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Let AR (0 < R ≤ ∞) be the space of all single-valued analytical in the disk
|z| < R functions, equipped with the topology of compact convergence, and Dα be
the Gelfond-Leontiev operator of generalized di�erentiation, generated by a function
α(z) = �∞

k=0αkz
k (αk ̸= 0), i.e.

(Dαf)(z) =
∞
�

k=0

αk

αk+1
·
f (k+1)(0)

(k + 1)!
zk (∀f ∈ AR).

Necessary and su�cient conditions are found for equivalence in AR of the operators
Dα and Dα + aE where a ∈ C (a ̸= 0), and E is the identity operator.

�¥à¥§ AR (0 < R ≤ ∞) ¯®§ ç¨¬® ¯à®áâià ¢áiå ®¤®§ ç¨å i   «iâ¨ç¨å
¢ ªàã§i {z : |z| < R} äãªæi© § â®¯®«®£iõî ª®¬¯ ªâ®ù §¡i¦®áâi. � £ ¤ õ¬®,
é® ¢ æ¨å ¯à®áâ®à å ª®¦¨© §¢¨ç ©¨© «ii©¨© ¤¨ä¥à¥æi «ì¨© ®¯¥à â®à
¢¨£«ï¤ã

L = Dp + a1(z)D
p−1 + · · ·+ ap−1(z)D + ap(z)E (1)

(âãâ D =
d

dz
; ak(z) ∈ AR, k = 1, 2, . . . , p; p ∈ N; E { ®¯¥à â®à â®â®¦ì®£®

¯¥à¥â¢®à¥ï) § ¢¦¤¨ ¥ª¢i¢ «¥â¨© ¤® ¯à®áâiè®£® ®¯¥à â®à  Dp (æ¥© ä ªâ
¯®§ ç õâìáï â ª: L ∼ Dp), â®¡â® iáãõ â ª¥ ¢§ õ¬® ®¤®§ ç¥ i ¢§ õ¬®
¥¯¥à¥à¢¥ ¢i¤®¡à ¦¥ï T (i§®¬®àäi§¬ ¯à®áâ®àã AR   á¥¡¥), é® L = TDpT−1

( ¡® ¦ LT = TDp). �à¨ æì®¬ã á¥à¥¤ ¢áiå ®¯¥à â®ài¢ T ¯¥à¥â¢®à¥ï Dp ¢ L
¬®¦  ¢¨¡à â¨ â ª¨©, é®

(DνTf)(0) = f (ν)(0), ν = 0, 1, . . . , p− 1, (2)

¤«ï ¡ã¤ì{ïª®ù äãªæiù f § ¯à®áâ®àã AR. � ª¥ §¡¥à¥¦¥ï ã¬®¢ �®èi ®¯¥à â®-
à®¬ T (¯à¨à®¤¥ ¤«ï ¤¨ä¥à¥æi «ì¨å ®¯¥à â®ài¢!) £ à âãõ ©®£® õ¤¨iáâì.
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�¥ â¢¥à¤¦¥ï ¡ã«® ¢áâ ®¢«¥¥ § ¢¨ª®à¨áâ ï¬ á¯¥æi «ì¨å äãªæi®-
 «ì¨å àï¤i¢ (àï¤i¢ �¥«ìá àâ ) á¯®ç âªã ¯à¨ R = ∞ (â®¡â® ¤«ï ¯à®áâ®àã
A∞ æi«¨å äãªæi©) ¢ à®¡®âi [1],   ¯®âi¬ ¢ § £ «ì®¬ã ¢¨¯ ¤ªã (â®¡â® ¤«ï
0 < R ≤ ∞) | ¢ [2], ¤¥ § æiõî ¬¥â®î ¯®¡ã¤®¢   ¤®á¨âì æiª ¢  â¥®àiï â ª §¢ -
¨å L-  «iâ¨ç¨å äãªæi©. �  áâã¯i à®ª¨ æ¥© à¥§ã«ìâ â ®âà¨¬ ® ¢ ¤¥ªi«ì-
ª®å à®¡®â å ài§¨å  ¢â®ài¢ ¬ âà¨ç¨¬ á¯®á®¡®¬. �ài¬ â®£®, ¥ª¢i¢ «¥âiáâì
¢ª § ¨å ®¯¥à â®ài¢ ã ¯à®áâ®à å äãªæi©,   «iâ¨ç¨å ¢ ¤¥ïª¨å á¯¥æi «ì¨å
®¡« áâïå (¡i«ìè § £ «ì¨å i¦ ªàã£), ¤®¢¥¤¥  iè¨¬ á¯®á®¡®¬ ¢ [3].

