥ « F ′. �i¤®¡à ¦¥­­ï F/I → F ′/I,

f

1 + g
+ I 7−→

(
1− f

1 + g

)
+ I, ¤¥ f, g ∈ xZ[x],

§ ¤ õ £®¬®¬®àäi§¬ ¯à¨õ¤­ ­®ù £àã¯¨ (F/I)◦ ­  ¬ã«ìâ¨¯«iª â¨¢­ã £àã¯ã G′ =
{(1 + f)/(1 + g) + I|f, g ∈ xZ[x]}. �®¬ã G′ { ¯¥ài®¤¨ç­  £àã¯ .

�¥å © g∗ = xn(α0+ . . .+αmxm), ¤¥ α0 ̸= 0, αm ̸= 0, { ¬­®£®ç«¥­ ­ ©¬¥­è®£®
áâ¥¯¥­ï ¢ I. �ªé® m ≥ 1, â® §­ ©¤¥âìáï â ª¥ ­¥­ã«ì®¢¥ ª®¬¯«¥ªá­¥ ç¨á«® z,
é® g∗(z) ≡ 0. �áªi«ìª¨ g∗ ¬ õ ­ ©¬¥­è¨© áâ¥¯i­ì ¢ I, â® z { ª®ài­ì ª®¦­®£®
¬­®£®ç«¥­  i§ I.
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�¥å © H { ¯i¤£àã¯  i§ G′, é® áª« ¤ õâìáï i§ â¨å ¥«¥¬¥­âi¢ G′, ïªi ¬®¦­ 
§ ¯¨á â¨ ã ¢¨£«ï¤i (1 + f)/(1 + g) + I, ¤¥ f(z) ̸= −1, g(z) ̸= −1, i ¯®áâ ¢¨¬®
ã ¢û¤¯®¢û¤­ûáâì ª®¦­®¬ã â ª®¬ã ¥«¥¬¥­âã i§ H ­¥­ã«ì®¢¥ ª®¬¯«¥ªá­¥ ç¨á«®
(1 + f(z))/(1 + g(z)). �ï ¢i¤¯®¢i¤­iáâì § ¤ õ £®¬®¬®àäi§¬ φ £àã¯¨ H ¢ ¬ã«ì-
â¨¯«iª â¨¢­ã £àã¯ã ª®¬¯«¥ªá­¨å ç¨á¥«. �ªài¬ â®£®, H { ¯¥ài®¤¨ç­  £àã¯ .

� «û, 1 + β(α + g∗/xn) + I, ¤¥ β { ¤®¢i«ì­¥ æi«¥ ç¨á«®, õ ¥«¥¬¥­â®¬ i§ H,
i ¢i¤®¡à ¦ õâìáï φ ¢ ª®¬¯«¥ªá­¥ ç¨á«® 1 + βα0. �¥å © M { ®¡à § H áâ®á®¢-
­® φ. �®¤i M ¬iáâ¨âì ¬­®¦¨­ã {1 + βα0 | β ∈ Z}. �áªi«ìª¨ M { ¯¥ài®¤¨ç­ 
£àã¯ , â® {1 + βα0 | β ∈ Z} = {−1, 1}. �âà¨¬ ­  áã¯¥à¥ç­iáâì ¯®ª §ãõ, é®
¯®«i­®¬ ­ ©¬¥­è®£® áâ¥¯¥­ï ¢ I ¬ õ ¢¨£«ï¤ α0x

n. I§ â ª¨å ¯®«i­®¬i¢ ­ ©-
¬¥­è®£® áâ¥¯¥­ï ¢ I, ­ ¯à¨ª« ¤, αxN ¬ õ ¬i­i¬ «ì­¥ α. �ªé® βxl ∈ I â 
t = max{N, l}, â® βxt ∈ I â  αxt ∈ I. �¨ª®à¨áâ®¢ãîç¨  «£®à¨â¬ �¢ª«i¤ ,
®âà¨¬ õ¬®, é® ¢­ á«i¤®ª ¬i­i¬ «ì­®áâi α ç¨á«® β ¤i«¨âì α. �®¢¥¤¥¬®, é®
I ⊆ αF ¢i¤ áã¯à®â¨¢­®£®. �ªé® I ⊊ αF , â® §­ ©¤¥âìáï â ª¨© ¬­®£®ç«¥­
f = xu(β0 + β1x+ · · ·+ βvx

v) ∈ I, ¤¥ β0 ̸= 0, βv ̸= 0, é® ­¥ ¢ái ©®£® ª®¥äiæiõ­â¨
¤i«ïâìáï ­  α. �¥à¥¤ ãáiå â ª¨å ¬­®£®ç«¥­i¢ ¢¨¡¥à¥¬® â®©, ¢ ïª®£® v { ¬i­i-
¬ «ì­¥,   á¥à¥¤ ­¨å { § ­ ©¬¥­è¨¬ β0. �¥ §¬¥­èãîç¨ § £ «ì­®áâi, ¬®¦¥¬®
¡à â¨ u ≥ N . �­®¢ã ¢¨ª®à¨áâ®¢ãîç¨  «£®à¨â¬ �¢ª«i¤ , «¥£ª® ¯¥à¥¢ià¨â¨, é®
β0 ¤i«¨âì α, i â®¬ã (α/β0)f − αxn ∈ I. �­ á«i¤®ª ¬ ªá¨¬ «ì­®áâi v ¢ái ª®-
¥äiæiõ­â¨ ¬­®£®ç«¥­  (α/β0)f − αxu ¤i«ïâìáï ­  α. �â¦¥, β0 ¤i«¨âì ª®¦­¨©
ª®¥äiæiõ­â βj (j = 1, . . . , v) â  f = β0x

