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For a separable locally compact metric space (X, d) and a separable Banach space
Y , C(X,Y ) denotes the spaces of all continuous maps from X to Y, equipped with
the compact-open topology. The linear subspace Hµ(X,Y ) ⊂ C(X,Y ), µ ∈ (0, 1],
consisting of all locally µ-H�older maps is considered. It is proved that the couple
(C(X,Y ), Hµ(X,Y )) is homeomorphic either to (s,�) or to (s × s,� × s) or to
(sω ,�ω). Here s = (−1, 1)ω is the pseudo-interior of the Hilbert cube and � is its
radial interior.

1. Introduction

In the article the topology of the space consisting of locally H�older maps from
a separable locally compact metric space to a separable Banach space is studied.
We show that it is homeomorphic to some well known in�nite-dimensional model
spaces.

Recall that s = (−1, 1)ω is the pseudo-interior of the Hilbert cube Q = [−1, 1]ω
and � = {(xi)

∞
i=1 ∈ Q | sup{|xi| | i ∈ N} < 1} ⊂ s ⊂ Q is its radial interior.

Let (X, dX), (Y, dY ) be metric spaces. The space of all continuous functions
from X to Y, equipped with the compact-open topology, is denoted by C(X,Y ).
For 0 ≤ µ ≤ 1 let Hµ(X,Y ) = {f ∈ C(X,Y ) | ∀x ∈ X ∃U, x ∈ Uopen ⊂ X, such
that sup{dY (f(x), f(x′))/(dX(x, x

′))µ | x, x′ ∈ U} < ∞} be the linear subspace in
C(X,Y ) consisting of all locally µ-H�older maps. Note that H0(X,Y ) = C(X,Y )
and H1(X,Y ) = L(X,Y ) is the set of all locally Lipshchitz maps.

It follows from Ascoli-Arzela Theorem and [1, Theorem VIII.3.1] that the cou-
ple (C(X,Y ), L(X,Y )) is homeomorphic to (s,�), provided X is a non-discrete
compactum and (Y, ∥ ∥) is a �nite-dimensional Banach space.

This result was generalized by K. Sakai and R. Wong [2]. They proved that
(C(X,Y ), L(X,Y )) is an (s,�)-manifold, provided X is a non-discrete compactum
and Y is a separable locally-compact locally convex set in a normed linear space
(see also [3]).

In this article we obtain another generalization of the above statement.
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For a topological space X by X(1) = {x ∈ X | x ∈ clX(X\{x})} ⊂ X we denote
the set of all cluster points of X.

The main result of the paper is the following classi�cation

Theorem. Let (X, d) be a separable locally-compact non-discrete metric space and

(Y, ∥ ∥) be a separable Banach space. Then for every 0 < µ ≤ 1 the couple (C(X,Y ),
Hµ(X,Y )) is homeomorphic to

(1) (s,�), provided X is compact and dim Y < ∞;

(2) (s × s,� × s), provided X(1) is compact and either X is not compact or

dim Y < ∞;

(3) (sω,�ω), provided X(1) is not compact.

Assumptions. Throughout the article µ ∈ (0, 1], (Y, ∥ ∥) is a separable Banach

space and (X, d) is a separable non-discrete locally-compact metric space. Let X =∪∞
n=1Xn where Xn ⊂ �Xn ⊂ Xn+1, n ∈ N, are open sets with the compact closures
�Xn.

2. Borelian classification of subsets Hµ(X,Y ) ⊂ C(X,Y ).

Let X0 be a closed subset in X. Let C(X|X0, Y ) = {f ∈ C(X,Y ) | f |X0 ≡
0} ⊂ C(X,Y ) and C0(X,Y ) = {f ∈ C(X,Y ) | supp(f) = clX(f

−1(Y \{0})) is
compact}. Let Hµ(X|X0, Y ) = Hµ(X,Y ) ∩ C(X|X0, Y ), H

µ
0 (X,Y ) = C0(X,Y ) ∩

Hµ(X,Y ) and Hµ
0 (X|X0, Y ) = Hµ

0 (X,Y ) ∩Hµ(X|X0, Y ).
Recall [4] that the topology on C(X,Y ) is generated by the pre-basis {⟨K,U⟩ =

{f ∈ C(X,Y ) | f(K) ⊂ U} | K is compact in X and U is open in Y }. This implies
that C(X|X0, Y ) is closed in C(X,Y ).