�áªi«ìª¨, ¯®ç¨ îç¨ § 1951à., ã¢ £ã ¬ â¥¬ â¨ªi¢ ¢á¥ ¡i«ìè¥ © ¡i«ìè¥ áâ «¨
¯à¨¢¥àâ â¨ ®¯¥à â®à¨ Dα ã§ £ «ì¥®£® ¤¨ä¥à¥æiî¢ ï �¥«ìä®¤ -�¥®-
âìõ¢  (¤¨¢. [4]), â® ¯à¨à®¤® ¢¨¨ª«® ¯¨â ï ¯à® ¥ª¢i¢ «¥âiáâì ¢ AR ®¯¥à -
â®à  Dp

α i ®¯¥à â®à  L ¢¨£«ï¤ã (1), ïªé® ¢ ì®¬ã §¢¨ç ©¥ ¤¨ä¥à¥æiî¢ ï
D § ¬i¨â¨   ã§ £ «ì¥¥ Dα.

�ãâ,    èã ¤ã¬ªã, ¤®à¥ç® §£ ¤ â¨ à®¡®âã [5], ¢ ïªi© ¯®ª § ®, é® ¯à¨
¯¥¢¨å ã¬®¢ å,  ª« ¤¥¨å   ¯®à®¤¦ãîçã ¤¨ä¥à¥æiî¢ ï Dα äãªæiî,
¢ ¯à®áâ®ài A∞ ¢ª §   ¥ª¢i¢ «¥âiáâì ®¯¥à â®ài¢ §¡¥ài£ õâìáï. �¥â®¤ ¤®¢¥-
¤¥ï ®á®¢®£® â¢¥à¤¦¥ï § à®¡®â¨ [5] õ à®§¯®¢áî¤¦¥ï¬   æ¥© ¢¨¯ ¤®ª
¬¥â®¤ã �¥«ìá àâ -�i®á  § [1]. � ã¢ ¦¨¬® â ª®¦, é® ¢ [5] à®§£«ï¤ «®áï â ª¥
¤¨ä¥à¥æiî¢ ï Dα �¥«ìä®¤ -�¥®âìõ¢ , ¯®à®¤¦ãîç  äãªæiï ïª®£® õ æi-
«®î äãªæiõî áªiç¥®£® ¯®àï¤ªã à®áâã i áªiç¥®£® â¨¯ã (iè¨¬¨ á«®¢ ¬¨,
¢ ¤¥ïª®¬ã à®§ã¬ii ¢®  "¡«¨§ìª " ¤® äãªæiù exp z, ïª  ¯®à®¤¦ãõ §¢¨ç ©¥
¤¨ä¥à¥æiî¢ ï D).

� ïª®î ¡ã¤¥ ¢i¤¯®¢i¤ì   ¯¨â ï ¯à® ¥ª¢i¢ «¥âiáâì ®¯¥à â®ài¢ L iDp
α ¢ â®-

¬ã ¢¨¯ ¤ªã, ª®«¨ ¯®à®¤¦ãîç  ¤¨ä¥à¥æiî¢ ï Dα äãªæiï "¤ «¥ª " ¢i¤ ¥ªá-
¯®¥æi «ì®ù? �ï § ¤ ç  ¡ã«  áä®à¬ã«ì®¢   ¢ à®¡®âi [6],  ¢â®ài¢ ïª®ù ¤® æì®-