u(1+g), ¤¥ g ∈ xZ[x]. I§ f ∈ I ¬ õ¬®, é®
β0x

u = f/(1 + g) ∈ I, i â®¬ã α ¤i«¨âì β0, ïª¨©, ¢ á¢®î ç¥à£ã, ¤i«¨âì ª®¦­¨©
ª®¥äiæiõ­â ¬­®£®ç«¥­  f . �âà¨¬ ­  áã¯¥à¥ç­iáâì ¯®ª §ãõ, é® I ⊆ αF . �ªé®
α > 1, â® I ⊆ pF ¤«ï ¤¥ïª®£® ¯à®áâ®£® p. �®¤i F/pF { £®¬®¬®àä­¨© ®¡à §
ä ªâ®à-ªi«ìæï F/I. �«¥ F/pF i§®¬®àä­¥ ¢i«ì­i© à ¤¨ª «ì­i©  «£¥¡ài § ®¤­¨¬
â¢ià­¨¬ ­ ¤ ¯®«¥¬ GF (p),   §  «¥¬®î 2 [16] (F/pF )◦ ­¥ õ ¯¥ài®¤¨ç­®î. �â-
¦¥, α = 1, I ¬iáâ¨âì ¬­®£®ç«¥­ xN , i â®¬ã F/I { ­i«ì¯®â¥­â­¥ ªi«ìæ¥. �¥¬ã
¤®¢¥¤¥­®.

� á«i¤®ª 2.3. �ªé® R { à ¤¨ª «ì­¥ ªi«ìæ¥ § ¯¥ài®¤¨ç­®î £àã¯®î R◦, â® R
{ ­i«ì-ªi«ìæ¥.

�¥¬  2.4. �¥å © R { ªi«ìæ¥ § ®¤¨­¨æ¥î. �ªé® ©®£® ¯à¨õ¤­ ­  £àã¯  R◦ {
p-£àã¯ , â® à ¤¨ª « �¦¥ª®¡á®­  J (R) { ­i«ì-i¤¥ « i J (R) ⊆ F(R).

�®¢¥¤¥­­ï. �¯à ¢¤i, ¢­ á«i¤®ª «¥¬¨ 2.2 J (R) { ­i«ì-i¤¥ «, i §  «¥¬®î 2.4 [17]
J (R)+ { p-£àã¯ .

�¢¥à¤¦¥­­ï 2.5. �«ï «®ª «ì­®£® ªi«ìæï ài¢­®á¨«ì­i â ªi â¢¥à¤¦¥­­ï:

1) ¯à¨õ¤­ ­  £àã¯  R◦ ¯¥ài®¤¨ç­ ;

2) charR = pk (k ∈ N), J (R) { ­i«ì-i¤¥ «, R/J (R) {  ¡á®«îâ­¥ ¯®«¥;

3) R◦ = K ⋊ T, K { p-£àã¯ , T { «®ª «ì­® æ¨ª«iç­  p′-£àã¯ .

�®¢¥¤¥­­ï. I¬¯«iª æiï 3) ⇒ 1) ®ç¥¢¨¤­ .

1) ⇒ 2). �ªé® £àã¯  R◦ ¯¥ài®¤¨ç­ , â® R/J (R) { ¯®«¥ § ¯¥ài®¤¨ç­®î ¬ã«ì-
â¨¯«iª â¨¢­®î £àã¯®î,   ®â¦¥, ¯à®áâ®ù å à ªâ¥à¨áâ¨ª¨ p. �«¥ â®¤i §  «¥¬®î
2.4 [18] ¯¥ài®¤¨ç­  ç áâ¨­  F(R)+ { p-£àã¯ . �­ á«i¤®ª «¥¬¨ 2.4 R = F(R) i
§  â¥®à¥¬®î 2.4 [18] charR = pk ¤«ï ¤¥ïª®£® ¤®¤ â­®£® æi«®£® k. �ªài¬ â®£®,
§  «¥¬®î 2.4 J (R) { ­i«ì-i¤¥ «,   §  «¥¬®î 2.1 R/J (R) {  ¡á®«îâ­¥ ¯®«¥.
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2) ⇒ 3). �­ á«i¤®ª «¥¬¨ 2.4 [17] K = J (R)◦ { ­®à¬ «ì­  p-¯i¤£àã¯  £àã¯¨ R◦.
�áªi«ìª¨ R/J (R) {  ¡á®«îâ­¥ ¯®«¥, â®

R/J (R) =
∪
i∈I

Fi {

(áªi­ç¥­­¥  ¡® ­¥áªi­ç¥­­®-§«iç¥­­¥) ®¡'õ¤­ ­­ï ¢ª« ¤¥­¨å ®¤­¥ ¢ ¤àã£¥ áªi­-
ç¥­­¨å ¯®«i¢: Fi ⊆ Fi+1. �®¤i

(R/J (R))∗ ∼= ∪i∈IF
∗
i ,

  ®â¦¥,
R◦/J (R)◦ ∼= ∪i∈IDi,

Di
∼= F ∗

i , Di = ⟨xi⟩ { æ¨ª«iç­  £àã¯ , ¯®à®¤¦¥­  ¥«¥¬¥­â®¬ xi (i ∈ I). �¥å © ai
{ ïª¨©-­¥¡ã¤ì ¯à®®¡à § xi ¢ £àã¯i R

◦. �áªi«ìª¨ ¯®àï¤®ª ¥«¥¬¥­â  ai ¤®ài¢­îõ
mip

si , ¤¥ si ∈ N,   ç¨á«  mi â  p ¢§ õ¬­® ¯à®áâi, i

uimi + vip
si = 1

¤«ï ¤¥ïª¨å æi«¨å ç¨á¥« ui, vi, â® ai = auimi
i · avip

si

i . �à¨©¬¥¬® bi = avip
si

i . �®¤i
⟨bi⟩ ∩K = 0, ⟨bi⟩ ⩽ ⟨bi+1⟩. �®ª« ¤¥¬®

B = ∪i∈I⟨bi⟩.

