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Abstract. V. Sushchansky, N. Kroshko. Finitary group of birational authomor-

phisms of in�nite dimensional a�ne space over locally �nite �eld // Matematychni
Studii. 4 (1995) P.5{12.

It was proved, that �nitary group of birational authomorphisms of in�nite-di-
mensional a�ne space over a locally �nite �eld is isomorphic to the limit group of
a direct spectrum of symmetric groups Spk, k ∈ N, with diagonal embeddings, and
its subgroups of triangular or unitriangular transformations can be factorized to the
wreath product of in�nite series of symmetric or cyclic groups of degree p respectively.

1. �áâ i¬ ç á®¬ § ç¥ ç¨á«® à®¡iâ ài§¨å  ¢â®ài¢ (¤¨¢.  ¯à. [1{3]) ¯à¨-
á¢ïç¥® ¤®á«i¤¦¥î äiiâ à¨å £àã¯ ¯¥à¥â¢®à¥ì: äiiâ à®ù á¨¬¥âà¨ç®ù
£àã¯¨ â  äiiâ à¨å «ii©¨å £àã¯  ¤ ài§¨¬¨ ¯®«ï¬¨. �®ïââï äiiâ à®-
áâi ¯¥à¥â¢®à¥ï ¬®¦¥ ¡ãâ¨ ¯à¨à®¤® ¢¢¥¤¥¥ © ã ¡ £ âì®å iè¨å á¨âã æiïå:
¤«ï £àã¯  ¢â®¬ â¨å ¯i¤áâ ®¢®ª, £àã¯ i§®¬¥âài© ¤¥ïª¨å â¨¯i¢ ¬¥âà¨ç¨å ¯à®-
áâ®ài¢, £àã¯  ¢â®¬®àäi§¬i¢ ¤¥à¥¢ i â.¯. �¥§¯®á¥à¥¤i¬ ã§ £ «ì¥ï¬ æì®£®
¯®ïââï õ ©®£® ¯¥à¥¥á¥ï   ¢¨¯ ¤®ª £àã¯ ¡ià æi® «ì¨å  ¢â®¬®àäi§¬i¢.
�®® §¤i©áîõâìáï â ª¨¬ á¯®á®¡®¬. �¥å © F { ¤®¢i«ì¥ ¯®«¥, A(F ) { ¯à®áâià
¢áiå ¥áªiç¥¨å ¯®á«i¤®¢®áâ¥©  ¤ F . �¥à¥â¢®à¥ï φ : A(F ) → A(F ) à -
æi® «ì¥, ïªé® iáãõ ¥áªiç¥¨©  ¡ià ¬®£®ç«¥i¢ < fi(x1, . . . , xni >i∈N
â ª¨©, é® ¤«ï ¤®¢i«ì®ù ¯®á«i¤®¢®áâi t = (t1, t2, . . . ) ∈ A(F ) ª®®à¤¨ â¨ ¯®-
á«i¤®¢®áâi tφ ¢¨§ ç îâìáï ài¢®áâï¬¨:

[tφ]i = fi(t1, . . . , tni), i ∈ N. (1)

� æi® «ì¥ ¯¥à¥â¢®à¥ï õ ¡ià æi® «ì¨¬  ¢â®¬®àäi§¬®¬, ïªé® ¢®® ¡i-
õ-ªâ¨¢¥ © ®¡¥à¥¥ ¤® ì®£® ¯¥à¥â¢®à¥ï â ª®¦ õ à æi® «ì¨¬. �®¦¥ ¯¥-
à¥â¢®à¥ï õ ¡ià æi® «ì¨¬ ®¤®ç á® § ®¡¥à¥¨¬, ¤®¡ãâ®ª ¡ià æi® «ì¨å
¯¥à¥â¢®à¥ì §®¢ã ¡ã¤¥ ¡ià æi® «ì¨¬, â®¡â® ¢ái ¡ià æi® «ìi  ¢â®¬®àäi§¬¨
¯à®áâ®àã A(F ) ãâ¢®àîîâì £àã¯ã, ïªã ¯®§ ç â¨¬¥¬® Bir A(F ).

�¥à¥â¢®à¥ï φ ∈ Bir A(F )  §¨¢ â¨¬¥¬® äiiâ à¨¬, ïªé® iáãõ  âã-
à «ì¥ ç¨á«® k = k(φ) â ª¥, é® ¯à¨ ¡ã¤ì-ïª®¬ã ¢¨¡®ài x ∈ A(F ) ¯®á«i¤®¢®áâi
x i xφ ¢i¤ài§ïîâìáï ¥ ¡i«ìè¥ i¦ k á¢®ù¬¨ ¯¥àè¨¬¨ ª®®à¤¨ â ¬¨.

�ái äiiâ ài ¯¥à¥â¢®à¥ï ãâ¢®àîîâì ¯i¤£àã¯ã ¢ £àã¯i Bir A(F ), ïªã ¯®-
§ ç â¨¬¥¬® Bir A(F ). �¥â®î à®¡®â¨ õ ¤®á«i¤¦¥ï ¡ã¤®¢¨ £àã¯¨ Bir A(F ),
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ª®«¨ F õ «®ª «ì® áªiç¥¨¬ ¯®«¥¬. � á ¬¥, ¢áâ ®¢«¥®, é® ¥§ «¥¦® ¢i¤
«®ª «ì® áªiç¥®£® ¯®«ï F £àã¯  Bir A(F ) i§®¬®àä  κ-®¤®ài¤® á¨¬¥â-
à¨çi© £àã¯i ¢ à®§ã¬ii [4], ¤¥ κ =< p, p, · · · >,   p { å à ªâ¥à¨áâ¨ª  ¯®«ï F .
�¢i¤á¨ ¤iáâ õ¬®, é® Bir A(F ) ¯à¨ p = 2 õ ¯à®áâ®î,   ¯à¨ p ̸= 2 ¬ õ «¨è¥ ®¤¨
¥âà¨¢i «ì¨© ®à¬ «ì¨© ¤i«ì¨ª i¤¥ªá  2, ïª¨© õ ¯à®áâ®î £àã¯®î.