£® ¯¨â ï á¯®ãª «  â ª  ®¡áâ ¢¨ . �ªé®Dα = �, ¤¥ � : (�f)(z) = f(z)−f(0)
z

(∀f ∈ AR) { ®¯¥à â®à �®¬'õ (©®£® ¯®à®¤¦ãõ äãªæiï 1
1−z ), â®, ïª ¯®ª § ® ¢

[7], ¬¨ ¤iáâ õ¬® ¤¥é® ¯ à ¤®ªá «ì¨© ä ªâ, é® ª à¤¨ «ì® ¢i¤ài§ïõâìáï ¢i¤
à¥§ã«ìâ âi¢ à®¡iâ [1, 2]. � ¯à¨ª« ¤, ®¯¥à â®à

L = �p + a1�
p−1 + · · ·+ ap−1�+ apE

§i áâ «¨¬¨ ª®¥äiæiõâ ¬¨ ak ∈ C ¥ª¢i¢ «¥â¨© ¢ AR ¤® �p â®¤i i «¨è¥ â®¤i,
ª®«¨ ¢ái ¢®¨ ¤®ài¢îîâì ã«î, â®¡â® ª®«¨ L = �p!

�¥â®î æiõù § ¬iâª¨ õ ¢áâ ®¢«¥ï ¥®¡åi¤¨å i ¤®áâ âiå ã¬®¢ ¥ª¢i¢ «¥â-
®áâi ¢ ¯à®áâ®ài AR (0 < R ≤ ∞) ®¯¥à â®ài¢ Dα i Dα + aE, ¤¥ a ∈ C, a ̸= 0,
  ®¯¥à â®à Dα �¥«ìä®¤ -�¥®âìõ¢  ¯®à®¤¦ãõâìáï (¤¨¢. [4]) äãªæi �î α(z) =∑∞

k=0 αkz
k (αk ̸= 0), â®¡â® (Dαf)(z) =

∑∞
k=0 fk+1

αk

αk+1
zk, ¯à¨ç®¬ã ¯®á«i¤®¢-

iáâì (αk)
∞
k=0 § ¤®¢®«ìïõ ¯à¨à®¤ã ¤«ï AR ã¬®¢ã ¥¯¥à¥à¢®áâi Dα (¤¨¢. [8]):

lim
k→∞

k

√∣∣∣∣ αk

αk+1

∣∣∣∣ ≤ 1 ¯à¨ R <∞, (3)

 ¡® ¦

lim
k→∞

k

√∣∣∣∣ αk

αk+1

∣∣∣∣ ≤ +∞ ¯à¨ R = ∞. (4)

�¥ |  ©¯à®áâiè¨© ¢ ài â æiõù iâà¨£ãîç®ù i ¤®á¨âì áª« ¤®ù § ¤ çi § [6].
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� ã¢ ¦¨¬®,  à¥èâi, é® ª®«¨ Dα = �, â® ¥ª¢i¢ «¥âicâì ®¯¥à â®ài¢ L i �p

¯®¢iáâî ¤®á«i¤¦¥  ¢ à®¡®â å [7] (¯à¨ R <∞) i [9] (¤«ï R = ∞).
�â¦¥, ¥å © Dα + aE ∼ Dα ¢ ¯à®áâ®ài AR (0 < R ≤ ∞). �áªi«ìª¨ ®¯¥à â®à

Dα ¬ õ ¢ ¯à®áâ®ài AR ¥âà¨¢i «ìi ã«i ( ¯à¨ª« ¤, Dα1 = 0), â® â ªi ¦ ã«i
¯®¢¨¥ ¬ â¨ © ®¯¥à â®à Dα + aE. �®§¢'ï§ãîç¨ ài¢ïï (Dα + aE)f(z) = 0
¯à¨å®¤¨¬® ¤® ¢¨á®¢ªã, é® â¥©«®à®¢i ª®¥äiæiõâ¨ fk äãªæiù f(z) ¢¨§ ç -
îâìáï §  ¤®¯®¬®£®î á¯i¢¢i¤®è¥ì fk = αk

α0
(−a)kf0 (f0 ̸= 0) i â®¬ã (®áªi«ìª¨

f ∈ AR))

lim
k→∞

k
√
|αk| ≤

1

|a|R
.

