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Let Ar (0 < R < o0) be the space of all single-valued analytical in the disk
|z| < R functions, equipped with the topology of compact convergence, and D, be
the Gelfond-Leontiev operator of generalized differentiation, generated by a function
o(z) = Zz';oakzk (ay # 0), i.e.

X a, fED(0)
(Daf)(z) = kgo —— . 1) z (Vf € AR).

Necessary and sufficient conditions are found for equivalence in A of the operators
Dq and Dy + aF where a € C (a # 0), and E is the identity operator.

Yepez Ar (0 < R < 00) MO3HAYAMO MPOCTIP BCIX OMHO3HAYHUX 1 AHATITHIHUX
B Kpy3i {z : |2| < R} dyukuiit 3 Tomosoriero kKoMnakTHOI 36izkHocTi. Haramaewmo,
IO B IIMX MPOCTOPAX KOXKHUI 3BUYANHMIA JiHifinuil qudepeniaabiuii onepaTop
BUTJISALY
L=D"+a;(2)D"" '+ +a,_1(2)D +ay(2)E (1)
d
(ryr D = e ap(z) € Ar, k = 1,2,...,p; p € N; E — oneparop TOTO}KHBOI'O
MIEPEeTBOPEHHS) 3aBXKIM €KBIBaJEHTHUI M0 mpoctimoro omeparopa DP (meit daxt
no3HA4aeThes Tak: L ~ DP), 1o0TO icHye Take B3a€MHO OJHO3HAYHE 1 B3aEMHO
HerepepsHe Binobpazkenus T (izomopdism nmpocropy Ag Ha cebe), mo L = TDPT 1
(abo x LT = TDP). Tlpu ubomy cepesn, Bcix oneparopis 1’ nepersopennst DP B L
MOXKHA BUOpATH TaKwUii, 110

(D'Tf)(0) = f(0), v=0,1,...,p—1, (2)

it 6yab-sakoi yHknii f 3 npocropy Agr. Take 36epexkenns ymos Ko oneparo-
pom T (npupogue s audepeHiiajbHUX Oneparopis!) rapanTye HOro €JIuHICTb.
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[le TBepa:KeHHST OYJI0 BCTAHOBJIEHE 3 BUKOPUCTAHHSIM CIEIaJbHUX (PYHKITIO-
HambHUX paaiB (pamis lenbcapra) cnodarky mpu R = 0o (TOOTO 171t TPOCTOPY
Ao minux dyskmiit) B pobori [1], a morim B 3aranpHoMy Bumaaky (TobTo s
0 < R <o0) — B [2], ne 3 niero MeTor mobymoBaHa JOCUTH IiKaBa TEOPis Tak 3Ba-
uux L-anagitnaaux Qyskmiii. B svacrynai poku 1eit pe3yabrar OTpUMaHO B I€KiThb-
KOX po0OTax pi3HUX aBTOpPIB MAaTpU4HUM crocoboMm. Kpim Toro, ekBiBaJeHTHICTH
BKa3aHUX OIEPATOPIB y MpocTopax (pyHKINM, aHATITHIHAX B JEAKHAX CIEIiaJbHUX
obnacrsax (6iabIn 3arajJbHUX HiXK KPYT), JOBeAEHA iHmmM crocobom B [3].

Ockinbku, nouanHaouu 3 1951p., yBary MareMaTHnkKiB Bce Oible i OiibIne cTaan
npuBepratu oneparopu D, y3araiabHenoro nudepenrioBanis [enbdonna-/leon-
TheBa (AuB. [4]), TO TPUPOIHO BUHUKJIO IMTAHHS PO eKBiBajeHTHICTH B AR onepa-
ropa DP i oneparopa L Burssiay (1), sikio B HbOMY 3BUYaiiHe JudepeHIiOBAHHS
D 3aminntn Ha y3aragbHene D, .

