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Let cn z, ω, ω′ and κ be the notations of the Jacobi elliptic function theory; let
β be any complex number di�erent from the poles of cn z. We estimate from below
the simultaneous approximation of κ, ω, ω′, β and cnβ.

�¥å © cn z { ¥«i¯â¨ç  äãªæiï �ª®¡i, κ { ¬®¤ã«ì (κ ̸= 0, 1), 4ω â  2(ω′ +
ω) { ¤®¢i«ì  äiªá®¢   ¯ à  ®á®¢¨å ¯¥ài®¤i¢ cn z (¯®§ ç¥ï [1], c.216);
ξ1, . . . , ξ5 {  ¡«¨¦ îçi  «£¥¡à ùçi ç¨á« . �®§ ç¨¬® ç¥à¥§ ni â  Li ùå áâ¥¯¥i
â  ¤®¢¦¨¨, n = degQ(ξ1, . . . , ξ5). � à®¡®âi ¤®¢®¤¨âìáï  áâã¯ 

�¥®à¥¬ . �¥å © β ∈ C, β ¢i¤¬i¥ ¢i¤ ¯®«îái¢ cn z. �®¤i

max
{
|ω − ξ1|, |ω′ − ξ2|, |κ − ξ3|, |β − ξ4|, | cnβ − ξ5|

}
> exp(−�T 4), (1)

¤¥

T = n

[
lnL1

n1
+ · · ·+ lnL5

n5
+ lnn

]
, (2)

� { ¤¥ïª  ¥ä¥ªâ¨¢  áâ « , § «¥¦  «¨è¥ ¢i¤ β â  κ.

�ä®à¬ã«îõ¬®  áâã¯i â¢¥à¤¦¥ï, ïªi ¢¨ª®à¨áâ õ¬® ¯à¨ ¤®¢¥¤¥i â¥®à¥-
¬¨. �®¢¥¤¥ï «¥¬ ¯®¤i¡¥ ¤® ¤®¢¥¤¥ï ¢i¤¯®¢i¤¨å â¢¥à¤¦¥ì ¤«ï ¥«i¯â¨ç-
¨å äãªæi© �¥©õàèâà áá  â  sn z, â®¬ã ¤¥ª®«¨ ¡ã¤¥¬® ¯®á¨« â¨áì   ¢¨¯ ¤®ª
℘(z)  ¡® sn z.

�¥¬  1 ([2]). �¥å © s, l ∈ N. �®¤i

(cnl z)(s) = Ds,l(κ, cn z, cn′ z),

¤¥ ¬®£®ç«¥ Ds,l § ¤®¢®«ìïõ  áâã¯÷ ã¬®¢¨:
Ds,l ∈ Z[x1, x2, x3],
degx1 Ds,l ≤ s, degx2 Ds,l ≤ s+ l, degx3 Ds,l ≤ 1,

L(Ds,l) ≤ 6s+l(s+ l)!.
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�¥¬  2 ([3], á.115). �¥å ©

α, β ∈ A, γ2 = (1− α2)(1− α2 − α2β2).

�®¤i

deg γ ≥ degQ(α, β)min−1(2d(α), 4d(β)),

L(γ) < exp
(
6 degQ(α, β)

(
d−1(α) lnL(α) + d−1(β) lnL(β) + 1

))
,

¤¥ d(a) â  L(a) { áâ¥¯iì â  ¤®¢¦¨   «£¥¡à ùç®£® ç¨á«  a.

�¥¬  3 ([4], á.56). �¥å © B i P {  âãà «ìi ç¨á« ,
Qp,b ∈ Z[x1, . . . , xn],
0 ≤ b < B, 0 ≤ p < P ,
L(Qp,b) ≤ T ,
degxi

Qp,b ≤ Ni;
α1, . . . , αn ∈ A, m = degQ(α1, . . . , αn).
�ªé® P > mB, â® á¨áâ¥¬  «ii©¨å ài¢ïì

P−1∑
p=0

xpQp,b(a1, . . . , an) = 0, 0 ≤ b < B,

¬ õ æi«i à æi® «ìi à®§¢'ï§ª¨ c0, . . . , cp−1 â ªi, é®

0 < max |ci| < 1 + (TP

n∏
i=1

(1 +Ni)

(
L(αi)

(
1 + d(αi)

) Ni
d(αi)

) mB
P−mB

.