�¥ ®§ ç õ, é® ¯®à®¤¦ãîç  äãªæiï α(z)  «¥¦¨âì â ª®¦ ¤® ¯à®áâ®àã A|a|R.
�à¨ æì®¬ã ã«i ®¯¥à â®à Dα+aE ¢ ¯à®áâ®àiAR ¬ îâì ¢¨£«ï¤ f(z) =Cα(−az),
¤¥ C = const.

�¥¯¥à ¯¥à¥©¤¥¬® ¤® à®§£«ï¤ã ¢« á¨å äãªæi© ®¯¥à â®ài¢Dα iDα+aE ¢ AR.
�¥£ª® ¯¥à¥¢ià¨â¨, é® ª®¦¥ ç¨á«® λ, |λ| ≤ |a|, õ ¢« á¨¬ § ç¥ï¬ ®¯¥à â®à 
Dα i Dα(λz) = λα(λz) (α(λz) ∈ AR !). �®¬ã ª®¦¥ â ª¥ λ ¯®¢¨® ¡ãâ¨ i
¢« á¨¬ § ç¥ï¬ ®¯¥à â®à  Dα + aE. �«¥ ài¢ïï (Dα + aE)φ(z) = λφ(z)
§ ¤®¢®«ìïîâì ¢ ¯à®áâ®ài AR âi«ìª¨ äãªæiù φ(z) ¢¨£«ï¤ã φ(z) = cα((λ−a)z),
c ∈ C. �¥ ®§ ç õ, é® â ª®¦ α(z) ∈ A2|a|R, ®áªi«ìª¨ ¬¨ ¬®¦¥¬® ¡à â¨ λ, |λ| ≤
|a|, â ª¨¬¨, é®¡ ¢¥«¨ç¨¨ |λ − a| ¡ã«¨ ¡«¨§ìª¨¬¨ ¤® 2|a|. �à®¤®¢¦ãîç¨ æ¥©
¯à®æ¥á ¤ «i (â®¡â® à®§£«ï¤ îç¨ â¥¯¥à â ªi λ, é® |λ| ≤ 2|a|, i â.¤.), ¯à¨å®¤¨¬®
¤® ¢¨á®¢ªã, é® § ¥®¡åi¤iáâî äãªæiï α(z) ¯®¢¨  ¡ãâ¨ æi«®î.

�ài¬ â®£®, «¥£ª® ¯¥à¥¢ià¨â¨, é® ª®«¨ ψ(z) { § ¤   äãªæiï § ¯à®áâ®àã
AR,   φ(z) { èãª  , â® § ài¢ïï (Dα + aE)φ(z) = ψ(z) ¤«ï ùå â¥©«®à®¢¨å
ª®¥äiæiõâi¢ ¤iáâ îâìáï â ªi á¯i¢¢i¤®è¥ï:

ψk+1 = αk+1

( k∑
i=0

(−a)i ψk−i

αk − i
+ (−a)k+1 ϕ0

α0

)
(k ≥ 0). (5)

�®à¨áâãîç¨áì á¯i¢¢i¤®è¥ï¬¨ (5), § ©¤¥¬® â¥¯¥à äãªæiù Tzk (k ≥ 0),
¤¥ T { ¤®¢i«ì¨© «ii©¨© ¥¯¥à¥à¢¨© ®¯¥à â®à ¢ ¯à®áâ®ài AR, ïª¨© § ¤®-
¢®«ìïõ ®¯¥à â®àã ài¢iáâì (Dα + aE)T = TDα.