�®ª § ®, é® ¯i¤£àã¯¨ âà¨ªãâ¨å â  â ª §¢ ¨å ãiâà¨ªãâ¨å ¯¥à¥â¢®à¥ì
£àã¯¨ Bir A(Fp) õ ¢iæ¥¢¨¬¨ ¤®¡ãâª ¬¨ á¯¥æi «ì®£® â¨¯ã, ¯®¡ã¤®¢ ¨¬¨ §
á¨¬¥âà¨ç¨å £àã¯ áâ¥¯¥ï p ç¨ ¢i¤¯®¢i¤® à¥£ã«ïà¨å æ¨ª«iç¨å £àã¯ áâ¥¯¥ï
p, ¯à¨ç®¬ã ¤àã£  § æ¨å ¯i¤£àã¯ õ á¨«®¢áìª®î p-¯i¤£àã¯®î ïª ¢ ¯¥àèi© § ¨å,
â ª i ¢ á ¬i© £àã¯i Bir A(Fp).

2. �¥å © Fq { áªiç¥¥ ¯®«¥ § q ¥«¥¬¥âi¢, q = pm. �®¢i«ì  äãªæiï ¢i¤
n §¬i¨å  ¤ F (q) ¬®¦¥ ¡ãâ¨ § ¢¤   ¤¥ïª¨¬ ¬®£®ç«¥®¬. �¢  ¬®£®ç«¥-
¨ f1(x1, . . . , xn) i g1(x1, . . . , xn) § ¢¤ îâì âã ¦ äãªæiî, ïªé® ¢®¨ õ ª®-
£àã¥â¨¬¨ §  ¬®¤ã«¥¬ i¤¥ «  In, ¯®à®¤¦¥®£® ¬®£®ç«¥ ¬¨ xq1 − x1, x

q
2 −

x2, . . . , x
q
n − xn. � ªâ®à-ªi«ìæ¥ F

r
q [x1, . . . , xn] = Fq[x1, . . . , xn]/In ªi«ìæï ¬®£®-

ç«¥i¢ Fq[x1, . . . , xn] §  ¬®¤ã«¥¬ i¤¥ «  In  §¨¢ õâìáï (¤¨¢.,  ¯à. [5]) ªi«ìæ¥¬
à¥¤ãª®¢ ¨å ¬®£®ç«¥i¢ ¢i¤ n §¬i¨å  ¤ Fq. �â¦¥, ª®¦  äãªæiï  ¤ Fq

§ ¢¤ õâìáï ¤¥ïª¨¬ à¥¤ãª®¢ ¨¬ ¬®£®ç«¥®¬ i§ ¢i¤¯®¢i¤®î ªi«ìªiáâî ¥¢i-
¤®¬¨å, ¯à¨ç®¬ã æ¥© ¬®£®ç«¥ ¢¨§ ç õâìáï §  ¤ ®î äãªæiõî ®¤®§ ç®.
�¢i¤á¨ ¤iáâ õ¬® «¥¬ã.

�¥¬  1. �®¦¥ ¯¥à¥â¢®à¥ï y ∈ Bir A(F ) ®¤®§ ç® § ¢¤ õâìáï  ¡®à®¬
< fi(x1, . . . , xni) >i∈N à¥¤ãª®¢ ¨å  ¤ ¯®«¥¬ Fq ¬®£®ç«¥i¢. �¥à¥â¢®à¥ï
φ ¡ã¤¥ äiiâ à¨¬ ã â®¬ã © «¨è¥ ¢ â®¬ã à §i, ª®«¨ iáãõ â ª¥ ç¨á«® k, é®
¤«ï ¢áiå l ≥ k ¢¨ª®ãîâìáï ài¢®áâi fl(x1, . . . , xnl

) = xl.

�¨¬¢®«®¬ An(Fq) ¯®§ ç¨¬® n-¢¨¬ià¨©  äi¨© ¯à®áâià  ¤ Fq. �ià æi®-
 «ìi  ¢â®¬®àäi§¬¨ æì®£® ¯à®áâ®àã § ¢¤ îâìáï  ¡®à ¬¨ < f1, f2 . . . , fn >
à¥¤ãª®¢ ¨å ¬®£®ç«¥i¢ i§ F r

q [x1, . . . , xq]  ¤ Fq.

�¥¬  2. �àã¯  Bir An(Fq) ¡ià æi® «ì¨å  ¢â®¬®àäi§¬i¢ ¯à®áâ®àã An(Fq)
i§®¬®àä  (ïª £àã¯  ¯i¤áâ ®¢®ª) á¨¬¥âà¨çi© £àã¯i   ¬®¦¨i An(Fq).

�®¢¥¤¥ï. �®¢i«ì¥ ¯¥à¥â¢®à¥ï ¯à®áâ®àã An(Fq) § ¢¤ õâìáï  ¡®à®¬ n
äãªæi© ¢i¤ n §¬i¨å  ¤ ¯®«¥¬ Fq. �áªi«ìª¨ ª®¦  â ª  äãªæiï ®¤®§ ç®
§ ¢¤ õâìáï ¤¥ïª¨¬ à¥¤ãª®¢ ¨¬ ¬®£®ç«¥®¬ i§ F r

q [x1, x2, . . . , xn], â® ¡ã¤ì-ïª¥
¯¥à¥â¢®à¥ï ¬®¦¨¨ An(Fq) § ¢¤ õâìáï  ¡®à®¬ à¥¤ãª®¢ ¨å ¬®£®ç«¥i¢ i§
F r
q [x1, . . . , xn]. � â®¬ã ¢ ¤ ®¬ã à §i ¡ià æi® «ìiáâì ¯¥à¥â¢®à¥ï ài¢®§ ç-

  ©®£® ¡iõªâ¨¢®áâi. �¢i¤á¨ © ¤iáâ õ¬® ¯®âài¡¥.

