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Applying the methods of the extension theory of positively determined operators
in the Hilbert space, the conditions of coerzitivity for given quadratic form π are
established and a di�erential boundary operator T associated with the form π is con-
structed. These conditions ensure existence and uniqueness of solution of variational
problem π(u, u)− 2Re(u|f) → min and its equivalence to the equation T u = f .

�¥å © H0 - á¥¯ à ¡¥«ì­¨© £i«ì¡¥àâi¢ ¯à®áâià, B(H0) -  «£¥¡à  «i­i©­¨å ­¥¯¥-
à¥à¢­¨å ®¯¥à â®ài¢ H0 → H0, H

i = Hi(H0; (0, 1)), i = 0, 1, 2. �à¨¯ãáâ¨¬®, é®
¤«ï ¡ã¤ì-ïª®£® x ∈ [0, 1] p(x) = p(x)∗ ∈ B(H0), p(x) ≥ a2idH0

(a > 0), ¯à¨ç®¬ã
®¯¥à â®à-äã­ªæiï p(x) ­¥¯¥à¥à¢­  ¢ á¨«ì­®¬ã á¥­ái. � «i, ­¥å © βij ∈ B(H0),
i, j = 1, 2, β11 = β∗

11
, β22 = β∗

22
, β12 = β∗

21
,   �1, �2 - ª®¬¯ ªâ­i ®¯¥à â®à¨

H0 → H0. �®ª« ¤¥¬®:

∀u, v ∈ H1 π(u, v) =

∫
1

0

[(u′(x)|v′(x)) + (p(x)u(x)|v(x))] d x+

(β11u(0)|v(0)) + (β12u(1)|v(0)) + (β21u(0)|v(1)) + (β22u(1)|v(1))+
(�1u|v(0)) + (�2u|v(1)) + (u(0)|�1v) + (u(1)|�2v), (1)

∀u ∈ H1J [u] = π(u, u)− 2 Re

∫
1

0

(u(x)|v(x)) d x (2)

(f - äiªá®¢ ­¨© ¥«¥¬¥­â § H0 = L2(H0, (0, 1))).
� æi© à®¡®âi à®§¢'ï§ ­® § ¤ çã ¯à® ¬i­i¬ã¬ ª¢ ¤à â¨ç­®£® äã­ªæi®­ «  J :

J [u] → min, u ∈ H1. (3)

�®­ªà¥â­iè¥, ¯®¡ã¤®¢ ­® ®¯¥à â®à T (â¨¯ã, ¢ª § ­®£® ã § £®«®¢ªã) â ª¨©, é®
§ ¤ ç  (3) ¥ª¢i¢ «¥­â­  ài¢­ï­­î Tu = f ,   â ª®¦ ¢ª § ­® ã¬®¢¨, ïªi £ à ­âã-
îâì iá­ã¢ ­­ï â  õ¤¨­iáâì à®§¢'ï§ªã. �à¨ æì®¬ã ¢¨ª®à¨áâ®¢ãîâìáï ¤¥ïªi ä ª-
â¨ § â¥®àiù à®§è¨à¥­ì ¤®¤ â­® ¢¨§­ ç¥­¨å ®¯¥à â®ài¢, i§ ¢áâ ­®¢«¥­­ï ïª¨å ¬¨
¯®ç­¥¬®.
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1. �¥å © L0 - § ¬ª­¥­¨© ¤®¤ â­® ¢¨§­ ç¥­¨© «i­i©­¨© ®¯¥à â®à § ®¡« áâî
¢¨§­ ç¥­­ï D(L0), éi«ì­®î ¢ £i«ì¡¥àâ®¢®¬ã ¯à®áâ®ài H,   (H,�1,�2) - ¯®§¨-
â¨¢­¨© ¯à®áâià £à ­¨ç­¨å §­ ç¥­ì æì®£® ®¯¥à â®à , é® ¢i¤¯®¢i¤ õ ©®£® à®§è¨-

à¥­­î §  �ài¤àiåá®¬ LF (®§­ ç¥­­ï { ¤¨¢. [1,2]), HF = D(L
1/2
F 0 { ¥­¥à£¥â¨ç­¨©

¯à®áâià ®¯¥à â®à  LF ,   πF (u, v) = (L
1/2
F u|L1/2

F v) - ¢i¤¯®¢i¤­¨© ¥­¥à£¥â¨ç­¨©
áª «ïà­¨© ¤®¡ãâ®ª (¤¨¢, [3,4]), B ∈ B(H) - ¤®¤ â­® ¢¨§­ ç¥­¨© ®¯¥à â®à,

D(LB) = ker(�1 −B�2), LB ⊂ L∗
0
. (4)

�i¤®¬® [1,2], é® LB - ¤®¤ â­® ¢¨§­ ç¥­¨© á ¬®á¯àï¦¥­¨© ®¯¥à â®à, â®¬ã ¬ õ
§¬iáâ § ¤ ç  ¯à® §­ å®¤¦¥­­ï ©®£® ¥­¥à£¥â¨ç­®£® ¯à®áâ®àã HB â  ¢i¤¯®¢i¤­®£®
¥­¥à£¥â¨ç­®£® áª «ïà­®£® ¤®¡ãâªã πB(u, v).

