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Abstract. Ya.I. Yele��ko. Asymptotic of the renewal functions for one class of

semi-Markov processes// Matematychni Studii. 3 (1994) 107{110.

We �nd an asymptotics of the renewal function for semi-Markov process with
�nite or countable state space without �nitness condition of mean stay time in states
under the condition that the tail of the the stagin state distribution function is a
regularly varying function with parameter α = 1.

�¥å © xt { ­ ¯i¢¬ àªi¢áìª¨© ¯à®æ¥á i§ áªi­ç¥­­®î ¬­®¦¨­®î áâ ­i¢ 1, 2,
. . . , m â  ­¥¯¥à¥à¢­¨¬ ç á®¬.

�®§­ ç¨¬®

τ = inf {t : xt ̸= x0}; τ1 = τ ; . . . , τk = inf {t > τk−1 : xt = xτk−1
},

Fij(t) = P{τ < t, xτ = j | x0 = i}, Fi(t) = P{τ < t | x0 = i}.

�®¤i ®ç¥¢¨¤­®, é®

Fi(t) =
∞∑
j=1

Fij(t). (1)

�®á«i¤®¢­iáâì ¢¨¯ ¤ª®¢¨å ¢¥«¨ç¨­ x0, xτ1 , . . . , xτk . . . ãâ¢®àîõ â ª §¢ ­¨© ¢ª« -
¤¥­¨© « ­æî£ � àª®¢  § ¯¥à¥åi¤­¨¬¨ ©¬®¢ià­®áâï¬¨ pij = P{xτ = j | x0 = i}.

�¢ ¦ â¨¬¥¬®, é® ¬ âà¨æï, áª« ¤¥­  § ¯¥à¥åi¤­¨å ©¬®¢ià­®áâ¥© ­¥à®§ª« ¤-
­ , i, ®â¦¥, ¤«ï ­¥ù iá­ãõ õ¤¨­¨© áâ æi®­ à­¨© à®§¯®¤i« p1, . . . , pm, ¤«ï ïª®£®

pi =
m∑
j=1

pjpji;
m∑
j=1

pi = 1.

�¥å ©

Fij(∞)− Fij(t) ∼ aij
1
t
L(t), t → ∞, (2)

¤¥ L(t) | ¯®¢i«ì­® §¬i­­  äã­ªæiï ­  ­¥áªi­ç¥­­®áâi. �ã­ªæiî 1
tL(t) ­ §¨¢ -

îâì ¯à ¢¨«ì­® §¬i­­®î ­  ­¥áªi­ç¥­­®áâi § ¯ à ¬¥âà®¬ α = 1.
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�®¡ã¤ãõ¬® äã­ªæiî ¢i¤­®¢«¥­­ï

Uij(t) =
∞∑

n=0

Pi{τn < t, xτn = j},

¤¥ Pi { ã¬®¢­  ©¬®¢ià­iáâì ¯à¨ ã¬®¢i x0 = i, τ0 = 0.
� è  ¬¥â  ¯®«ï£ õ ¢ §­ å®¤¦¥­­i  á¨¬¯â®â¨ª¨ äã­ªæiù ¢i¤­®¢«¥­­ï ¡¥§ ã¬®-

¢¨ áªi­ç¥­­®áâi á¥à¥¤­iå ç ái¢ ¯¥à¥¡ã¢ ­­ï ¢ áâ ­ å, ¯à¨ ã¬®¢ å (2). �«i¤ ¢i¤-
§­ ç¨â¨, é®  á¨¬¯â®â¨ª  äã­ªæiù ¢i¤­®¢«¥­­ï ¡¥§ ã¬®¢¨ áªi­ç¥­­®áâi á¥à¥¤­iå
ç ái¢ ¯¥à¥¡ã¢ ­­ï ¢ áâ ­ å ¤®á«i¤¦¥­  «¨è¥ ¢ â®¬ã ¢¨¯ ¤ªã, ª®«¨ 1− Fi(t) õ
¯à ¢¨«ì­® §¬i­­®î § ¯ à ¬¥âà®¬ α ∈ [0, 1) [3]. � ¢¨¯ ¤ªã α = 1  á¨¬¯â®â¨ª 
äã­ªæiù ¢i¤­®¢«¥­­ï ¤®á«i¤¦¥­  «¨è¥ ¤«ï ¯®á«i¤®¢­®áâi ­¥§ «¥¦­¨å ®¤­ ª®¢®
à®§¯®¤i«¥­¨å ¢¨¯ ¤ª®¢¨å ¢¥«¨ç¨­ [2] ¡¥§ ã¬®¢¨ áªi­ç¥­­®áâi á¥à¥¤­iå æ¨å ¢¥-
«¨ç¨­. �¥å © ν { ¬®¬¥­â ¯¥àè®£® ¯®¢¥à­¥­­ï ¢ ¯®ç âª®¢¨© áâ ­ ¢ª« ¤¥­®£®
« ­æî£  � àª®¢ 