TyT, Ha Hally IyMKYy, JOpedHO 3rajatru pobory [5], B dkiii mokasano, 1o mpu
MIEBHUX YMOBaX, HAKJIQJIEHWX Ha TMOPOMKYiouy mudepentitoBanus D, GyHKIIO,
B mpocTopi A., BKa3aHa eKBiBaJEHTHICTH OmepaTopiB 30epiraeTbcs. Meron mose-
JIeHHsI OCHOBHOT'O TBEpJKeHHsI 3 POOOTH [5] € PO3MOBCIOIXKEHHIM Ha el BUIIAI0K
merony enbcapra-Jlionca 3 [1]. 3ayBaskuMo TakoxK, 110 B [5] pO3rismasocs Take
mudepentioBanus D, Tenbdonmna-JleonTreBa, nopomkyoda MyHKIlsST SIKOTO € ITi-
JI010 (DYHKITIEIO CKIHYEHHOTO TIOPSIKY POCTY 1 CKIHIEeHHOTO THUIy (iHIMUMHU CIOBAMH,
B JesIKOMY pO3yMiHHI BOHa ”Onu3bKa” 10 (DYHKIIL exp 2, dKa MOPOIKY€E 3BHYaiHe
nudepentioBants D).

A akoro Oyze BiOBi b Ha MUTAHHS PO eKBiBaJeHTHICTH omepaTopiB L i DP B To-
MY BHUIIQJIKY, KOJIU IMOPOKYI04a audepentiioBannsa D, dyHKIiis ” qaaeka” Bl eKc-
nonenrianbroi? Ila 3amaga Gyna copmynboBana B pobori [6], aBTOPIB SKOT 10 1HO-
T'0 MUTAHHS CIIOHYKaJa Taka oocraBuHa. fAkmo Dy = A, ne A : (Af)(z) = &%@
(Vf € Ag) — oneparop Ilom’e (fioro mopomKye pyHkuis -
[7], Mu gicTaemo A€o napagoKcaIbHuil BakT, M0 KapIHHAIBHO BiIPI3HAETHCS Bij
pe3yabrarie pobir [1, 2]. Hanpukiaa, onepatop

), TO, sIK TIOKA3aHO B

L=AP + AP+t a, 1A +a,F

3i cranumu koedinienramu ap € C eksiBasienthuit 8 Agr 10 AP Toxi i jmie Tou,
KOJIM BCi BOHH JIOPiBHIOIOTH HYJ0, TOOTO Ko L = AP!

Meroro 11i€i 3amMiTKU € BCTAHOBJIEHHST HEOOXiTHUX 1 TOCTATHIX YMOB €KBiBaJIEHT-
Hocti B mpoctopi Ar (0 < R < o0) omeparopis D, i Dy + aF, ne a € C, a # 0,
a oneparop D, 'erbdonga-JleontheBa mopomxkyerbes (aus. [4]) dyukiin a(z) =
oo arz® (an # 0), 10610 (Do f)(2) = D pg frt1 aﬁlzk, IPUYOMY ITOCTi 0B~
HiCTB ()72 ) 3a10BOJIbHSIE IPUPOAHY 1t AR yMOBY Henepepsrocti D, (nus. [8]):

<1 npu R < oo, (3)
Qkt1

abo K

[le — waiinpocrimmii BapianT i€l IHTPUry090i i JOCHTH CKIaAHOI 33124l 3 [6].
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BayBaKuMo, HapernrTi, mo Koau D, = A, To eKBiBaJIeHTHICTH omepaTopiB L i AP
MOBHICTIO mociazkeHa B poborax [7] (mpu R < 00) i [9] (n1a R = 00).

Orxe, mexait D, + aF ~ D,, B npoctopi Ar (0 < R < 00). Ockinbku oneparop
D, mae B npocropi Ar Herpusiasibhi nyni (manpukian, D,1 = 0), To Taki K HyJi
noBuHer maru i oneparop D, + aFE. Po3p’sizyroun pisusinbs (Do + aE)f(z) =0
MPUXOAVMO JI0 BHCHOBKY, IO TeiliopoBi kKoedimientn fi, dyukmii f(z) Busnada-

IOThCA 3a IOMOMOTOK0 criBBigHOMmeHb fr = 2k (—a)*fy (fo # 0) i Tomy (ockinmbku

f € Ap)) -

m \/ |ak| <
k—o0

e o3nauae, o nOPoRKyIoYa QYHKIiA a2) HANIEIKUTH TAKOXK JIO TIPOCTOPY Ajq|R-
[Tpu npomy wHysi oneparopa D, +aFE B upocropi Ar mators sursian f(z) =Ca(—az),
ne C' = const.