� ¢¤ ¬® i'õªæiî ψn £àã¯¨ Bir An(Fq) ã £àã¯ã Bir An+1(Fq):

ψn(< f1, . . . , fn >) =< f1, . . . , fn, xn+1 > . (2)

�«ï ¤®¢i«ì®£® n § ¢¤ ¥ ài¢iáâî (2) ¢i¤®¡à ¦¥ï ψn õ i§®¬®àä¨¬ § -
ãà¥ï¬ £àã¯¨ Bir An(Fq) ã £àã¯ã Bir An+1(Fq), â®¡â® ®âà¨¬ãõ¬® ¯àï¬¨©
á¯¥ªâà £àã¯

< Bir An(Fq), ψn >n∈N . (3)

�¥¬  3. �¨ª®ãõâìáï i§®¬®àäi§¬ £àã¯ ¯i¤áâ ®¢®ª

lim−→
n
< Bir An(Fq), ψn >≃ Bir A(Fq). (4)

�®¢¥¤¥ï. �  ª®¦®î ¨âª®î § £à ¨ç®ù £àã¯¨ ¯àï¬®£® á¯¥ªâàã (3) ®¤®-
§ ç® ¢¨§ ç õâìáï ¥áªiç¥¨©  ¡ià à¥¤ãª®¢ ¨å ¬®£®ç«¥i¢ ¬ ©¦¥ ¢ái
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ª®®à¤¨ â¨ ïª®£® §¡i£ îâìáï § ¢i¤¯®¢i¤¨¬¨ ¥¢i¤®¬¨¬¨. �¨¬ á ¬¨¬ § ¢¤ -
® ¢i¤®¡à ¦¥ï æiõù £àã¯¨   £àã¯ã Bir A(Fq), ïª¥ õ i§®¬®àäi§¬®¬. �â¦¥,
¢¨ª®ãõâìáï á¯i¢¢i¤¤®è¥ï (4).

�®¬ã £àã¯  Bir A(Fq) õ ®¡'õ¤ ï¬ §à®áâ îç®£® « æî£  ¯i¤£àã¯, ª®¦  §
ïª¨å i§®¬®àä  á¨¬¥âà¨çi© £àã¯i   qn á¨¬¢®« å ¤«ï ¯¥¢®£® n ∈ N.
3. �«ï äiªá®¢ ®£®  âãà «ì®£® ç¨á«  r, r > 1, £®¬®¬®àäi§¬

dr : Sn → Snr (5)

á¨¬¥âà¨ç®ù £àã¯¨ áâ¥¯¥ï n (ïª  ¤iõ   ¬®¦¨i {1, 2, . . . , n}) ¢ á¨¬¥âà¨ç-
ã £àã¯ã áâ¥¯¥ï nr (ïª  ¤iõ   ¬®¦¨i {1, 2, . . . , nr})  §¢¥¬® ¤ã¡«î¢ ï¬
ªà â®áâi r, ïªé® ®¡à §®¬ ¤®¢i«ì®ù ¯i¤áâ ®¢ª¨ π ∈ Sn ¯à¨ æì®¬ã £®¬®¬®à-
äi§¬i ¡ã¤¥ ¯i¤áâ ®¢ª  drπ, ïª  ¤iõ   ç¨á«  l = kn+ i, 0 ≤ k ≤ r−1, 1 ≤ i ≤ n,
i§ iâ¥à¢ «ã {1, 2, . . . , nr} §  ä®à¬ã«®î:

(drπ)(l) = kn+ π(i). (6)

�i¤®¡à ¦¥ï (5) õ ¤i £® «ì¨¬ § ãà¥ï¬ £àã¯¨ Sn ã ¯àï¬ã áã¬ã S
(1)
n ⊕· · ·⊕

S
(r)
n á¨¬¥âà¨ç¨å £àã¯ Sn, ïªi ¤iîâì ¢i¤¯®¢i¤®   ¬®¦¨ å {ni+1, . . . , ni+n},

0 ≤ i ≤ r−1. �¥å © χ =< k0, k1, · · · > { ¥áªiç¥  ¯®á«i¤®¢iáâì  âãà «ì¨å

ç¨á¥«, ki > 1 ¯à¨ i > 0, k̃i = k1 · k2 · . . . · ki, i ∈ N.
�§ ç¥ï. χ-á¯¥ªâà®¬ á¨¬¥âà¨ç¨å £àã¯  §¢¥¬® ¯àï¬¨© á¯¥ªâà

< S~ki
, dki+1 >i∈N . (7)

�à ¨çã £àã¯ã á¯¥ªâàã (7)  §¨¢ â¨¬¥¬® χ-®¤®ài¤® á¨¬¥âà¨ç®î £àã¯®î
â  ¯®§ ç â¨¬¥¬® S(χ).

�à ¨ç  £àã¯  ¥ §¬iîõâìáï ¯à¨ ¢¨«ãç¥i ¯®ç âª®¢®£® ¢i¤ài§ª χ-á¯¥ªâàã.
� «i, ¤«ï §àãç®áâi à®§£«ï¤ â¨¬¥¬® «¨è¥ âi χ-á¯¥ªâà¨, ¤«ï ïª¨å k0 = 1, i
å à ªâ¥à¨§ã¢ â¨¬¥¬® ùå ¯®á«i¤®¢®áâï¬¨ < k1, k2, · · · >.
�¥¬  4. [4]. �«ï ¤®¢i«ì®ù ¯®á«i¤®¢®áâi χ =< k1, k2, · · · > ¢i¤¬i¨å ¢i¤ ®¤¨-
¨æi  âãà «ì¨å ç¨á¥« iáãõ â ª  ¯®á«i¤®¢iáâì � =< p1, p2, · · · > ¯à®áâ¨å
ç¨á¥«, é® á¯à ¢¤¦ãõâìáï ài¢iáâì S(χ) = S(�).

� æiõù «¥¬¨ ¢¨¯«¨¢ õ, é® χ-®¤®ài¤® á¨¬¥âà¨çi £àã¯¨ ¤®á¨âì à®§£«ï¤ â¨
«¨è¥ ¤«ï ¯®á«i¤®¢®áâ¥© ¯à®áâ¨å ç¨á¥«. �«ï â®£® é®¡ §  ¤ ®î ¯®á«i¤®¢-
iáâî χ =< k1, k2, · · · > ¯®¡ã¤ã¢ â¨ ¢i¤¯®¢i¤ã ù© ¯®á«i¤®¢iáâì ¯à®áâ¨å ç¨á¥«,
âà¥¡  ª®¦¥ ç¨á«® ki à®§ª« áâ¨   ¤®¡ãâ®ª ¯à®áâ¨å ¬®¦¨ªi¢ i § ¬i¨â¨ i-
© ç«¥ ¯®á«i¤®¢®áâi χ ª®àâ¥¦¥¬, ª®®à¤¨ â¨ ïª®£® õ ¯à®áâ¨¬¨ ¬®¦¨ª ¬¨
ki (§ ãà åã¢ ï¬ ùå ªà â®áâ¥©), é® à®§â è®¢ i ¢ ¤¥ïª®¬ã ¯®àï¤ªã. � à¥-
§ã«ìâ âi â ª®ù § ¬i¨ ¤iáâ õ¬® ¯®á«i¤®¢iáâì κ ¯à®áâ¨å ç¨á¥«, ª®¬¯®¥â¨ ïª®ù
à®§¡¨¢ îâìáï   ®ªà¥¬i ç áâ¨¨ â ª, é® ¤®¡ãâ®ª ¯à®áâ¨å ç¨á¥« i§ i-ù ç áâ¨¨
¤®ài¢îõ ki.