�ç¥¢¨¤­®, B { «®ª «ì­®-æ¨ª«iç­  p′-£àã¯  â  R◦ = K ⋊B. �¢¥à¤¦¥­­ï ¤®¢¥-
¤¥­®.

� á«i¤®ª 2.6. �¥å © R { ªi«ìæ¥ § ®¤¨­¨æ¥î i ¡¥§ ¤i«ì­¨ªi¢ ­ã«ï. �ªé®
£àã¯  ®¤¨­¨æì U(R) ¯¥ài®¤¨ç­ , â® R { ­ ¯i¢¯à®áâ¥ (§  �¦¥ª®¡á®­®¬) ªi«ìæ¥,
¯à¨ç®¬ã charR = 0  ¡® charR ∈ π(U(R)).

�¥®à¥¬  2.7. �¥å © T { âi«®. �®¤i T ∗ { p-£àã¯ , ïªé® i âi«ìª¨ ïªé® T {
áªi­ç¥­­¥ i i§®¬®àä­¥ ®¤­®¬ã i§ ¯®«i¢:
1) GF (2);
2) GF (2n), ¤¥ 2n − 1 { ¯à®áâ¥ ç¨á«® �¥àá¥­­ ;
3) GF (p), ¤¥ p = 22

m

+ 1 { ¯à®áâ¥ ç¨á«® �¥à¬ ;
4) GF (9).

�®¢¥¤¥­­ï. �®áâ â­iáâì ®ç¥¢¨¤­ .
�¥®¡åi¤­iáâì. �áªi«ìª¨ T ∗ { p-£àã¯ , â® å à ªâ¥à¨áâ¨ª  T ¤®ài¢­îõ q, q ̸= p.
�  â¥®à¥¬®î 1 [19, áâ®à.314] T { ¯®«¥.

�¥å © P { ¯à®áâ¥ ¯i¤¯®«¥ ¯®«ï T . �®¤i |P ∗| = q − 1 = ps ¤«ï ¤¥ïª®£®
­¥¢i¤'õ¬­®£® æi«®£® s. �à¨¯ãáâ¨¬® á¯®ç âªã, é® q > 2. �®¤i p = 2, q { ¯à®áâ¥
ç¨á«® �¥à¬ . �ªé® T ̸= P , â® §­ ©¤¥âìáï â ª¥ áªi­ç¥­­¥ ¯i¤¯®«¥ D, é® P ⊆
D ⊆ T i |D| = qt ¤«ï ¤¥ïª®£® æi«®£® t > 1. �ª ­ á«i¤®ª, |D∗| = qt − 1 = 2u

¤«ï ¤¥ïª®£® æi«®£® u > s. �ªé® t = 2m+ 1 ¤«ï ¤¥ïª®£® æi«®£® m, â® 2 ¤i«¨âì
q2m+. . .+q+1,   æ¥ ­¥¬®¦«¨¢®. �â¦¥, t = 2m. �®¤i qt−1 = (qm+1)(qm−1). �ª
i ¢¨é¥, ¤®¢®¤¨âìáï, é® m { ¯ à­¥ ç¨á«®. �iàªãîç¨  ­ «®£iç­®, ®âà¨¬ãõ¬®,
é® t = 2n ¤«ï ¤¥ïª®£® æi«®£® n. �®¤i i§ ài¢­®áâi q2

n − 1 = 2u ¢¨¯«¨¢ õ, é®
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q − 1 = 2v, q + 1 = 2w ¤«ï ¤¥ïª¨å æi«¨å v, w,   ®â¦¥, q = 3. �¥¯¥à «¥£ª®
¤®¢¥áâ¨, é® n = 1, â®¡â® D = GF (9).

�¥¯¥à ¯à¨¯ãáâ¨¬®, é® q = 2 i T ̸= P . �®¤i, ïª i ¢¨é¥, §­ ©¤¥âìáï â ª¥
áªi­ç¥­­¥ ¯i¤¯®«¥ D, é® P ⊆ D ⊆ T i |D| = 2z (z > 1). �¢i¤á¨ 2z − 1 = pl ¤«ï
¤¥ïª®£® ¤®¤ â­®£® æi«®£® l. �ªé® l = 1, â® 2z − 1 { ¯à®áâ¥ ç¨á«® �¥àá¥­­ .
�®¬ã ­¥å © l ≥ 2. �ªé® l = 2k { ¯ à­¥ ç¨á«®, â® 2z−2 = p2k−1 = (pk−1)(pk+1),
  ®â¦¥, 2 ¤i«¨âì 2z−1− 1,   æ¥ ­¥¬®¦«¨¢®. �ªé® ¦ l = 2k+1 { ­¥¯ à­¥ ç¨á«®,
â® 2z = p2k+1 + 1 = (p + 1)(p2k − p2k−1 + . . . − p + 1),   æ¥ â ª®¦ ­¥¬®¦«¨¢®.
�¥®à¥¬ã ¤®¢¥¤¥­®.