Tenep mepeitmemo 10 po3rsiay BaacHuX (hyHKINM onepaTopis Dy i Do+aF B AR.
JIerko mepeBipuTH, 1m0 KOKHE 9ucyio A, |A| < |a|, € BIacHUM 3HAYEHHSM OmepaTopa
Dy i Dy(A2) = Aa(Az) (a(Az) € Ag !). Tomy kokHe Take A\ MOBHHHO OyTH i
BJIACHUM 3HadeHHsM oneparopa D, + aE. Ane pisusauns (D, + aE)p(z) = Ap(2)
3a/I0BOJILHAIOTE B TpocTopi Ap Tinbku byHKIHT ¢(2) Burasany ¢(z) = ca((A —a)z),
c € C. lle oznauae, mo TakoX «(z) € As|q|r, OCKIILKI MI MOKeMO Gparu A, [A| <
la|, Taknmm, 106 BesmumHM |A — a| Gynm Gausbkumu 10 2|a|. Ipomoxytoun meit
npotiec gani (Tobro posmisigardn Tenep taki A, mo |A| < 2|al, i T.a.), npuxogumo
JI0 BUCHOBKY, 1110 3 HeobximuicTio dbyHKIig az) noBuHHA 6yTH TLIOH.

Kpim Toro, Jjierko nepesipuru, mo koiu (z) — 3anaHa (QyHKIs 3 HPOCTOPY
AR, a ¢(z) — mykana, 1o 3 piBHgHHA (D4 + aE)p(2) = ¢(2) ana ix TefinopoBux
KoeiIi€HTIB AiCTAIOTHCS TaKi CIIIBBIIHOIIEHHS:

Ja|R’

k

b = anr (S0 L+ (a2 2 0), 5)

; ak —1 Qg
1=0

Kopucryiouncs crissignomenuavu (5), sHafizemo Tenep dbynxmii TzF (k> 0),
ge T — popinpuuil ninilinuii HenepepsHuil oneparop B 1IpocTopi Agr, AKuil 3a110-
BOJIbHSIE oneparophy pisuictb (Do + aE)T = TD,,.

Ockinbku 3Bigcu pummsae, o (D, + aE)T1 = 0, 10, sik BXKe BKa3yBaJIOCH

ot
pamime, T'1 = Ca(—az), C' = const. ami, 3 pisuocti (D, + aE)Tz = 271 =
o

o
C=a(—az), 3a gonomoromwo cuissimmomens (5), ge ¥y = C%ll(—a)kak (k > 0),

o
OTPHMYEMO, 1O

Tz = C’%zo/(—az) + @a(—az).
(651 Qp

[le HaBoauTH HA JYMKY HPO Te, IO B3araJi

§j%>s<ﬂ az), 7 €C. (©)

[Migcrapastoun dbyukii Burasay (6) y piBHICTD

_ Og

(Do + aE)T2" = TP (k>1)
Qg
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Ta KOPUCTYIOUYUCH TIPU 1THOMY CITIBBLIHOIIEHHSIMU (sIKi JIETKO TepeBipsiOThCs Ge3mo-
cepenHbO!)

/
Da [zsa(s)(—az)} = [zsa(s_l)(—az)] =52 Lol (—az)—az®al®) (—az) (s>1),

IIEPEKOHYEMOCs, 110 HacIpaB/i s Bcix £ > 0

k

Ok—s s (s
s=0

e (%(72)) — nesika, (biKCOBAHA TOCTIIOBHICTh KOMIIJIEKCHUX UUCE]T.