�¥®à¥¬  1. �«ï ¤®¢i«ì®£® q, q = pm, £àã¯  äiiâ à¨å ¡ià æi® «ì¨å  ¢-
â®¬®àäi§¬i¢ Bir A(Fq) i§®¬®àä  (ïª £àã¯  ¯i¤áâ ®¢®ª) κ-®¤®ài¤® á¨¬¥â-
à¨çi© £àã¯i S(κ), ¤¥ κ =< p, p, · · · >.

�®¢¥¤¥ï. �ª ¢áâ ®¢«¥® ¢¨é¥, £àã¯  Bir A(Fq) õ ®¡'õ¤ ï¬ §à®áâ îç®£®
« æî£  ¯i¤£àã¯ Bir An(Fq), ¯à¨ç®¬ã Bir A

n(Fq) ≃ Sqn . �¥à¥á¢i¤ç¨¬®áì, é®
§ ãà¥ï ψn : Bir An(Fq) → Bir An+1(Fq) ¤«ï ¤®¢i«ì®£® n ∈ N õ ¥ é® iè¥,
ïª ¤ã¡«î¢ ï ªà â®áâi q. �¥å © φ =< f1, f2, . . . , fn > { ¤¥ïª¥ ¯¥à¥â¢®à¥ï §
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Bir An(Fq). �®¤i ψn(φ) =< f1, f2, . . . , fn, xn+1 > ¥ §¬iîõ (n+1)-ã ª®®à¤¨ âã
¤®¢i«ì®£® ª®àâ¥¦  i§ An+1(Fq). �«ï ¤®¢i«ì®£® t ∈ Fq ¯®ª« ¤¥¬®

Un+1(t) = {(x1, x2, . . . , xn+1) ∈ An+1(Fq)|xn+1 = t}.

�®¤¨  ¯i¤¬®¦¨ Un+1(t), t ∈ Fq, ãâ¢®àîõ à®§¡¨ââï ¬®¦¨¨ An+1(Fq), ïª¥
i¢ ài â¥ é®¤® ¤iù ¯i¤áâ ®¢ª¨ ψn(φ). �  ª®¦i© ª®¬¯®¥âi æì®£® à®§¡¨ââï
¯i¤áâ ®¢ª  ψn(φ) ¤iõ ®¤ ª®¢®. �i«ìè â®ç®, § äiªáãõ¬® ¤¥ïª¥ ¢¯®àï¤ªã¢ ï
t1, t2, . . . , tq ¥«¥¬¥âi¢ ¯®«ï Fq i ¯¥¢¨© ¯¥à¥«iª x1, x2, . . . , xqn ¥«¥¬¥âi¢ An(Fq).
�®¤i ¥«¥¬¥â¨ ¬®¦¨¨ An+1(Fq) ¬®¦  ¢¯®àï¤ªã¢ â¨ â ª:

(x1, t1), (x2, t1), . . . , (xqn , t1), . . . , (x1, tq), . . . , (xqn , tq).

�¥à¥ã¬¥àãõ¬® â¥¯¥à ¥«¥¬¥â¨ ¬®¦¨ Fq, A
n(Fq) â  A

n+1(Fq) §£i¤® § ¢¨¡à -
¨¬¨ ¢¯®àï¤ªã¢ ï¬¨. �iáâ ¥¬®, é® φ ¤iõ   ¬®¦¨i {1, 2, . . . , qn}, ψn(φ) {
  ¬®¦¨i {1, 2, . . . , qn+1}, à®§¡¨ââî An+1(Fq)   ¯i¤¬®¦¨¨ Un+1(t), t ∈
Fq, ¢i¤¯®¢i¤ õ à®§¡¨ââï {kqn + i|1 ≤ i ≤ n}, k = 0, 1, . . . , q − 1, ¬®¦¨¨
{1, 2, . . . , qn+1}. �iï ψn(φ)   ¥«¥¬¥â¨ æiõù ¬®¦¨¨ ¢¨§ ç õâìáï ài¢iáâî
ψn(φ)(l) = rqn + φ(i), ¤¥ l = kqn + i, 0 ≤ k ≤ q − 1. �áªi«ìª¨ φ ∈ Bir An(Fq) {
¤®¢i«ì¥ ¯¥à¥â¢®à¥ï, â® æ¥ ®§ ç õ, é® § ãà¥ï ψn õ ¤ã¡«î¢ ï¬ ªà â-
®áâi q £àã¯¨ S(An(Fq)) ã £àã¯ã S(An+1(Fq)). �¨¬ á ¬¨¬, £àã¯  Bir A(Fq) õ
®¡'õ¤ ï¬ §à®áâ îç®£® « æî£  á¨¬¥âà¨ç¨å £àã¯, § ãà¥ï ïª¨å õ ¤ã¡«î-
¢ ï¬¨ ªà â®áâi q, â®¡â® Bir A(Fq) ≃ S(κ′), ¤¥ κ′ =< q, q, · · · >. � ¬iîîç¨
κ′   ¯®á«i¤®¢iáâì, áª« ¤¥ã § ¯à®áâ¨å ¬®¦¨ªi¢ ª®¬¯®¥â κ′, â®¡â®   ¯®-
á«i¤®¢iáâì κ =< p, p, · · · >, §  «¥¬®î 4 ¤iáâ õ¬® á¯i¢¢i¤®è¥ï S(κ′) ≃ S(κ).
�â¦¥, Bir A(Fq) ≃ S(κ), é® © âà¥¡  ¡ã«® ¤®¢¥áâ¨.

� á«i¤®ª 1. �«ï ¤®¢i«ì¨å q1, q2, ¤¥ q1 = pm1 , q2 = pm2 , ¢¨ª®ãõâìáï á¯i¢¢i¤-
®è¥ï

Bir A(Fq1) ≃ Bir A(Fq2). (8)

�®¢¥¤¥ï. �  â¥®à¥¬®î 1 ¤«ï ¤®¢i«ì®£® q = pm £àã¯¨ Bir A(Fq) â  Bir A(Fp)
õ i§®¬®àä¨¬¨. �¢i¤á¨ i ¤iáâ õ¬® á¯i¢¢i¤®è¥ï (8).