ν = min {n > 1 : xτ1 ̸= x0, . . . , xτn−1
̸= x0, xτn = x0}.

� õ ¬iáæ¥ â¥®à¥¬ .

�¥®à¥¬  1. �ªé®
∞∑

n=0
Pi{τn < t, xτn = j | τν > t} < ∞; pij < 1 ∀i, j, â®¤i

Uij(t) ∼
1

mi(t)

∞∫
0

cij(u)du, t → ∞, ¤¥

cij(t) =
∞∑

n=0

Pi{τn < t, τν > t, xτn = j}, mi(t) =
∫ ∞

0

Pi{τν > u}du.

�®¢¥¤¥­­ï. I§ (1), (2) ¢¨¯«¨¢ õ, é® 1− Fi(t) ∼ ai
1
tL(t), t → ∞, ¤¥ ai =

m∑
j=1

aij .

�®§­ ç¨¬® F̂i(t) = Pi{τν < t}. �  ä®à¬ã«®î ¯®¢­®ù ©¬®¢ià­®áâi ®âà¨¬ õ¬®

1−F̂i(t)=
∑

i1 ̸=i,...,in−1 ̸=i
in=i

Pi{xτ1 = i1, . . . , xτn−1
= in−1, xτn = i, τ1 + · · ·+ τn > t} =

=
∑

i1 ̸=i,...,in−1̸=i
in=i

pii1 . . . pin−1iP{τ1+· · ·+ τn > t | xτ1= i1, . . . , xτn−1
= in−1, xτn = i}.

(3)
I§ ã¬®¢ â¥®à¥¬¨ ¢¨¯«¨¢ õ, é® ¯à¨ t → ∞ (3) ¡ã¤¥ ¥ª¢i¢ «¥­â­¥

1− F̂i(t) =
∑

i1 ̸=i,...,in−1 ̸=i
in=i

pii1pi1i2 . . . pin−1i
1
t
(aii1 + · · ·+ ain−1i). (4)

�áªi«ìª¨ p = maxi,j pij < 1, â® a = maxi,j aij < ∞. �®¤i

∑
i1 ̸=i,...,in−1 ̸=i

in=i

pii1pi1i2 . . . pin−1i(aii1 + · · ·+ ain−1i) <
∞∑

n=1

pnan < ∞.
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�â¦¥, 1− F̂i(t) õ ¯à ¢¨«ì­® §¬i­­®î äã­ªæiõî § ¯ à ¬¥âà®¬ α = 1.
�«ï äã­ªæiù ¢i¤­®¢«¥­­ï Uij(t) § ¯¨è¥¬® ä®à¬ã«ã ¯®¢­®ù ©¬®¢ià­®áâi

Uij(t) =
∞∑

n=0

Pi{τn < t, xτn = j} =
∞∑

n=0

Pi{τν > t, xτn = j, τn < t}+

+
∞∑

n=0

n∑
k=1

∫ t

0

Pi{τν ∈ dy, ν = k}Pi{τn−k < t− y, xτn−k
= j} =

= cij(t) +
∫ t

0

Pi{τν ∈ dy}Uij(t− y), (5)

¤¥ cij(t) =
∞∑

n=0
Pi{τn < t, τν > t, xτn ̸= j}. �i¢­ï­­ï (5) õ ®¤­®¢¨¬ià­¨¬ ài¢­ï­-

­ï¬ ¢i¤­®¢«¥­­ï. �®£® à®§¢'ï§®ª § ¯¨è¥¬® ã ¢¨£«ï¤i [1]

Uij(t) =
∫ t

0

cij(t− y)Ûi(dy), ¤¥ (6)

Ûi(t) =
∞∑

n=0

F̂n∗
i (t), F̂n∗

i (t) =
∫ t

0

F̂n−1∗
i (t− y)F̂i(dy),

F̂ 0∗
i (t) =

{
1, t ≥ 0;

0, t < 0.