�¥àè ­i¦ ùi à®§¢'ï§ã¢ â¨, ¢¢¥¤¥¬® ¤¥ïªi ¯®§­ ç¥­­ï. � á ¬¥, ­¥å © P -
¯à®¥ªâ®àD(L∗

0
) → D(LF ), é® ¢i¤¯®¢i¤ õ ¢áâ ­®¢«¥­®¬ã ¢ [5] à®§ª« ¤ã D(L

∗
0
) =

D(LF ) + kerL∗
0
. �i¤®¬® [6], é®

Py = y − Z�2y, (5)

¤¥ Z = (�1L
−1

F )∗,  ¡®, é® ¥ª¢i¢ «¥­â­®, Za - à®§¢'ï§®ª ài¢­ï­­ï L∗
0
u = 0 â ª¨©,

é® �2u = a.

�¥®à¥¬  1.
 ) HB = HF ⊕πB

kerL∗
0
; (6)

¡) ¯à®¥ªâ®à P ¯à®¤®¢¦ãõâìáï ­¥¯¥à¥à¢­¨¬ ç¨­®¬ ¤® πB - ®àâ®¯à®¥ªâ®à 

P̂ : HB → HF ;
¢) ®¯¥à â®à �2 ®¤­®§­ ç­® ¯à®¤®¢¦ãõâìáï ¤® ­¥¯¥à¥à¢­®£® ¢i¤®¡à ¦¥­­ï

�̂2 : HB → H;
£) ∀u, v ∈ HB

πB(u, v) = πF (P̂u, P̂v) + (B�̂2u|�̂2v)H = πB(P̂u, P̂v) + πB(Z�̂2u,Z�̂2v). (7)

�®¢¥¤¥­­ï £àã­âãõâìáï ­  â ª¨å ¤®¯®¬i¦­¨å â¢¥à¤¦¥­­ïå.

�¥¬  1. HF +D(LB) ⊂ HB . (8)

�¥¬  2. HF +D(LB) = HF ∔ kerL∗
0
. (9)

�¥¬  3. HF ∔ kerL∗
0
= HB . (10)

(âãâ i ¤ «i ¬ õâìáï ­  ã¢ §i § ¬¨ª ­­ï ¢i¤­®á­® áª «ïà­®£® ¤®¡ãâªã πB).

�¯à ¢¤i, § (8) i (9) ¢¨¯«¨¢ õ, é® HF ∔kerL∗
0
⊂ HB . � i­è®£® ¡®ªã, D(LB) ⊂

HF ∔ kerL∗
0
(¤¨¢. (9)), â®¬ã HB = D(LB) ⊂ HF ∔ kerL∗

0
.

� á«i¤®ª 1. HB = HF +D(LB).

�¥¬  4. �«ï ¡ã¤ì-ïª¨å u1, v1 ∈ HF , u2, v2 ∈ D(LB)

πB(u1 + u2, v1 + v2) = πF (u1 + Pu2, v1 + Pv2) + (LBu2|Z�2v2), (11)

(LBu2|Z�2v2) = (B�2u2|�2v2)H (12)
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�¯à ¢¥¤«¨¢iáâì ä®à¬ã«¨ (11) ¢¨¯«¨¢ õ § á¯i¢¢i¤­®è¥­ì

πB(u1, v1) = πF (u1, v1) = (L
1/2
F u1|L1/2

F v1),

πB(u1, v2) = (u1|LBv2), πB(u2, v1) = (Lbu2|v1),
πB(u2, v2) = (LBu2|v2) = (LFPu2|Pu2|Pv2) + (LBu2|Z�2v2)

(¤«ï ¤®¢¥¤¥­­ï ®áâ ­­ì®£® § ­¨å ¢¨ª®à¨áâ®¢ãîâìáï à¥§ã«ìâ â¨ ¯à æi [2] i ài¢-
­iáâì (6) ). �®à¬ã«  (12) õ ­ á«i¤ª®¬ ¢áâ ­®¢«¥­¨å ¢ [6] ài¢­®áâ¥© L∗

0
Z =

0, �2Z = idH, �1Z = 0.