� á«i¤®ª 2. �à¨ p = 2 £àã¯  Bir A(Fq) õ ¯à®áâ®î. �ªé® ¦ p ̸= 2, â® £àã¯ 

Bir A(Fq) ¬iáâ¨âì õ¤¨¨© ®à¬ «ì¨© ¤i«ì¨ª i¤¥ªá  2, ïª¨© §¡i£ õâìáï §
ùii ª®¬ãâ â®¬ i õ ¯à®áâ®î £àã¯®î.

�®¢¥¤¥ï. �   á«i¤ª®¬ 6.10 i§ [6] £àã¯  S(κ), κ =< p, p, · · · > õ ¯à®áâ®î, ª®«¨
p = 2, i ¬iáâ¨âì õ¤¨¨© ¥âà¨¢i «ì¨© ®à¬ «ì¨© ¤i«ì¨ª, ïª¨© ¬ õ i¤¥ªá 2
¢ ãái© £àã¯i i á ¬ õ ¯à®áâ®î £àã¯®î, ª®«¨ p ̸= 2. �à®§ã¬i«®, é® æ¥© ®à¬ «ì¨©
¤i«ì¨ª §¡i£ õâìáï § ª®¬ãâ â®¬ ãáiõù £àã¯¨. �à å®¢ãîç¨ â¥®à¥¬ã 1, ¤iáâ õ¬®
¯®âài¡¥ â¢¥à¤¦¥ï.

�¥®à¥¬  2. �¥å © F { ¤®¢i«ì¥ «®ª «ì® áªiç¥¥ ¯®«¥ å à ªâ¥à¨áâ¨ª¨ p.
�®¤i £àã¯  Bir A(F ) i§®¬®àä  £àã¯i S(χ).

�®¢¥¤¥ï. �®«¥ F õ ®¡'õ¤ ï¬ §à®áâ îç®£® « æî£  Fpn1 ⊂ Fpn2 ⊂ . . .
áªiç¥¨å ¯®«i¢:

F =
∞∪
i=1

Fpni .

� â®¬ã £àã¯  Bir A(F ) õ ®¡'õ¤ ï¬ §à®áâ îç®£® « æî£  £àã¯ Bir A(Fpn1 ) ⊂
Bir A(Fpn2 ) ⊂ . . . :

Bir A(F ) =
∞∪
i=1

Bir A(Fpni ).
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�®¦  § £àã¯ Bir A(Fpni ), ¢ á¢®î ç¥à£ã, §  «¥¬®î 3 õ ®¡'õ¤ ï¬ £àã¯ Bir An×
×(Fpni ). �®¡ã¤ãõ¬® ®¢¨© §à®áâ îç¨© « æî£ £àã¯:

Bir A1(Fpn1 ) ⊂ Bir A2(Fpn2 ) ⊂ . . . .

�áªi«ìª¨ Bir Ak(Fpnl ) ⊂ Bir As(Fpns ), ¤¥ s = max(k, l), ¤«ï ¤®¢i«ì¨å  âã-
à «ì¨å k, l, â®

∞∪
i=1

Bir Ai(Fpni ) = Bir A(F ).

�«¥ ®¡'õ¤ ï § ¯à ¢®ù ç áâ¨¨ æiõù ài¢®áâi, ïª «¥£ª® §à®§ã¬iâ¨, i§®¬®àä¥
£àã¯i S(χ). �¥®à¥¬ã ¤®¢¥¤¥®.

� â¥®à¥¬¨ 2 ¢¨¯«¨¢ õ, é® ¢¨¢ç îç¨ £àã¯¨ Bir A(F ) ã ª« ái «®ª «ì® áªi-
ç¥¨å ¯®«i¢, ¤®á¨âì ®¡¬¥¦¨â¨áì ¢¨¯ ¤ª®¬, ª®«¨ F = Fp õ ¯à®áâ¨¬ ¯®«¥¬.

4. � § £ «ì®¬ã ¢¨¯ ¤ªã ¤®ái ¥ § ©¤¥® ã¬®¢, ïªi ¯®âài¡®  ª« áâ¨    -
¡ià ¬®£®ç«¥i¢, é®¡ ¢¨§ ç¥¥ ¨¬ ¯¥à¥â¢®à¥ï ¡ã«® ¡ià æi® «ì¨¬. �à®â¥
¤«ï ¤¥ïª¨å â¨¯i¢ ¯¥à¥â¢®à¥ì â ªi ã¬®¢¨ ¢ª § â¨ ¬®¦ . �¨¬ ¢¨§ ç îâìáï
á¯¥æi «ìi ¯i¤£àã¯¨ £àã¯¨ Bir A(F ), ¤®á«i¤¦¥ï ¡ã¤®¢¨ ïª¨å ¢i¤i£à õ ¢ ¦«¨-
¢ã à®«ì ã â¥®àiù £àã¯ ¡ià æi® «ì¨å ¯¥à¥â¢®à¥ì.

�¥à¥â¢®à¥ï φ ∈ Bir A(F )  §¢¥¬® âà¨ªãâ¨¬, ïªé® ¢®® ¢¨§ ç õâìáï
"âà¨ªãâ¨¬"  ¡®à®¬ ¬®£®ç«¥i¢, â®¡â® ¯à¨ ¡ã¤ì-ïª®¬ã i ∈ N ¬®£®ç«¥ fi
{ i-â  ª®®à¤¨ â   ¡®àã, é® § ¢¤ õ φ §£i¤® § ài¢iáâî (1), { § «¥¦¨âì ï¢-
® «¨è¥ ¢i¤ i ¯¥àè¨å ¥¢i¤®¬¨å x1, x2, . . . , xi. �à¨ªãâ¥ ¯¥à¥â¢®à¥ï  §¨-
¢ â¨¬¥¬® ãiâà¨ªãâ¨¬, ïªé® ¢®® § ¢¤ õâìáï  ¡®à®¬ ¬®£®ç«¥i¢ ¢¨£«ï¤ã
< xi + ai(x1, . . . , xi−1) >i∈N, ¤¥ a1(x0) = a1 ∈ F , ai(xi−1) ∈ F [x1, . . . , xi−1]
(ïªé® F áªiç¥¥ ¯®«¥, â® ai(xi−1) ∈ F r[x1, . . . , xi−1]).