Lemma 1. Hµ
0 (X,Y ) is an Fσ-set in C(X,Y ). Moreover, if dim Y < ∞, then

Hµ
0 (X,Y ) is sigma-compact.

Proof. Obviously, Hµ
0 (X,Y ) =

∪∞
n=1An where An = {f ∈ C(X,Y ) | f |X\Xn ≡ 0

and ∥f(x) − f(x′)∥ ≤ nd(x, x′)µ for x, x′ ∈ X}. It is easily seen that An, n ∈ N,
are closed subsets in C(X,Y ). If dim Y < ∞, then, by Ascoli Theorem [4, 8.2.10],
An, n ∈ N, are compact.

Recall that for a topological space Z, M2(Z) is the collection of subsets of Z
that can be expressed as

∩∞
n=1An, where An, n ∈ N, are Fσ-subsets in Z.

Corollary 1. The set Hµ(X,Y ) belongs to the class M2(C(X,Y )).

Proof. Indeed, Hµ(X,Y ) =
∩∞

n=1An where An = π−1
n (Hµ( �Xn, Y )), n ∈ N. Here

πn : C(X,Y ) → C( �Xn, Y ) is the map de�ned by πn(f) = f | �Xn. By Lemma 1,
Hµ( �Xn, Y ) = Hµ

0 (
�Xn, Y ) is an Fσ-subset in C( �Xn, Y ). This implies that An =

π−1
n (Hµ( �Xn, Y )) is an Fσ-subset in C(X,Y ). Hence Hµ(X,Y ) =

∩∞
n=1An ∈

M2(C(X,Y )).

Lemma 2. Assume that X(1) is compact. Then Hµ(X,Y ) is an Fσ-subset in

C(X,Y ).

Proof. It is easily seen that Hµ(X,Y ) =
∪∞

n=1An where An = {f ∈ C(X,Y ) |
∥f(x)−f(x′)∥ ≤ n(d(x, x′))µ for x, x′ ∈ Od(X

(1), 1/n)}, n ∈ N. Here Od(X
(1), 1/n)

is the 1
n -neighbourhood of X(1) ⊂ X. Obviuosly, the set An is closed in C(X,Y )

for every n ∈ N.



THE SPACE OF LOCALLY H�OLDER MAPS 89

3. The topology of the couple (C(X,Y ),Hµ(X,Y )).

Note at �rst that C(X,Y ) is a Frechet space (i.e. a locally convex linear complete
metric space): the topology on C(X,Y ) can be equivalently de�ned by the count-
able system of pseudonorms {∥ · ∥n}∞n=1 where ∥f∥n = sup{∥f(x)∥ | x ∈ �Xn}, f ∈
C(X,Y ),
n ∈ N.

The following is easy and can be proved by the standard methods.

Lemma 3. Let X0 ⊂ X be a closed subset. Then the set H1
0 (X|X0, Y ), and,

consequently, Hµ
0 (X|X0, Y ) ⊃ H1

0 (X|X0, Y ), is dense in C(X|X0, Y ).

Theorem 1. Let X0 be a closed subset in X. If X\X0 is non-discrete and dim L <
∞ then the couple (C(X|X0, Y ),H

µ
0 (X|X0, Y )) is homeomorphic to (s,�).

Proof. By [1, Theorem VIII.3.1], it is su�ciently to prove that Hµ
0 (X|X0, Y ) is

a dense sigma-compact linear subset in C(X|X0, Y ) which contains an in�nite-
dimensional convex compactum.

Since dim L < ∞, by Lemmas 1 and 3, Hµ
0 (X|X0, Y ) = Hµ

0 (X,Y )∩C(X|X0, Y )
is a dense sigma-compact linear subspace in C(X|X0, Y ).

Finally, since X\X0 is not discrete, there exists an in�nite compactum K ⊂
X\X0. Obviously, K ⊂ Xn for some n ∈ N. The set C = {f ∈ C(X|X0, Y ) |
f |X\Xn ≡ 0, ∥f(x) − f(x′)∥ ≤ d(x, x′), x, x′ ∈ X} is an in�nite-dimensional
convex compactum in Hµ

0 (X|X0, Y ).