�¥®à¥¬  2.8. �¥å © R { ­ ¯i¢¤®áª®­ «¥ ªi«ìæ¥.
1) �®¤i R◦ { 2-£àã¯ , ïªé® i âi«ìª¨ ïªé® R ­ «¥¦¨âì ¤® ®¤­®£® § â¨¯i¢:

 ) R = T1 ⊕ . . . ⊕ Tm (m ∈ N) { ¯àï¬  áã¬  ¯®«i¢, ª®¦­¥ § ïª¨å i§®¬®àä­¥
GF (2),  ¡® GF (p), ¤¥ p { ¯à®áâ¥ ç¨á«® �¥à¬ ,  ¡® GF (9);

¡) R/J (R) ∼= GF (2)⊕ . . .⊕GF (2), charR = 2k (k ∈ N), J (R) { ­i«ì-i¤¥ «.
2) �®¤i R◦ { p-£àã¯  (p > 2), ïªé® i âi«ìª¨ ïªé® R = T1 ⊕ . . .⊕ Tm (m ∈ N) {

¯àï¬  áã¬  ¯®«i¢, ª®¦­¥ § ïª¨å i§®¬®àä­¥ GF (2)  ¡® GF (2n), ¤¥ (2n − 1) {
¯à®áâ¥ ç¨á«® �¥àá¥­­ .

�®¢¥¤¥­­ï. �®áâ â­iáâì ®ç¥¢¨¤­ .
�¥®¡åi¤­iáâì. �à¨¯ãáâ¨¬®, é® R = Mn(T ) { ªi«ìæ¥ ª¢ ¤à â­¨å ¬ âà¨æì ¯®àï¤-
ªã n ­ ¤ âi«®¬ T . �áªi«ìª¨ R◦ − p-£àã¯ , â® T ∗ â ª®¦ p-£àã¯ , i §  â¥®à¥¬®î
2.7 T i§®¬®àä­¥ ®¤­®¬ã i§ ¯®«i¢: GF (2), GF (2n), GF (p), GF (9), ¤¥ 2n − 1 {
¯à®áâ¥ ç¨á«® �¥àá¥­­ , p { ¯à®áâ¥ ç¨á«® �¥à¬ . �¥£ª® ¯®ª § â¨, é® R = T .

�ªé® â¥¯¥à R { ­ ¯i¢¤®áª®­ «¥ ªi«ìæ¥, â® (R/J (R))◦ { p′-£àã¯ ,   â®¬ã

R/J (R) ∼= GF (2)⊕ . . .⊕GF (2)

 ¡® J (R) = 0. �¢i¤á¨ ¢­ á«i¤®ª â¥®à¥¬¨ 2.7 «¥£ª® ¢¨¯«¨¢ õ â¢¥à¤¦¥­­ï â¥®à¥-
¬¨.

�¢¥à¤¦¥­­ï 2.9. �«ï ­ ¯i¢¤®áª®­ «®£® ªi«ìæï R ài¢­®á¨«ì­i â ªi â¢¥à-
¤¦¥­­ï:
1) R◦ { ¯¥ài®¤¨ç­  £àã¯ ;
2) R/J (R) = Mn1(T1) ⊕ . . . ⊕ Mns(Ts), Ti {  ¡á®«îâ­¥ ¯®«¥ å à ªâ¥à¨áâ¨-

ª¨ pi (i = 1, . . . , s), J (R) { ­i«ì-i¤¥ «, R+ { ¯¥ài®¤¨ç­  £àã¯  áªi­ç¥­­®ù
¥ªá¯®­¥­â¨.

�®¢¥¤¥­­ï. 2) ⇒ 1) ®ç¥¢¨¤­®.
1) ⇒ 2). �áªi«ìª¨ R/J (R) =

∑s
i=1

⊕Mni(Ti) (s ∈ N) â  T ∗
i i§®¬®àä­® ¢ª« -

¤ õâìáï ¢ GLni(Ti), â® Ti {  ¡á®«îâ­¥ ¯®«¥ å à ªâ¥à¨áâ¨ª¨ pi (i = 1, . . . , s).
�ªài¬ â®£®, ¢ R §­ ©¤¥âìáï ¤¥ïª  á¨áâ¥¬  ­¥­ã«ì®¢¨å ¯®¯ à­® ®àâ®£®­ «ì­¨å
i¤¥¬¯®â¥­âi¢ e1, . . . , es, ¤«ï ïª¨å e1 + . . .+ es = 1 (¤¨¢. [11]). �®ª« ¤¥¬®

Rij = eiRej (1 ⩽ i, j ⩽ n).

�®¤i R+ =
∑

i,j
⊕Rij , Rii { «®ª «ì­¥ ªi«ìæ¥ § ¯¥ài®¤¨ç­®î ¯à¨õ¤­ ­®î £àã¯®î

R◦
ii,   â®¬ã charRii = pki

i (ki ∈ N) i, ïª ­ á«i¤®ª, R+ { ¯¥ài®¤¨ç­  £àã¯ 
áªi­ç¥­­®ù ¥ªá¯®­¥­â¨. �¥®à¥¬ã ¤®¢¥¤¥­®.
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3. �¥å © H { £àã¯ , V { ZH-¬®¤ã«ì, v1, . . . , vm { ¥«¥¬¥­â¨ i§ V,W { ¯i¤¬®¤ã«ì
¬®¤ã«ï V . �®¤i W ­ §¨¢ õâìáï ª®à®âª¨¬ H-¬®¤ã«¥¬ § ¡ §®î {v1, . . . , vm},
ïªé® §­ ©¤¥âìáï ¤®¤ â­¥ æi«¥ ç¨á«® k â ª¥, é® ¡ã¤ì-ïª¨© ¥«¥¬¥­â w ∈ W
¬®¦­  § ¯¨á â¨ ã ¢¨£«ï¤i

w =
s∑

i=1

(vi)γi,

¤¥ γi=ϵi1hi1+. . .+ϵikihiki , ϵij ∈ {−1, 1}, hij ∈ H, ki ⩽ k ¤«ï ¢áiå i, j (¤¨¢. [20]).