�¥¬  5. �iiâ à¥ âà¨ªãâ¥ ¯¥à¥â¢®à¥ï  ¤ Fp, é® § ¢¤ õâìáï  ¡®-
à®¬ à¥¤ãª®¢ ¨å ¬®£®ç«¥i¢ < f1(x1), f2(x1, x2), · · · > õ ¡ià æi® «ì¨¬ â®¤i
© âi«ìª¨ â®¤i, ª®«¨ ¤«ï ¤®¢i«ì®£® i ≥ 1 ¯à¨ ¡ã¤ì-ïª®¬ã ¢¨¡®ài ª®àâ¥¦ 
(a1, a2, . . . , ai−1) ¬®£®ç«¥ fi(a1, . . . , ai−1, xi) § ¢¤ õ ¯i¤áâ ®¢ªã  ¤ ¯®«¥¬
Fp. �®¦¥ äiiâ à¥ ãiâà¨ªãâ¥ ¯¥à¥â¢®à¥ï ¡ià æi® «ì¥.

�®¢¥¤¥ï. �iiâ à¥ ¯¥à¥â¢®à¥ï ¯à®áâ®àã A(Fp), ïª¥ § ¢¤ õâìáï  ¡®à®¬
¬®£®ç«¥i¢ < fi >i∈N ¡ã¤¥ ¡ià æi® «ì¨¬ ã â®¬ã © «¨è¥ ¢ â®¬ã à §i, ª®«¨ ©®-
£® § ç¨¬¨© ¯®ç â®ª < f1, f2, . . . , fn > (â ª¨©, é® n {  ©¬¥è¥ ç¨á«®, ¤«ï ïª®-
£® fi = xi ¯à¨ i > n) õ ¡ià æi® «ì¨¬ ¯¥à¥â¢®à¥ï¬ An(Fp). �ià æi® «ìiáâì
¯¥à¥â¢®à¥ï < f1, f2, . . . , fn > ài¢®á¨«ì  ©®£® ¡iõªâ¨¢®áâi. � â®¬ã ¤®á¨âì
¯¥à¥ª® â¨áï, é® âà¨ªãâ¥ ¯¥à¥â¢®à¥ï ¡ã¤¥ ¡iõªâ¨¢¨¬ â®¤i © «¨è¥ â®¤i,
ª®«¨ ¢®® § ¤®¢®«ìïõ ¢¨¬®£¨ «¥¬¨. �¥å © < f1(x1), f2(x1, x2), . . . , fn(xn) > {
§ ç¨¬¨© ¯®ç â®ª § ¤ ®£® ¯¥à¥â¢®à¥ï. �à¨¯ãáâ¨¬® ¯à®â¨«¥¦¥: ¤«ï ª®¦-
®£® § ¬®£®ç«¥i¢ fi, 1 ≤ i ≤ n, ¢¨ª®ãîâìáï ã¬®¢¨ «¥¬¨,  «¥ ¯¥à¥â¢®à¥ï,
ïª¥ § ¢¤ õâìáï  ¡®à®¬ < f1, . . . , fn >, ¥ õ ¡iõªâ¨¢¨¬. �®¤i ¢®® ¥ ¡ã¤¥
i i'õªâ¨¢¨¬, i áîà'õªâ¨¢¨¬. �â¦¥, iáãîâì ài§i ª®àâ¥¦i (a1, . . . , an) â 
(b1, . . . , bn) i§ An(Fp) â ªi, é® (f1(a1), f2(a1, a2), . . . , fn(a1, . . . , an)) =
(f1(b1), f2(b1, b2), . . . , fn(b1, . . . , bn)). �¥ ®§ ç õ, é® ¢¨ª®ãîâìáï ài¢®áâi

f1(a1) = f1(b1),

f2(a1, a2) = f2(b1, b2),

. . . . . .

fn(a1, . . . , an) = fn(b1, . . . , bn).

�¥å © j { â ª¥  ©¬¥è¥ ç¨á«®, é® aj ̸= bj .�®¤i fj(a1,. . . , aj)=fj(a1,. . . , aj−1, bj)
i fj(a1, . . . , aj−1, xj) ¥ § ¢¤ õ ¯i¤áâ ®¢ªã  ¤ Fp, é® áã¯¥à¥ç¨âì ã¬®¢i «¥¬¨.
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�â¦¥,  è¥ ¯à¨¯ãé¥ï ¡ã«® ¥¯à ¢¨«ì¨¬, i ¯¥à¥â¢®à¥ï < fi >i∈N õ ¡iõª-
â¨¢¨¬. � iè®£® ¡®ªã, ïªé® æ¥ ¯¥à¥â¢®à¥ï ¡iõªâ¨¢¥, â® ¡iõªâ¨¢¨¬ õ i
©®£® § ç¨¬¨© ¯®ç â®ª. � â®¬ã ®¡à §¨ ài§¨å ª®àâ¥¦i¢ i§ An(Fp) § ¢¦¤¨ ¡ã-
¤ãâì ài§¨¬¨. �¥ ®§ ç õ, é® ¤«ï ¤®¢i«ì®£® j, 1 ≤ j ≤ n, ¯à¨ ¡ã¤ì-ïª®¬ã
 ¡®ài ª®àâ¥¦  (a1, . . . , aj−1) i ¥«¥¬¥âi¢ b, c ∈ Fp ài¢iáâì fj(a1, . . . , aj−1, b) =
fj(a1, . . . , aj−1, c) õ ¥¬®¦«¨¢®î, â®¡â® fj(a1, . . . , aj−1, xj) § ¢¤ õ ¯i¤áâ ®¢ªã
 ¤ Fp; ¯¥àèã ç áâ¨ã «¥¬¨ ¤®¢¥¤¥®. �«ï ¤®¢¥¤¥ï ¤àã£®ù ç áâ¨¨ ¤®á¨âì
¯¥à¥ª® â¨áï, é® ¤«ï ª®¦®£® ãiâà¨ªãâ®£® ¯¥à¥â¢®à¥ï iáãõ ®¡¥à¥¥.
�¥§¯®á¥à¥¤ì® ¯¥à¥¢iàïõ¬®, é® ®¡¥à¥¨¬ ¤® ¯¥à¥â¢®à¥ï < x1 + a1, x2 +
a2(x1), x3 + a3(x1, x2), · · · > ¡ã¤¥ ¯¥à¥â¢®à¥ï < x1 − a1, x2 − a2(x1 − a1), x3 −
a3(x1 − a1, x2 − a2(x1 − a1)), · · · >. �¥¬  ¤®¢¥¤¥ .