�¥¬  4 ([5], á.46). �¥å ©
P ∈ Z[x1, . . . , xn],
degxi

P ≤ Ni;
α1, . . . , αn ∈ A, m = degQ(α1, . . . , αn).
�ªé® P (α1, . . . , αn) ̸≡ 0, â®

|P (α1, . . . , αn)| ≥ L(P )1−m
n∏

i=1

L(αi)
−Nim

d(αi) .

�¥¬  5 ([6], á.78). �ãªæiù σ(z) â  σ(z) cn z æi«i i ¤«ï M > 1 ¢¨ª®ãîâìáï
®æiª¨

|σ(z) cn z||z|≤M , |σ(z)| ≤ CM2

1 .

�ªé® ε { ¢i¤¤ «ì ¢i¤  ©¡«¨¦ç®£® ¯®«îá  cn z ¤® z0 i |z0| ≤ M , â®

|σz0| ≥ εC−M2

2 ,

¤¥ C1, C2 { ¯®áâi©i, § «¥¦i âi«ìª¨ ¢i¤ ®á®¢¨å ¯¥ài®¤i¢ cn z.
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�¥¬  6 ([4], á.58). �¥å © R1, R2 ∈ R, 8 < 4R1 < R2, f(z) à¥£ã«ïà  ¢ ªàã§i
|z| ≤ R2, E { ¬®¦¨  § D2 â®ç®ª, ïªi  «¥¦ âì ªàã£ã |z| ≤ R1, ¢i¤¤ «ì
¬i¦ ïª¨¬¨ ¤«ï ª®¦®ù ¯ à¨ â®ç®ª ¥ ¬¥è¥ ε, 0 < ε < 1. �®¤i

|f(z)||z|≤R1
≤ 2|f(z)||z|≤R2

(
4R1

R2

)D2S

+2DR−1
1

(
33R1

εD

)D2S

max
x∈E,0≤s≤S

∣∣∣∣f (s)(x)s!

∣∣∣∣ .
�¥¬  7 ([7]). �¥å © P ∈ C[x1, x2], P (x1, x2) ̸≡ 0 { ¬®£®ç«¥ áâ¥¯¥ï ¥
¡i«ìè¥ N1 ¯® x1 i N2 ¯® x2, N2 ≥ 1, ai ∈ C, Ki { ªi«ìªiáâì ã«i¢ P (z, cn(z+ai))
§ ¢à åã¢ ï¬ ùå ªà â®áâi, i = 0, . . . ,M . �®¤i

K0 + · · ·+KM < C(D2(D1 +M)),

¤¥ C { ¤¥ïª  ¯®áâi© , ïª  ¥ § «¥¦¨âì ¢i¤ ¬®£®ç«¥  â  ç¨á¥« ai, i =
0, . . . ,M .

�®¢¥¤¥ï â¥®à¥¬¨. �à¨¯ãáâ¨¬®, é® (1) ¥ ¢¨ª®ãõâìáï, â®¡â® ¤«ï ¤®á¨âì
¢¥«¨ª®£® λ ∈ N ¬ õ¬®

max
{
|ω − ξ1|, |ω′ − ξ2|, |κ − ξ3|, |β − ξ4|, | cnβ − ξ5|

}
< exp(−λ6T 4). (3)

� ¤ «i ¡ã¤¥¬® ¤®âà¨¬ã¢ â¨áì  áâã¯¨å ¯®§ ç¥ì:
|f(z)|z∈D = supz∈D |f(z)|;
(m,m1, s) ∈ 
(A,S) ®§ ç õ, é® s,m,m1 ∈ Z, 0 ≤ s ≤ S, |m|, |m1| ≤ A;
ζ1, . . . , ζn { â¢iài ¥«¥¬¥â¨ ¯®«ï Q(ξ1, . . . , ξ5). �¥ §¬¥èãîç¨ § £ «ì®áâi, ¡ã-
¤¥¬® ¢¢ ¦ â¨, é® ξ3 ̸= 0, 1.

�®§£«ï¥¬® äãªæiî sn z, ¬®¤ã«ì ïª®ù ài¢¨© ξ3 [1, c.235]. � ¤ «i ¡ã¤¥¬®
¯®§ ç â¨ ¢i¤¯®¢i¤ã ù© äãªæiî cn z ç¥à¥§ c̃nz. �¥å © 4ω̃ â  2ω̃′ + 2ω̃ { ¤¥ïª 
¯ à  ®á®¢¨å ¯¥ài®¤i¢ c̃nz. �¨ª®à¨áâ ¢è¨ [1, c.235], ®âà¨¬ õ¬® ®æiªã §¢¥àåã
¤«ï |gi − g̃i| (gi, g̃i { i¢ ài â¨ ℘(z) i ¢¨§ ç îâìáï ¯® κ i ξ3 ¢i¤¯®¢i¤®),
¯®àï¤®ª ïª®ù à÷¢¨© ¯®àï¤ª®¢÷ ®æiª¨ (3) :

|g2 − g̃2|+ |g3 − g̃3| < exp(−2−1λ6T 4).