�¥¬  3.1 ([20, «¥¬  1]). �¥å © K { ªi«ìæ¥ ¡¥§ ¤i«ì­¨ªi¢ ­ã«ï i H { áªi­ç¥­­®
¯®à®¤¦¥­  ¯i¤£àã¯  £àã¯¨ U(K). �ªé® K { ª®à®âª¨© H-¬®¤ã«ì § ¡ §®î {1},
â® K ¬ õ áªi­ç¥­­ã å à ªâ¥à¨áâ¨ªã.

� á«i¤®ª 3.2. �ªé® ¬ã«ìâ¨¯«iª â¨¢­  £àã¯  T ∗ âi«  T áªi­ç¥­­® ¯®à®¤-
¦¥­ , â® T ¬ õ ¯à®áâã å à ªâ¥à¨áâ¨ªã.

�®¢¥¤¥­­ï. �¯à ¢¤û, ®áªi«ìª¨ T ∗ cªi­ç¥­­® ¯®à®¤¦¥­ , â® T { ª®à®âª¨© T ∗-
¬®¤ã«ì § ¡ §®î {1}, i §  «¥¬®î 3.1 å à ªâ¥à¨áâ¨ª  âi«  T { ¯à®áâ¥ ç¨á«®.

�¥¬  3.3. �«ï âi«  T ­ áâã¯­i ã¬®¢¨ ài¢­®á¨«ì­i:
1) ¬ã«ìâ¨¯«iª â¨¢­  £àã¯  T ∗ ¯¥ài®¤¨ç­  i áªi­ç¥­­® ¯®à®¤¦¥­ ;
2) T { áªi­ç¥­­¥ ¯®«¥;
3) T ∗ { æ¨ª«iç­  £àã¯ ;
4) T ∗ { ç¥à­iª®¢áìª  £àã¯ .

�®¢¥¤¥­­ï «¥¬¨ ­¥áª« ¤­¥ i ¬¨ ©®£® ®¯ãáª õ¬®.

�¥¬  3.4. �¥å © R { «®ª «ì­¥ ªi«ìæ¥. �ªé® ©®£® ¯à¨õ¤­ ­  £àã¯  R◦ ¯®«i-
æ¨ª«iç­ , â® R { áªi­ç¥­­¥ ªi«ìæ¥ å à ªâ¥à¨áâ¨ª¨ pm (m ∈ N).

�®¢¥¤¥­­ï. �áªi«ìª¨ ¯à¨õ¤­ ­  £àã¯  R◦ ¯®«iæ¨ª«iç­ , â® R { ­¥â¥à®¢¥ ªi«ì-
æ¥. � ®£«ï¤ã ­  â¥®à¥¬ã B [17] à ¤¨ª « �¦¥ª®¡á®­  J (R) { ­i«ì-i¤¥ «,   § 
­ á«i¤ª®¬ [11, áâ®à.115] J (R) â ª®¦ ­i«ì¯®â¥­â­¨©.

� «i, ¬ã«ìâ¨¯«iª â¨¢­  £àã¯  ¯®«ï R/J (R) áªi­ç¥­­® ¯®à®¤¦¥­ ,   â®¬ã
R/J (R) ∼= GF (pn) ¤«ï ¤¥ïª¨å ¯à®áâ®£® p i ¤®¤ â­®£® æi«®£® n. �­ á«i¤®ª
«¥¬¨ 2.3 [18] F(R)+ { p-£àã¯ .

�¥å © r { ïª¨©-­¥¡ã¤ì ®¡®à®â­¨© ¥«¥¬¥­â ªi«ìæï R. �®¤i pr ∈ J (R),   ®â¦¥,
(pr)s = 0 ¤«ï ¤¥ïª®£® ¤®¤ â­®£® æi«®£® s. �¢i¤á¨ rs ∈ F(R). �áªi«ìª¨ ¥«¥¬¥­â
rs ®¡®à®â­¨©, â® F(R) = R. �  «¥¬®î 2.4 [17] J (R)◦ { p-£àã¯ , i § ®£«ï¤ã ­ 
¯®«iæ¨ª«iç­iáâì ¯i¤£àã¯  J (R)◦ áªi­ç¥­­ . �â¦¥, R { áªi­ç¥­­¥ ªi«ìæ¥. �¥¬ã
¤®¢¥¤¥­®.

�¢¥à¤¦¥­­ï 3.5. �«ï «®ª «ì­®£® ªi«ìæï R ­ áâã¯­i â¢¥à¤¦¥­­ï ài¢­®-
á¨«ì­i:
1) R◦ { ¯®«iæ¨ª«iç­  £àã¯ ;
2) R◦ § ¤®¢®«ì­ïõ ã¬®¢ã ¬ ªá¨¬ «ì­®áâi ¤«ï  ¡¥«¥¢¨å ¯i¤£àã¯;
3) R◦ § ¤®¢®«ì­ïõ ã¬®¢ã ¬ ªá¨¬ «ì­®áâi ¤«ï ¯i¤£àã¯;
4) R◦ { ç¥à­iª®¢áìª  £àã¯ ;
5) R { áªi­ç¥­­¥ ªi«ìæ¥ å à ªâ¥à¨áâ¨ª¨ pk, R/J (R) ∼= GF (pn) (k, n ∈ N);
6) R◦ = K⋊T, K { áªi­ç¥­­  p-£àã¯ , T { æ¨ª«iç­  £àã¯  ¯®àï¤ªã pn− 1 (n ∈
N);
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�®¢¥¤¥­­ï. I¬¯«iª æiï 1) ⇒ 5) ¤®¢¥¤¥­  ¢ «¥¬i 3.4.
4) ⇒ 5). �áªi«ìª¨ £àã¯  (R/J (R))∗ â ª®¦ ç¥à­iª®¢áìª , â® §  «¥¬®î 3.3 ¢®­ 
áªi­ç¥­­ ,   ®â¦¥, R/J (R) ∼= GF (pn) ¤«ï ¤¥ïª¨å ¯à®áâ®£® p â  ¤®¤ â­®£®
æi«®£® n. �  â¢¥à¤¦¥­­ï¬ 2.5 charR = pk ¤«ï ¤¥ïª®£® ¤®¤ â­®£® æi«®£® k.
�ªài¬ â®£®, ªi«ìæ¥R  àâi­®¢¥ §«i¢  i á¯à ¢ , i ¢­ á«i¤®ª «¥¬¨ 3 [4]R { áªi­ç¥­­¥
ªi«ìæ¥.
5) ⇒ 6). �à å®¢ãîç¨ «¥¬ã 2.4 [17] J (R)◦ { áªi­ç¥­­  p-£àã¯ , i §  â¥®à¥¬®î
�ãà  R◦ = J (R)◦ ⋊B, ¤¥ B ∼= Zpn−1.
�®¢¥¤¥­­ï i­è¨å i¬¯«iª æi© ­¥áª« ¤­¥. �¢¥à¤¦¥­­ï ¤®¢¥¤¥­®.