�®¡ãâ®ª i ®¡¥à¥¥ ¤® âà¨ªãâ¨å ç¨ ãiâà¨ªãâ¨å ¯¥à¥â¢®à¥ì §®¢ã ¡ã¤ãâì
âà¨ªãâ¨¬¨ ç¨ ¢i¤¯®¢i¤® ãiâà¨ªãâ¨¬¨ ¯¥à¥â¢®à¥ï¬¨. � â®¬ã ¢ái ¡ià æi®-
 «ìi âà¨ªãâi (ãiâà¨ªãâi) ¯¥à¥â¢®à¥ï ¯à®áâ®àã A(Fp) ãâ¢®àîîâì £àã¯ã.
�®§ ç â¨¬¥¬® æi £àã¯¨ ¢i¤¯®¢i¤® á¨¬¢®« ¬¨ TbiA(Fp), UbiA(Fp). �à®§ã¬i-
«¨© §¬iáâ ¬ îâì â ª®¦ ¯®§ ç¥ì TbiAn(Fp), UbiA

n(Fp). �i¤£àã¯¨ äiiâ à-

¨å ¯¥à¥â¢®à¥ì ã £àã¯ å TbiA(Fp) â  UbiA(Fp) ¯®§ ç â¨¬¥¬® ïª TbiA(Fp)

â  UbiA(Fp) ¢i¤¯®¢i¤®. �i £àã¯¨ ¤®¯ãáª îâì ¤®á¨âì ¯à®áâ¨© ®¯¨á §  ¤®¯®¬®-
£®î § £ «ì®ù ª®áâàãªæiù, ïª  õ ®¤¨¬ i§ ¢ ài âi¢ ¢iæ¥¢®£® ¤®¡ãâªã æi«ª®¬
ã¯®àï¤ª®¢ ®ù ¬®¦¨¨ £àã¯ ¯i¤áâ ®¢®ª [7].

� á ¬¥, §ài§ ¨¬ ¢iæ¥¢¨¬ ¤®¡ãâª®¬ §  ¯®á«i¤®¢iáâî £àã¯ ¯i¤áâ ®¢®ª
(G1,M1), (G2,M2), . . . (ª®à®âª® fl-¢iæ¥¢¨¬ ¤®¡ãâª®¬)  §¢¥¬® £àã¯ã  ©¬®¦-
«¨¢iè¨å ¥áªiç¥¨å  ¡®ài¢ (â ¡«¨æì) ¢¨£«ï¤ã

u = [g1, g2(x1), g3(x1, x2), . . . ], (9)

¤¥ g1 ∈ G1, gi(�xi−1) = gi(x1, . . . , xi−1) ∈ G
M1×...×Mi−1
i , i = 2, 3, . . . , ¯à¨ç®¬ã «¨-

è¥ áªiç¥¥ ç¨á«® ª®®à¤¨ â  ¡®àã (9) ¢i¤¬i¥ ¢i¤ â®â®¦® ài¢¨å ®¤¨¨ç-
i© ¯i¤áâ ®¢æi äãªæi©. � ¡«¨æï (9) ¤iõ   ¥«¥¬¥â (m1,m2, . . . ) ∈M =

∏
i∈N

Mi

§  ¯à ¢¨«®¬

(m1,m2,m3, . . . )
u = (mg1

1 ,m
g2(m1)
2 ,m

g3(m1,m2)
3 , . . . ). (10)

�¢i¤á¨ ¤iáâ õ¬®, é® ¤®¡ãâª®¬ â ¡«¨æì § ª®®à¤¨ â ¬¨ gi(xi−1) â  hi(xi−1) ¡ã¤¥
â ¡«¨æï § ª®®à¤¨ â ¬¨

gi(xi−1) · hi(xg11 , x
g2(x1)
2 , . . . , x

gi−1(xi−2)
i−1 ), (11)

  ®¡¥à¥®î ¤® â ¡«¨æi § ª®®à¤¨ â ¬¨ gi(�xi−1) { â ¡«¨æï § ª®®à¤¨ â ¬¨

g−1
i (x

g−1
1

1 , x
g−1
2

(x
g
−1
1
1

)
2 , . . . ), i ∈ N. (12)

� ª¨¬ ç¨®¬, fl-¢iæ¥¢¨© ¤®¡ãâ®ª { æ¥ £àã¯  â ¡«¨æì ¢¨£«ï¤ã (9) § ã¬®¢®î
®¡¬¥¦¥®áâi ç¨á«  ¥®¤¨¨ç¨å ª®®à¤¨ â, ïªi ¤iîâì   ¬®¦¨i M §  ¯à ¢¨-
«®¬ (10),   ¤iï ¬®¦¥ï i ¤iï ¢§ïââï ®¡¥à¥®£® ¥«¥¬¥â  ¤«ï ¨å § ¢¤ îâìáï
§£i¤® § (11) i (12). fl-¢iæ¥¢¨© ¤®¡ãâ®ª £àã¯ (G1,M1), (G2,M2), . . . ¬®¦ 
¢¨§ ç¨â¨ ïª ¯i¤£àã¯ã ùå l-¢iæ¥¢®£® ¤®¡ãâªã §

i∈N
Gi ã à®§ã¬ii [8]. �à å®¢ã-

îç¨ æ¥, ¯®§ ç â¨¬¥¬® æî ª®áâàãªæiî
−
§

i∈N
Gi.
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�¥®à¥¬  3. �àã¯  TbiA(Fp) i§®¬®àä  ïª £àã¯  ¯i¤áâ ®¢®ª §ài§ ®¬ã ¢iæ¥-

¢®¬ã ¤®¡ãâªã
−
§

i∈N
S
(i)
p §  ¯®á«i¤®¢iáâî S

(1)
p , S

(2)
p , . . . á¨¬¥âà¨ç¨å £àã¯ áâ¥-

¯¥ï p,   ùii ¯i¤£àã¯  UbiA(Fp) { fl-¢iæ¥¢®¬ã ¤®¡ãâªã
−
§

i∈N
C
(i)
p §  ¯®á«i¤®¢-

iáâî C
(1)
p , C

(2)
p , . . . à¥£ã«ïà¨å æ¨ª«iç¨å £àã¯. � i¤£àã¯  UbiA(Fp) õ á¨-

«®¢áìª®î p-¯i¤£àã¯®î ¢ £àã¯ å TbiA(Fp) â  Bir A(Fp).