I§ § ¯¨áã ω â  ω̃ §  ¤®¯®¬®£®î ¥«i¯â¨ç¨å iâ¥£à «i¢ ¯¥àè®£® à®¤ã ç¥à¥§ g2,
g3 â  g̃2, g̃3 ¢i¤¯®¢i¤® [1, c.251] ¢¨¯«¨¢ õ, é® ùå ¬®¦  ¢¨¡à â¨ â ª¨¬ ç¨®¬,
é®¡ ¢¨ª®ã¢ « áì ®æiª 

|ω − ω̃|+ |ω′ − ω̃′| < exp
(
−1

2
λ6T 4

)
. (4)

�à¨©¬¥¬®

F (z) =

K∑
k=0

L∑
l=0

Ck,lz
k c̃n

l
z, Ck,l =

n∑
τ=1

Ck,l,τζτ , Ck,l,τ ∈ Z; (5)

Fm,t(z) =
K∑

k=0

L∑
l=0

Ck,lz
k c̃n

l
(z − αm,t), (6)
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¤¥
αm,t = 4mω̃ + 2t(ω̃ + ω̃′) + ξ4 −�,

� { â ª¥ ç¨á«® §  ©¬¥è¨¬ ¬®¤ã«¥¬, é® c̃n� = ξ5;

K = λ4T 2, S = λ2 lnλT 2, N = λT, L = λ lnλT 2, N = λ2T. (7)

�®§ ç¨¬® ç¥à¥§ ξ6  ©¡«¨¦ç¥ ¤® c̃n
′
� ç¨á«®, ïª¥ § ¤®¢®«ìïõ ài¢iáâì

ξ26 = (1− ξ25)(1− ξ24 − ξ24ξ
2
5). (8)

�®§£«ï¥¬®

F
(s)
m,t(4mξ1 + 2t(ξ1 + ξ2) + ξ4), (m, t, s) ∈ 
(N , S),

ïª N 2S «ii©¨å ä®à¬ ¢i¤ nKL §¬i¨å Ck,l,τ . �¨ª®à¨áâ ¢è¨ «¥¬¨ 1, 2, 3 â 
(1), (6), (7), ¢¨¡¥à¥¬® ¥ ¢ái ài¢i ã«î Ck,l,τ â ª¨¬¨, é®

F
(s)
m,t(4mξ1 + 2t(ξ1 + ξ2) + ξ4) = 0,

|Ck,l,τ | < exp(−λ3 lnλT 4n−1).
(9)

�¨ª®à¨áâ ¢è¨ (3){(8), ¯à¥¤áâ ¢«¥ï ℘̃′(z) [1, c.163] â  ä®à¬ã«ã (3) ¢ [1,
á.215], ®âà¨¬ õ¬® ®æiªã

|c̃nβ − ξ5|+ |c̃n′β − ξ6| < exp(−4−1λ6 lnλT 4). (10)

� (3){(10) i «¥¬¨ 1 ®âà¨¬ õ¬® ¤«ï (m, t, s) ∈ 
(2N , S)∣∣F (s)(4mω̃ + 2t(ω̃ + ω̃′) + β)− F
(s)
m,t(4mξ1 + 2t(ξ1 + ξ2) + ξ4)

∣∣ <
< exp

(
−1

5
λ6 lnλT 4

)
. (11)

� (9), (11) ¯à¨ (m, t, s) ∈ 
(N , S) ®âà¨¬ õ¬®∣∣F (s)(4mω̃ + 2t(ω̃ + ω̃′) + β)
∣∣ < exp

(
−1

5
λ6 lnλT 4

)
. (12)

�®ª ¦¥¬®, é® (12) ¢¨ª®ãõâìáï ¤«ï (m, t, s) ∈ 
(N , S).

�á®¢  �¥¬ . �ªé® ®æiª  (12) ¢¨ª®ãõâìáï ¤«ï (m, t, s) ∈ 
(Np, S), â®
¢®  ¢¨ª®ãõâìáï i ¤«ï (m, t, s) ∈ 
(Np+1, S), ¤¥ Np = 2pN , 2p+1 < λ.