�¥®à¥¬  3.6. �«ï ­ ¯i¢¤®áª®­ «®£® ªi«ìæï R ài¢­®á¨«ì­i â ªi â¢¥à¤¦¥­­ï:
1) R◦ { ¯®«iæ¨ª«iç­  £àã¯ ;
2) R { áªi­ç¥­­¥ ªi«ìæ¥, R/J (R) = D1⊕ . . .⊕Dm { ¯àï¬  áã¬  ªi«¥æì, ª®¦­¥

§ ïª¨å i§®¬®àä­¥ ®¤­®¬ã i§ ­ áâã¯­¨å ªi«¥æì:
 ) GF (pn) (n ∈ N);
¡) M2(2);
¢) M2(3);

3) R◦ = A⋊B, A { áªi­ç¥­­  ­i«ì¯®â¥­â­  £àã¯ , B = B1×. . .×Bm { ¯àï¬¨©
¤®¡ãâ®ª áªi­ç¥­­¨å £àã¯, ª®¦­  § ïª¨å i§®¬®àä­  ®¤­i© i§ ­ áâã¯­¨å £àã¯:
 ) Zpn−1 (n ∈ N);
¡) GL2(2);
¢) GL2(3);

�®¢¥¤¥­­ï. I¬¯«iª æiù 2) ⇒ 3), 3) ⇒ 1) ®ç¥¢¨¤­i.
1) ⇒ 2). �áªi«ìª¨ ¯i¤£àã¯  J (R)◦ â ª®¦ ¯®«iæ¨ª«iç­ , â® i¤¥ « J (R) ­i«ì¯®-
â¥­â­¨© i áªi­ç¥­­¨©. �ªài¬ â®£®, ¢­ á«i¤®ª [21, ç áâ.IV], ïªé® £àã¯  ®¤¨­¨æì
GLn(T ) ªi«ìæï Mn(T ) ¯®«iæ¨ª«iç­ , â® ¢®­® i§®¬®àä­¥  ¡® GF (pn) (n ∈ N),
 ¡® M2(2),  ¡® M2(3). �¥®à¥¬ã ¤®¢¥¤¥­®.

� á«i¤®ª 3.7. �¥å © R { ­ ¯i¢¤®áª®­ «¥ ªi«ìæ¥. �®¤i ¯à¨õ¤­ ­  £àã¯  R◦

ç¥à­iª®¢áìª , ïªé® i âi«ìª¨ ïªé® R { áªi­ç¥­­¥ ªi«ìæ¥.

�®¢¥¤¥­­ï. �®áâ â­iáâì ®ç¥¢¨¤­ .
�¥®¡åi¤­iáâì. �à®§ã¬i«®, é®

R/J (R) =
k∑

i=1

⊕Mni(Ti),

Ti { áªi­ç¥­­¥ ¯®«¥ å à ªâ¥à¨áâ¨ª¨ pi (i = 1, . . . , k). �ªài¬ â®£®, R {  àâi­®¢¥
ªi«ìæ¥, i § ®£«ï¤ã ­  «¥¬ã 3[4] R { áªi­ç¥­­¥ ªi«ìæ¥. � á«i¤®ª ¤®¢¥¤¥­®.

�ªé®  ¤¨â¨¢­  £àã¯  R+ ªi«ìæï R õ p-£àã¯®î, â® R ­ §¨¢ õâìáï p-ªi«ìæ¥¬.
�áªi«ìª¨ ­ ¯i¢¤®áª®­ «¥ ªi«ìæ¥ § æ¨ª«iç­®î ¯à¨õ¤­ ­®î £àã¯®î áªi­ç¥­­¥,

â® ¢­ á«i¤®ª â¥®à¥¬¨ 5 [2] ®âà¨¬ãõ¬®

� á«i¤®ª 3.8. �ã¤ì-ïª¥ ­ ¯i¢¤®áª®­ «¥ ªi«ìæ¥ R § æ¨ª«iç­®î ¯à¨õ¤­ ­®î
£àã¯®î R◦ áªi­ç¥­­¥ i õ ¯àï¬®î áã¬®î p-ªi«¥æì §  ài§­¨¬¨ ¯à®áâ¨¬¨ p, ª®¦­¥
§ ïª¨å i§®¬®àä­¥ ®¤­®¬ã i§ ­ áâã¯­¨å ªi«¥æì:
1) GF (pn) (n ∈ N);
2) Zq, q = pn (n ∈ N);
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3) Z4;
4) Zp[x]/(x

2);
5) Z2[x]/(x3);
6) Z4[x]/(2x, x2 − 2);

7)
{(

x y
0 z

) ∣∣∣ x, y, z ∈ GF (2)
}
.