�®¢¥¤¥ï. �  «¥¬®î 5 ª®¦¥ ¯¥à¥â¢®à¥ï < f1(x1), . . . , fn(x1, . . . , xn) > i§
TbiAn ××(Fp) ¢¨§ ç õ:
 ) ¯i¤áâ ®¢ªã   ¬®¦¨i Fp, é® § ¢¤ õâìáï ¬®£®ç«¥®¬ f1(x1);
¡) äãªæiù, é® ¢¨§ ç¥i   ¬®¦¨ å Fp × . . .× Fp (j à §i¢), i§ § ç¥ï¬¨ ¢

á¨¬¥âà¨çi© £àã¯i S(Fp), 1 ≤ j ≤ n− 1.

� â®¬ã â ª¥ ¯¥à¥â¢®à¥ï õ ¥«¥¬¥â®¬ n-ªà â®£® ¢iæ¥¢®£® ¤®¡ãâªã
n

§
i=1

S
(i)
p

£àã¯ ¯i¤áâ ®¢®ª, ª®¦  § ïª¨å i§®¬®àä  (ïª £àã¯  ¯i¤áâ ®¢®ª) á¨¬¥âà¨ç-
i© £àã¯i S(Fp). � ¬  ¦ £àã¯  âà¨ªãâ¨å ¯¥à¥â¢®à¥ì ¯à®áâ®àã An(Fp) §¡i-
£ õâìáï § æ¨¬ ¢iæ¥¢¨¬ ¤®¡ãâª®¬. � ãà¥î (2) £àã¯¨ TbiAn(Fp) ¢ £àã¯ã

TbiAn+1(Fp) ¢i¤¯®¢i¤ õ ¯à¨à®¤¥ § ãà¥ï
n

§
i=1

S
(i)
p ¢

n+1

§
i=1

S
(i)
p . �áªi«ìª¨ fl-

¢iæ¥¢¨© ¤®¡ãâ®ª õ ®¡'õ¤ ï¬ ¯®á«i¤®¢®áâi n-ªà â¨å ¢iæ¥¢¨å ¤®¡ãâªi¢ i§
â ª¨¬¨ § ãà¥ï¬¨, â® §¢i¤á¨ © ¤iáâ õ¬®, é® TbiA(Fp) i§®¬®àä  (ïª £àã¯ 

¯i¤áâ ®¢®ª) fl-¢iæ¥¢®¬ã ¤®¡ãâªã
−
§

i∈N
S
(i)
p .

� «®£iç®, ª®¦¥ ãiâà¨ªãâ¥ ¯¥à¥â¢®à¥ï < x1+ a1, . . . , xm+ am(x1, . . . ,
xn−1) > ¯à®áâ®àã An(Fp) ®¤®§ ç® å à ªâ¥à¨§ãõâìáï â ¡«¨æ¥î[a1, a2(x1), . . . ,
an(x1, . . . , xn−1)], ª®®à¤¨ â¨ ïª®ù õ à¥¤ãª®¢ ¨¬¨ ¬®£®ç«¥ ¬¨  ¤ Fp § ¢i¤-
¯®¢i¤¨¬ ç¨á«®¬ ¥¢i¤®¬¨å. �£i¤® § à¥§ã«ìâ â ¬¨ [9] £àã¯  â ª¨å â ¡«¨æì õ

n-ªà â¨¬ ¢iæ¥¢¨¬ ¤®¡ãâª®¬
n

§
i=1

C
(i)
p à¥£ã«ïà¨å æ¨ª«iç¨å £àã¯. �¡'õ¤ ï

§à®áâ îç®ù ¯®á«i¤®¢®áâi â ª¨å ¢iæ¥¢¨å ¤®¡ãâªi¢ õ fl-¢iæ¥¢¨¬ ¤®¡ãâª®¬
−
§

i∈N
C
(i)
p .

�à å®¢ãîç¨, é® § ãà¥ï UbiAn(Fp) ¢ UbiA
n+1(Fp) õ ¯à¨à®¤¨¬ § ãà¥ï¬

n

§
i=1

C
(i)
p ¢

n+1

§
i=1

C
(i)
p , ¤iáâ õ¬®, é® UbiA(Fp) i§®¬®àä  (ïª £àã¯  ¯i¤áâ ®¢®ª)

−
§

i∈N
C
(i)
p .

�à¨ ¡ã¤ì-ïª®¬ã n §£i¤® § [9] ¢iæ¥¢¨© ¤®¡ãâ®ª
n

§
i=1

C
(i)
p õ á¨«®¢áìª®î p-

¯i¤£àã¯®î ¢ á¨¬¥âà¨çi© £àã¯i Spn . �  «¥¬®î 2 ¤iáâ õ¬®, é® UbiAn(Fp) ¡ã-
¤¥ á¨«®¢áìª®î p-¯i¤£àã¯®î £àã¯¨ Bir An(Fp) ¯à¨ ª®¦®¬ã n ∈ N, ¯à¨ç®¬ã
§ ãà¥ï UbiAn(Fp) ¢ UbiA

n+1(Fp) ïª ¢iæ¥¢¨å ¤®¡ãâªi¢ i¤ãªãõâìáï § ã-

à¥ï¬ (2) Bir An(Fp) ¢ Bir × ×An+1(Fp). � â®¬ã ¯i¤£àã¯  UbiA(Fp) ¡ã-
¤¥, ïª ®¡'õ¤ ï §à®áâ îç®£® « æî£  á¨«®¢áìª¨å p-¯i¤£àã¯, á¨«®¢áìª®î p-
¯i¤£àã¯®î ¢ £àã¯i Bir A(Fp). �¢i¤á¨,  ¢â®¬ â¨ç®, ¢®  ¡ã¤¥ á¨«®¢áìª®î p-

¯i¤£àã¯®î ¢ £àã¯i TbiA(Fp) i â¥®à¥¬ã ¯®¢iáâî ¤®¢¥¤¥®.
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