�áªi«ìª¨ §¢i¤á¨ ¢¨¯«¨¢ õ, é® (Dα + aE)T 1 = 0, â®, ïª ¢¦¥ ¢ª §ã¢ «®áï

à iè¥, T 1 = Cα(−az), C = const. � «i, § ài¢®áâi (Dα + aE)Tz =
α0
α1
T1 ≡

C
α0
α1
α(−az), §  ¤®¯®¬®£®î á¯i¢¢i¤®è¥ì (5), ¤¥ ψk = C α0

α1
(−a)kαk (k ≥ 0),

®âà¨¬ãõ¬®, é®

Tz = C
αs0

α1
zα′(−az) + φ0

α0
α(−az).

�¥  ¢o¤¨âì   ¤ã¬ªã ¯à® â¥, é® ¢§ £ «i

Tzk =
k∑

s=0

γ
(s)
k zsα(s)(−az), γ

(s)
k ∈ C. (6)

�i¤áâ ¢«ïîç¨ äãªæiù ¢¨£«ï¤ã (6) ã ài¢iáâì

(Dα + aE)Tzk =
αk−1

αk
Tzk−1 (k ≥ 1)
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â  ª®à¨áâãîç¨áì ¯à¨ æì®¬ã á¯i¢¢i¤®è¥ï¬¨ (ïªi «¥£ª® ¯¥à¥¢iàïîâìáï ¡¥§¯®-
á¥à¥¤ì®!)

Dα
[
zsα(s)(−az)

]
=

[
zsα(s−1)(−az)

]′
=szs−1α(s−1)(−az)−azsα(s)(−az) (s ≥ 1),

¯¥à¥ª®ãõ¬®áï, é®  á¯à ¢¤i ¤«ï ¢áiå k ≥ 0

Tzk =

k∑
s=0

αk−s

s!αk
γ
(0)
k−sz

sα(s)(−az), (7)

¤¥ (γ
(0)
m ) { ¤¥ïª  äiªá®¢   ¯®á«i¤®¢iáâì ª®¬¯«¥ªá¨å ç¨á¥«.

� ª¨¬ ç¨®¬, ®¯¥à â®à¨ Dα+aE (a ∈ Ca ̸= 0) i Dα ¥ª¢i¢ «¥âi ¢ ¯à®áâ®ài

AR â®¤i i âi«ìª¨ â®¤i, ª®«¨ α(z) { æi«  äãªæiï i iáãõ â ª  ¯®á«i¤®¢iáâì (γ
(0)
m )

ª®¬¯«¥ªá¨å ç¨á¥«, é® ¢i¤¯®¢i¤i ù© á¯i¢¢i¤®è¥ï (7) ¢¨§ ç îâì i§®¬®àäi§¬
T æì®£® ¯à®áâ®àã   á¥¡¥.

�ã¤¥¬® ¢¨¬ £ â¨ ¤®¤ âª®¢®, é®¡ ®¯¥à â®à T ¯¥à¥â¢®à¥ï Dα ¢ Dα + aE
(â®¡â® (Dα + aE)T = TDα) § ¤®¢®«ìï¢ ã¬®¢ã

(Tf)(0) = f(0) (∀f ∈ AR) (8)

(§ æì®£® ¯à¨¢®¤ã ¤¨¢. ã¬®¢¨ (2) ¯à¨ p = 1 ). �®¤i, ®ç¥¢¨¤®, ài¢®áâi (7)
¯¥à¥å®¤ïâì ã ài¢®áâi

Tzk = α0γ
(0)
0

zkα(k)(−az)
k!αk

(k ≥ 0) (9)

i ¯¨â ï ¯à® ¥ª¢i¢ «¥âiáâì Dα i Dα = aE áâ õ ài¢®á¨«ì¨¬ (¡® i α0 ̸= 0, i

γ
(0)
0 ̸= 0) ¯¨â î ¯à® â¥, ª®«¨ ®¯¥à â®à

T : Tzk =
zkα(k)(−az)

k!αk
= zk

α(k)(−az)
α(k)(0)

(k ≥ 0) (10)

õ i§®¬®àäi§¬®¬ ¯à®áâ®àã AR   á¥¡¥,  ¡® ¦ ª®«¨ á¨áâ¥¬  äãªæi©
{
zk α(k)(−az)

α(k)(0)

}∞

k=0
õ ª¢ §iáâ¥¯¥¥¢¨¬ ¡ §¨á®¬ ã æì®¬ã ¯à®áâ®ài.