Theorem 2. Let X0 be a closed subset in X. If X\X0 ̸= ∅ and dim L = ∞, then

the couple (C(X|X0, Y ), H
µ
0 (X|X0, Y )) is homeomorphic to (s× s,�× s).

Proof. By [5, Theorem 3.5], it is su�cient to prove that Hµ
0 (X|X0, Y ) is a dense

linear Fσ-subset in C(X|X0, Y ) which contains a closed in C(X,Y ) convex non-
locally compact subset.

By Lemmas 1 and 3, Hµ
0 (X|X0, Y ) is a dense linear Fσ-subset in C(X|X0, Y ).

It is easily seen that the convex set C = {f ∈ C(X|X0, Y ) | ∥f(x) − f(x′)∥ ≤
d(x, x′) for x, x′ ∈ X} is closed in C(X|X0, Y ) and C is not locally compact (recall
that Y is not locally compact). This completes the proof of the theorem.

Theorem 3. Assume that X(1) is compact and either X is not compact or dim L =
∞. Then the couple (C(X,Y ), Hµ(X,Y )) is homeomorphic to (s× s,�× s).

Proof. By Lemmas 2 and 3, Hµ(X,Y ) is a dense linear Fσ-subset in C(X,Y ). By [5,
Theorem 3.5], it is su�ciently to show that Hµ(X,Y ) contains a closed in C(X,Y )
convex non-locally compact subset.

Assume at �rst that X is not compact. Then for every n ∈ N the set X\ �Xn is
in�nite. Since X(1) is compact, X(1) ⊂ Xn for some n ∈ N. Then X\Xn+1 is a
discrete in�nite closed subset in X. Obviously, C = {f ∈ C(X,Y ) | f | �Xn ≡ 0} ∼=
Y X\ �Xn ∼= s is a closed in C(X,Y ) convex non-locally compact subset in Hµ(X,Y ).

Assume now that dim Y = ∞, i.e. Y is not locally compact. Then C = {f ∈
C(X,Y ) | f ≡ constant ∈ Y } is a closed in C(X,Y ) convex non-locally compact
set of Hµ(X,Y ).

Theorem 4. If X(1) is not compact, then the couple (C(X,Y ),Hµ(X,Y )) is ho-

meomorphic to (sω,�ω).
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Proof. By [5, Proposition 4.2], if F is a separable Frechet space and E ∈ M2(F ) is
a dense linear subset such that for some closed linear subspace G ⊂ F the couple
(G,G ∩ E) is homeomorphic to (sω,�ω), then the couple (F,E) is homeomorphic
to (sω,�ω) as well.

Since X(1) is not compact, there exists a closed discrete countable set {xn}∞n=1 ⊂
X(1). Let χ : X → R be a function with χ(xn) = n for every n ∈ N. For n ∈ N let
Un = χ−1((n− 1

3 , n+ 1
3 )) ⊂ X. Let X0 = X\

∪∞
n=1 Un.

Then, obviously,
(C(X|X0, Y ),H

µ(X|X0, Y )) ∼= �∞
n=1(C(X|(X\Un), Y ), H

µ(X|(X\Un), Y )).
By Theorems 1 and 2, for every n ∈ N the couple (C(X|(X\Un), Y ),

Hµ(X|(X\Un), Y )) is homeomorphic either to (s,�) or to (s × s,� × s). This
implies that (C(X|X0, Y ),H

µ(X|X0, Y )) ∼= (sω,�ω). Since C(X|X0, Y ) is a closed
linear subspace in C(X,Y ) and, by Lemma 2, Hµ(X,Y ) ∈ M2(C(X,Y )) is a dense
linear subspace in C(X,Y ), the couple (C(X,Y ),Hµ(X,Y )) is homeomorphic to
(sω,�ω) as well.

Question. For an open subset U ⊂ Y let C(X,U) = {f ∈ C(X,Y ) | f(X) ⊂ U}
and Hµ(X,U) = Hµ(X,Y ) ∩ C(X,U). Assume that X(1) is not compact. Is the
couple (C(X,U),Hµ(X,U)) an (sω,�ω)-manifold? (Note that C(X,U) is not open
in C(X,Y )).
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