� ã¢ ¦¥­­ï 3.9. �¥å © F = GF (pn), σ {  ¢â®¬®àäi§¬ �à®¡¥­iãá  ¯®«ï F,
F [x, σ] { ªi«ìæ¥ ª®á¨å ¬­®£®ç«¥­i¢ â ª¥, é® xa = σ(a)x ¤«ï ¡ã¤ì-ïª®£® a ∈ F .
�®¤i R = F [x, σ]/(x2) { «®ª «ì­¥ ªi«ìæ¥ § ¯®«iæ¨ª«iç­®î ¯à¨õ¤­ ­®î £àã¯®î,
ïª  ­¥ õ ­ ¤à®§¢'ï§­®î.

�¥¬  3.10. �¥å © R { «®ª «ì­¥ ªi«ìæ¥ § ­ ¤à®§¢'ï§­®î £àã¯®î ®¤¨­¨æì U(R).
�®¤i R/J (R) ∼= GF (pn) (n ∈ N).
 ) �ªé® A { ­®à¬ «ì­  ¯i¤£àã¯  £àã¯¨ U(R) ¯®àï¤ªã p, â® A ⩽ Z(U(R)).
¡) �ªé® p = 2, â® U(R) { ­i«ì¯®â¥­â­  £àã¯  i J (R) { ­i«ì¯®â¥­â­¨© i¤¥ «.
¢) �ªé® p ̸= 2, n = 1, â® U(R) { ­i«ì¯®â¥­â­  £àã¯  i J (R) { ­i«ì¯®â¥­â­¨©

i¤¥ «.

�®¢¥¤¥­­ï. �  â¢¥à¤¦¥­­ï¬ 3.5 R/J (R) ∼= GF (pn), charR = pk, ¤¥ n, k ∈ N.
�¥å © 1 + a { ¥«¥¬¥­â ¯®àï¤ªã p i§ 1 + J (R), ïª¨© ¯®à®¤¦ãõ ­®à¬ «ì­ã

¯i¤£àã¯ã A ¢ U(R). �®¤i ∣∣∣U(R)/CU(R)(1 + a)
∣∣∣ ⩽ p− 1. (∗)

�ªé® p = 2, â® i§ á¯i¢¢i¤­®è¥­­ï (∗) ¢­ á«i¤®ª â¥®à¥¬¨ 10.5.2 [12] ¢¨¯«¨¢ õ,
é® U(R) { ­i«ì¯®â¥­â­  £àã¯ . �®¤i §  ­ á«i¤ª®¬ 2 [16] à ¤¨ª « �¦¥ª®¡á®­ 
J (R) ­i«ì¯®â¥­â­¨©.

�¥å © ­ ¤ «i p ̸= 2. �®¤i i§ (∗) ¢¨¯«¨¢ õ, é® 1 + J (R) ⩽ CU(R)(1 + a),  
®â¦¥, J (R) ⊆ CR(a). �áªi«ìª¨ 1 + J (R) ⩽ U(CR(a)), â® U(CR(a)) { ­®à¬ «ì-
­  ¯i¤£àã¯  £àã¯¨ ®¤¨­¨æì U(R). � «i, ®áªû«ìª¨ CU(R)(1 + a) ⩽ U(CR(a)),

â®
∣∣U(R)/U(CR(a))

∣∣ = d, ¤¥ d { ¤¥ïª¨© ¤i«ì­¨ª ç¨á«  p − 1. �®¤i ¢­ á«i¤®ª
i§®¬®àäi§¬ã(

U(R)
/
1 + J (R)

)/(
U(CR(a))

/
1 + J (R)

)
∼= U(R)

/
U(CR(a))

®âà¨¬ãõ¬®, é®∣∣∣U(CR(a)
/
J (R)

)∣∣∣ = ∣∣∣U(CR(a))
/
1 + J (R)

∣∣∣ = pn − 1

d
.

�áªi«ìª¨ CR(a)/J (R) { ¯i¤¯®«¥ ¯®«ï R/J (R), â® CR(a)/J (R) ∼= GF (pm), ¤¥
m ¤i«¨âì n. �â¦¥, (pn − 1)/d = pm − 1 i, ïª ­ á«i¤®ª, d = 1 â  A ⩽ Z(U(R)).

� à¥èâû, ¯à¨¯ãáâ¨¬®, é® n = 1. �¥å © V { ¯i¤ªi«ìæ¥ ªi«ìæï R, ¯®à®¤¦¥­¥
©®£® ®¤¨­¨æ¥î. �®¤i V ⊆ Z(R) i R = J (R)+V . �i§ì¬¥¬® ïª¨©-­¥¡ã¤ì ¥«¥¬¥­â
a ∈ U(R). �®¤i a = j + z ¤«ï ¤¥ïª¨å j ∈ J (R), z ∈ Z(R). �áªi«ìª¨ a ∈ J (R),
â® z ∈ J (R),   ®â¦¥, z { ®¡®à®â­¨© ¥«¥¬¥­â, i â®¬ã a = (1 + z−1j)z ∈ (1 +
J (R))U(Z(R)). � ª¨¬ ç¨­®¬, U(R) = (1+J (R))U(Z(R)) { ­i«ì¯®â¥­â­  £àã¯ .
�¥¬ã ¤®¢¥¤¥­®.

4. � £ ¤ õ¬®, é® ­¥®¤¨­¨ç­  £àã¯ , ïª  ¢®«®¤iõ «¨è¥ âà¨¢i «ì­¨¬¨ ­®à¬ «ì-
­¨¬¨ ¯i¤£àã¯ ¬¨, ­ §¨¢ õâìáï ¯à®áâ®î.