�®¢¥¤¥ï. �¥å ©
G(z) = F (z)σ̃L(z − ω̃′),

¤¥ σ̃(z) ¢¨§ ç õâìáï ç¨á« ¬¨ ω̃, ω̃′ [1, c.179]. �¨¡¥à¥¬®  ©¬¥è¥ ¬®¦«¨¢¥
æi«¥ r â ª, é®¡¨ ¢ ªàã§i à ¤iãá  r ¬iáâ¨¢áï ¯ à «¥«®£à ¬ § ¢¥àè¨ ¬¨

±8(Np+1 + 1)ω̃ ± 4(Np+1 + 1)ω̃′

â  ¢¨ª®ã¢ « áì ã¬®¢  r > |�| + |β|. �¥å © R = 12r. �®¤i § (5), (7), (19) â 
«¥¬¨ 5 ¢¨¯«¨¢ õ

|G(z)||z|<R < exp
(
λ3(22p + λ) lnλT 4

)
. (13)
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�¨ª®à¨áâ ¢è¨ (7), (13) â  ¯à¨¯ãé¥ï ®á®¢®ù «¥¬¨, § «¥¬¨ 6 ®âà¨¬ õ¬®

|G(s)(z)||z|≤r < exp(−λ422p+2 lnλT 4). (14)

� ¤®á¨âì ¬ «®¬ã ε-®ª®«i â®ç®ª 2mω̃+2tω̃′+β äãªæiï σ̃(z−ω̃′) ¥ ¬ õ ã«i¢,
â®¬ã § «¥¬¨ 5 ¤«ï |m1|, |m1| ≤ 4Np+1 ¢¨¯«¨¢ õ

|σ̃(z + ω̃′)|
z∈V (ε,2mω̃+2m1ω̃′+β)

> exp(−λ222p+2 ln(λT )T 2). (15)

� (13){(15) ¤«ï (m, t, s) ∈ 
(Np+1, S) ®âà¨¬ õ¬®

|F (s)(4mω̃ + 2t(ω̃ + ω̃′) + β)| < exp(−22p+1,5λ4 lnλT 4). (16)

�à å®¢ãîç¨ (11), § (16) ¤«ï (m, t, s) ∈ 
(Np+1, S) ¢¨¯«¨¢ õ

|F (s)
m,t(4mξ1 + 2t(ξ1 + ξ2) + ξ4)| < exp(−λ422p+1,3 lnλT 4). (17)

�®§£«ï¤ îç¨

F
(s)
m,t(4mξ1 + 2t(ξ1 + ξ2) + ξ4), (m, t, s) ∈ 
(Np+1, S),

ïª § ç¥ï ¢i¤¯®¢i¤¨å ¬®£®ç«¥i¢ ¢  «£¥¡à ùç¨å â®çª å, § «¥¬¨ 4, ¢à å®-
¢ãîç¨ (2), (6), (7), ¤«ï

F
(s)
m,t(4mξ1 + 2t(ξ1 + ξ2) + ξ4) ̸= 0, (m, t, s) ∈ 
(2N1, S),

®âà¨¬ õ¬® ®æiªã∣∣F (s)
m (4mξ1 + 2t(ξ1 + ξ2) + ξ4)

∣∣ > exp(−2λ4T 2(T 2 + lnλ)). (18)

�æiª¨ (17) â  (18) áã¯¥à¥ç«¨¢i, â®¬ã

F
(s)
m,t(4mξ1 + 2t(ξ1 + ξ2) + ξ4) = 0, (m, t, s) ∈ 
(Np+1, S). (19)

� (11) â  (19) ®âà¨¬ õ¬® â¢¥à¤¦¥ï ®á®¢®ù «¥¬¨.

� (19) ¯à¨ 1
2λ ≤ 2p+1 < λ ®âà¨¬ õ¬®, é® ¬®£®ç«¥¨

P (z, c̃n(z − λm,n)) = Fm,n(z)

¬ îâì ¥ ¬¥è¥ 5−1λ6 lnλT 4 ã«i¢ (§ ¢à åã¢ ï¬ ªà â®áâi). � «¥¬¨ 7 ®âà¨-
¬ õ¬®, é® ã«i¢ ¬®¦¥ ¡ãâ¨ ¥ ¡i«ìè¥ Cλ5 lnλT 4, â®¬ã ¯à¨¯ãé¥ï (3) ¯à¨¢®-
¤¨âì ¤® ¯à®â¨àiççï, ïª¥ © ¤®¢®¤¨âì â¥®à¥¬ã.
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