�áªi«ìª¨ 1 − F̂i(t) õ ¯à ¢¨«ì­® §¬i­­®î äã­ªæiõî § ¯ à ¬¥âà®¬ α = 1, â®
 á¨¬¯â®â¨ª  [2]

Ûi(t) ∼
t

mi(t)
, t → ∞,

¤¥ mi(t) =
∫ t

0 (1 − Fi(u))du. �£i¤­® ã¬®¢¨ â¥®à¥¬¨, §
∞∑

n=0
Pi{τn < t, xτn = j |

τν > t} < ∞ ¢¨¯«¨¢ õ, é® cij = O( 1t ). �®¤i §£i¤­® [2]  á¨¬¯®â®â¨ª  (6) ¡ã¤¥
Uij(t) ∼ 1

mi(t)

∫∞
0 cij(u)du, t → ∞. �¥®à¥¬ã ¤®¢¥¤¥­®.

�¥å © â¥¯¥à xt { ­ ¯i¢¬ àªi¢áìª¨© ¯à®æ¥á i§ §«iç¥­­®î ¬­®¦¨­®î áâ ­i¢
1, 2, . . . , n, . . . â  ­¥¯¥à¥à¢­¨¬ ç á®¬, ¤«ï ïª®£®

Fij(∞)− Fij(t) ∼ aij
1
t
L(t), t → ∞.

�¢ ¦ â¨¬¥¬® â ª®¦, é® ¢ª« ¤¥­¨© « ­æî£ � àª®¢  õ ¥à£®¤¨ç­¨¬,
1
n

∑n
k=1 p

(k)
ij −→

n→∞
pj , ¤¥ p

(k)
ij = P{xτk = j|x0 = i} { ¯¥à¥åi¤­  ©¬®¢ià­iáâì §  k

ªà®ªi¢.
�®á«i¤®¢­iáâì ç¨á¥« p1, . . . , pm, . . . ãâ¢®àîõ õ¤¨­¨© áâ æi®­ à­¨© à®§¯®¤i«

¢ª« ¤¥­®£® « ­æî£  � àª®¢ , ¤«ï ïª®£®
∑∞

j=1 pjpji = pi,
∑∞

j=1 pj = 1 �­ ©-
¤¥¬®  á¨¬¯â®â¨ªã äã­ªæiù ¢i¤­®¢«¥­­ï Uij(t) ¢ ¤ ­®¬ã ¢¨¯ ¤ªã. � õ ¬iáæ¥
â¥®à¥¬  2.
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�¥®à¥¬  2. �ªé®
∞∑
j=1

aij < ∞ ¤«ï ¢áiå i, j, (7)

sup
i,j

pij < 1, (8)

∞∑
n=0

Pi{τn < t, xτn = j | τν > t} < ∞, (9)

sup
i,j

aij < ∞, (10)

â®¤i

Uij(t) ∼
1

mi(t)

∫ ∞

0

cij(u)du, ¤¥ cij(t) =
∞∑

n=0

Pi{τn < t, τν > t, xτn = j}.

�®¢¥¤¥­­ï. I§ (7) ¢¨¯«¨¢ õ, é® 1 − Fi(t) ∼ 1
tL(t) · ai, t → ∞, õ ¯à ¢¨«ì­®

§¬i­­  ­  ­¥áªi­ç¥­­®áâi äã­ªæiï § ¯ à ¬¥âà®¬ α = 1, ¤¥ ai =
∑

j aij . �¨ª®-

à¨áâ®¢ãîç¨ (8) i (10), ¬®¦­  ¯®ª § â¨, é® 1 − F̂i(t) õ ¯à ¢¨«ì­® §¬i­­®î ­ 
­¥áªi­ç¥­­®áâi äã­ªæiõî § ¯ à ¬¥âà®¬ α = 1. � «i ¤®¢¥¤¥­­ï ¤ ­­®ù â¥®à¥¬¨
 ­ «®£iç­¥ ¤®¢¥¤¥­­î â¥®à¥¬¨ 1.
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