�«¥ ®¯¥à â®à T , é® ¢¨§ ç õâìáï   ¥«¥¬¥â å áâ¥¯¥¥¢®£® ¡ §¨áã á¯i¢¢i¤-
®è¥ï¬¨ (10), ¬ õ ®¡¥à¥¨© T−1, ¤«ï ïª®£®

T−1zk = zk
α(k)(az)

α(k)(0)
(k ≥ 0) (11)

(§ ãà åã¢ ï¬ (10) i (11), á¯i¢¢i¤®è¥ï TT−1zk = T−1Tzk = zk ¤«ï ¢áiå
k ≥ 0 ¯¥à¥¢iàïîâìáï ¡¥§¯®á¥à¥¤ì®). �®¬ã T ¡ã¤¥ i§®¬®àäi§¬ ¯à®áâ®àã AR  
á¥¡¥ â®¤i i «¨è¥ â®¤i, ª®«¨ T i T−1 § ¤®¢®«ìïîâì âi«ìª¨ ¢i¤¯®¢i¤i ã¬®¢¨ ùå
¥¯¥à¥à¢®áâi ¢ AR, â®¡â® (¤¨¢. [8]), ª®«¨ ∀ρ < R

lim
k→∞

k

√√√√ max
|t|≤|a|ρ

|α(k)(t)|

|α(k)(0)|
≤ 1 ¯à¨ R <∞ (12)

 ¡®

lim
k→∞

k

√√√√ max
|t|≤|a|ρ

|α(k)(t)|

|α(k)(0)|
< +∞ ¯à¨ R = ∞ (13)

�â¦¥, ¬¨ ®âà¨¬ «¨ â ª¨© ®á®¢¨© à¥§ã«ìâ â.
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�¥®à¥¬ . �¥å © «ii©¨© ¥¯¥à¥à¢¨© ®¯¥à â®à Dα ã§ £ «ì¥®£® ¤¨ä¥à¥-

æiî¢ ï ¯®à®¤¦ãõâìáï ¢ ¯à®áâ®ài AR (0 < R ≤ ∞) äãªæiõî α(z) =
∞∑
k=0

αkz
k

(αk ̸= 0 ¯à¨ ¢áiå k ≥ 0) i a ∈ C, ¯à¨ç®¬ã a ̸= 0. �«ï â®£®, é®¡ iáã¢ ¢
â ª¨© i§®¬®àäi§¬ T ¯à®áâ®àã AR   á¥¡¥, ¤«ï ïª®£® (Dα + aE)T = TDα i
(Tf)(0) = f(0) (∀f ∈ AR), ¥®¡åi¤® i ¤®áâ âì®, é®¡ α(z) ¡ã«  æi«®î äãª-
æiõî i ¢¨ª®ã¢ «¨áì ¢i¤¯®¢i¤® ã¬®¢¨ (12) i (13).

�à¨ α(z) = exp z, ®ç¥¢¨¤®, Dα = D,   T : (Tf)(z) = exp(−az)f(z) (∀f ∈
AR).

� § £ «ì®¬ã ¢¨¯ ¤ªã ã¬®¢¨ (12)  ¡® (13) ¢¨ª®ãîâìáï,  ¯à¨ª« ¤, ïªé®
 ¡®

 ) R = ∞ i |αs+k| ≤ C|αs||αk| (∀s, k ≥ 0)  ¡®

¡) 0 < R ≤ ∞ i iáãõ £à ¨æï limk→∞
k
√
k!|αk| = c, ¯à¨ç®¬ã c ̸= 0 i c ̸= +∞.

�à¨ á = 1 ¢ ®áâ ì®¬ã ¢¨¯ ¤ªã Dα ∼ D.
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