��� ���I���������I KI���� � �������� ���ô������� ������� 31

�¥¬  4.1. �«ï «®ª «ì­®£® ªi«ìæï R ¯à¨õ¤­ ­  £àã¯  R◦ ¯à®áâ , ïªé® i âi«ì-
ª¨ ïªé® R i§®¬®àä­¥ ®¤­®¬ã i§ ªi«¥æì:
 ) GF (3);
¡) GF (2s), ¤¥ (2s − 1) { ¯à®áâ¥ ç¨á«® �¥àá¥­­ ;
¢) Z4.

�®¢¥¤¥­­ï. �®áâ â­iáâì ®ç¥¢¨¤­ .
�¥®¡åi¤­iáâì. �áªi«ìª¨ J (R)◦ { ­®à¬ «ì­  ¯i¤£àã¯  R◦, â® J (R) = 0 (  ®â¦¥,
R { ¯®«¥)  ¡® J (R)◦ = R◦ (  ®â¦¥, R/J (R) ∼= GF (2)).

�¥å © R { ¯®«¥. �®¤i R∗ { æ¨ª«iç­  £àã¯  ¯à®áâ®£® ¯®àï¤ªã q i |R| =
q + 1 = ps ¤«ï ¤¥ïª¨å ¯à®áâ®£® p i ¤®¤ â­®£® æi«®£® s. �ªé® q = 2, â® s = 1 i
R ∼= GF (3). �ªé® ¦ q > 2, â® q + 1 { ¯ à­¥ ç¨á«®,   â®¬ã p = 2, q = 2s − 1 {
¯à®áâ¥ ç¨á«® �¥àá¥­­  i R ∼= GF (2s).

�¥¯¥à ¯à¨¯ãáâ¨¬®, é® J (R) ̸= 0. �¥£ª® ¤®¢¥áâ¨, é® R = F(R), i §  «¥¬®î
2.4 [18] charR = 2k (k ∈ N). �áªi«ìª¨ J (R) { ¬i­i¬ «ì­¨© i¤¥ « ªi«ìæï R,
â® §¢ ¦ îç¨ ­  â¢¥à¤¦¥­­ï 1 [11, áâ®à.103] J (R)2 = 0. �ªài¬ â®£®, J (R)◦ {
 ¡¥«¥¢  £àã¯  ¥ªá¯®­¥­â¨ 2 i |R| ⩽ 4. �¢i¤á¨ R ∼= Z4. �¥¬ã ¤®¢¥¤¥­®.

�¥®à¥¬  4.2. �«ï ­ ¯i¢¤®áª®­ «®£® ªi«ìæï R ài¢­®á¨«ì­i â ªi â¢¥à¤¦¥­­ï:
1) R◦ { ¯à®áâ  £àã¯ ;
2) £àã¯  R◦ i§®¬®àä­  Z2  ¡® Zp, ¤¥ p = 2s − 1 { ¯à®áâ¥ ç¨á«® �¥àá¥­­ ;
3) R i§®¬®àä­¥ ®¤­®¬ã i§ ­ áâã¯­¨å ªi«¥æì:

 ) GF (3);
¡) GF (2s), ¤¥ 2s − 1 { ¯à®áâ¥ ç¨á«® �¥àá¥­­ ;
¢) GF (3)⊕GF (2)⊕ . . .⊕GF (2);
£) GF (2s)⊕GF (2)⊕ . . .⊕GF (2), ¤¥ 2s − 1 { ¯à®áâ¥ ç¨á«® �¥àá¥­­ ;
¤) Z4;
¥) Z4 ⊕GF (2)⊕ . . .⊕GF (2).

�®¢¥¤¥­­ï. 1) ⇒ 3). �áªi«ìª¨ R◦ { ¯à®áâ  £àã¯ , â® J (R) = 0  ¡® J (R)◦ = R◦.
�¥å © K = Mn(T ). �ªé® K◦ { ¯à®áâ  £àã¯ , â® «¥£ª® ¯¥à¥¢ià¨â¨, é® n = 1

i K { ¯®«¥. �à¨¯ãáâ¨¬®, é® J (R) = 0. �®¤i R { ª« á¨ç­®-­ ¯i¢¯à®áâ¥ ªi«ìæ¥,
  â®¬ã R = T1⊕ . . .⊕Tk { áªi­ç¥­­  ¯àï¬  áã¬  ¯®«i¢ i, ïª ­ á«i¤®ª, R { ªi«ìæ¥
®¤­®£® i§ â¨¯i¢  ){£).

�ªé® ¦ J (R)◦ = R◦, â® J (R) { ¬i­i¬ «ì­¨© i¤¥ « ªi«ìæï R i ¢­ á«i¤®ª
â¢¥à¤¦¥­­ï 1 [11, áâ®à.103] J (R)2 = 0. �áªi«ìª¨ (R/J (R))◦ = 0, â®

R/J (R) ∼= GF (2)⊕ . . .⊕GF (2).

� ®£«ï¤ã ­  æ¥, «¥£ª® ®âà¨¬ â¨, é® R+ { 2-£àã¯ . �ªài¬ â®£®, J (R)◦ ∼= J (R)+

{  ¡¥«¥¢  £àã¯  ¯®àï¤ªã 2,   â®¬ã R { ªi«ìæ¥ â¨¯ã ¤)  ¡® £).
I¬¯«iª æiù 3) ⇒ 2), 2) ⇒ 1) ¬ ©¦¥ ®ç¥¢¨¤­i. �¥®à¥¬ã ¤®¢¥¤¥­®.
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