Takum annowMm, onepatopu D, +aFE (a € C* # 0) i D, ekBiBaseHTHi B pocTOpi
Ap Tomi i Timpku TOL, KoM (z) — 1i1a (pyHKIIS 1 icCHy€e Taka MOCTiIOBHICTh (%(72))
KOMILJIEKCHUX THCEJ, 0 BinmoBiaHi iif crisBinmoments (7) Bu3HadamTh i3oMopdizm
T uporo npocropy Ha cebe.

Bynemo BumaraTu nonarkoso, 1mob oneparop 1’ nepersopentud D, B Dy + aF
(robro (D, + aE)T = TD,) 3a10BONbHIB YMOBY

(T'1)(0) = f(0) (Vf € Ar) (8)

(3 mporo mpuBomy mmB. ymoBu (2) mpu p = 1 ). Tozi, oueBumno, piBuocti (7)
epexoIdaTh ¥ PIBHOCTI

(0) 2k (k) (—az)

T2 = aga) (k> 0) (9)

k!ak
i nuranns npo eksiBasentHicrs Dy, 1 D, = aF crae piBaocuabaumM (60 i o # 0, i

7(()0) # () NUTAHHIO PO T€, KO OlEPATOD

kol (—az) 0 (—az)
e’ az Q az
T:Tzh=""7~ =k " (k>0 10
klay, a(k)(0) (k=0) (10)
. . - ka®(—az) OO
€ izomopdizmom npocropy Ag Ha cebe, ab0 K KOJIU CUCTeMa, (DY HKIIii {z a0y }k
=0
€ KBa3iCTereHeBUM 0A3MCOM Y IIBOMY ITPOCTOPI.
Aute oneparop T, 1110 BU3HAYAETHCHA HA, €JIEMEHTAX CTEIEHEBOro 0A3UCy CIIiBBijI-
nomennamu (10), mae obeprennit T~ 1, ana akoro
(k)
a\"(az
71k = O (22) > 0) (11)

a(k)(0) (

(3 ypaxysamnam (10) i (11), croissimmomenna TT 128 = T71T2*F = 2% nna seix
k > 0 nepesipstorbes 6e3nocepennbo). Tomy T 6yme isomopdism npocropy Ag Ha
cebe Toxi i sume Toxi, komu T i T—! 3a/10BOMBHAIOT TiIbKK Bignosinai ymoBu ix
HerepepBHOCTL B AR, ToOTO (1UB. [8]), KOMH Vp < R

max |a(F) ()]

Tim 4| =l <1 upn R<oo (12)
k—00 la(k)(0)]
abo
(| g, O
—-— " |t|< alp .
Jim a5 0)] <400 mpu R=o0o0 (13)

Otxke, Mu OTpuUMaJu TAKUil OCHOBHUIN PE3yJIbTAT.
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Teopema. Hexat ainitinuti nenepeperuti onepamop D, y3azarvrenozo dugpepen-
o0

yirosanma nopodacyemuca 6 npocmopi Ar (0 < R < 00) dynxuiero a(z) = Y. apz”
k=0

(a, # 0 npu ecizx k > 0) i a € C, npuwomy a # 0. Jlas mozo, wob ictysas
maxut i3omoppism T npocmopy Ar wa cebe, daa axozo (D, + aE)T = TD,, i
(T£)(0) = f(0) (Vf € ARr), neobxiono i docmamnvo, wob o(z) 6yasa uinow Gymk-
€10 i BUKONYBAAUCH 6i10N06idH0 ymosu (12) 1 (13).

[Ipu a(z) = exp z, oueBugno, Do, = D, a T : (Tf)(z) = exp(—az)f(z) (Vf €
AR).

B zaramprnomy Bumagky ymoBu (12) ab6o (13) BUKOHYIOTHCH, HANPHUKIA, SKITO
abo

a) R =001 |asyi| < Clagllag]  (Vs, k> 0) abo

6) 0 < R < 00 i icaye rpamuns limy_ o, /k!|ak| = ¢, mpuaomy ¢ # 0 i ¢ # +oo.

IIpu ¢ = 1 B ocranaboMy Bunajky D, ~ D.
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