�¥¬  5. �¥å © P̂ - ¯à®¥ªâ®à HF ∔ kerL∗
0
→ HF ¯ à «¥«ì­® kerL∗

0
,

�̂2u =

{
0, u ∈ HF ,

�2u, u ∈ kerL∗
0
.

�«ï ¡ã¤ì-ïª¨å u, v ∈ HF ∔kerL∗
0
πB(u, v) = πF (P̂u, P̂v)+(B�̂2u|�2v)H, §®ªà¥¬ 

HF â  kerL∗
0
¢§ õ¬­® ®àâ®£®­ «ì­i ¢i¤­®á­® πB i HB = HF ⊕ kerL∗

0
.

�¥¬  6. kerL∗
0
{ ¯à®áâià, ¯®¢­¨© ¢i¤­®á­® ­®à¬¨, ¯®à®¤¦¥­®ù áª «ïà­¨¬ ¤®-

¡ãâª®¬ πB.

�¥¬  7. �¯¥à â®à¨ P̂ â  �̂2, ¢¢¥¤¥­i ¢ «¥¬i 5, § ¤®¢®«ì­ïîâì ã¬®¢¨ â¥®à¥¬¨
1.

� ã¢ ¦¥­­ï. �¥®à¥¬ã 1 ¬®¦­  ¤®¢¥áâ¨ ¢¨ª®à¨áâ®¢ãîç¨ à¥§ã«ìâ â¨, ¢¨-
ª« ¤¥­i ¢ [7]  ¡® [8].

2. �¥å © �1,�2, Z,P â ªi ¦, ïª i ¢ ¯. 1, B = B∗ ∈ B(H),   � : H → H {
ª®¬¯ ªâ­¨© ®¯¥à â®à. �®ª« ¤¥¬®

D(~LB) = {u ∈ D(L∗
0
) : �1u−B�2u = �u},

~LBu = L∗
0
u+�∗�2u, u ∈ D(~LB),

ψ = 2Re(�Z)− �L−1

F �∗, ~�1 = (�1 − �) + 	�2.

� ¯à æi [9] ¢áâ ­®¢«¥­®, é® (H, ~�1, ~�2) õ ¯®§¨â¨¢­¨¬ ¯à®áâ®à®¬ £à ­¨ç­¨å §­ -

ç¥­ì ®¯¥à â®à  ~L0 = ~LB | ker �2, é® ¢i¤¯®¢i¤ õ ©®£® à®§è¨à¥­­î §  �ài¤àiåá®¬

i é® ~LB õ ¬ ªá¨¬ «ì­® ­¥¢i¤'õ¬­¨¬ â®¤i i âi«ìª¨ â®¤i, ª®«¨ B+	 ­¥¢i¤'õ¬­¨©.
�ài¬ æì®£®, ¡¥§¯®á¥à¥¤­ï ¯¥à¥¢iàª  ¯®ª §ãõ, é® ã¬®¢  ~L−1

B ∈ B(H) ài¢­®á¨«ì-
­  ã¬®¢i (B+	)−1 ∈ B(H). �à å®¢ãîç¨ æi ä ªâ¨ i § áâ®á®¢ãîç¨ â¥®à¥¬ã 1 ¤®

®¯¥à â®à  ~L0, ¡ ç¨¬®, é® ¬ õ ¬iáæ¥

�¥®à¥¬  2. �à¨¯ãáâ¨¬®, é® ®¯¥à â®à

~B = B + 2Re(�Z)− �L−1

F �∗ (13)

¤®¤ â­® ¢¨§­ ç¥­¨©. �®¤i ~LB õ á ¬®á¯àï¦¥­¨¬ ¤®¤ â­® ¢¨§­ ç¥­¨¬ ®¯¥-
à â®à®¬ § ¥­¥à£¥â¨ç­¨¬ ¯à®áâ®à®¬ ~HB = HB i ¥­¥à£¥â¨ç­¨¬ áª «ïà­¨¬
¤®¡ãâª®¬

~πB(u, v) = πB(u, v) + (�u|hat�2v) + (�̂2u|�v)H. (14)
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� á«i¤®ª 2. �à¨¯ãáâ¨¬®, é® ®¯¥à â®à ~B, ®§­ ç¥­¨© §£i¤­® § (13), ¤®¤ â­®
¢¨§­ ç¥­¨©. �®¤i ¤«ï ¡ã¤ì-ïª®£® f ∈ H ¢ ài æi©­  § ¤ ç 

~πB(u, u)− 2Re(f |u) → min, u ∈ ~HB

¬ õ õ¤¨­¨© à®§¢'ï§®ª u0 = ~L−1

B f .

3. �¨ª®à¨áâ õ¬® áä®à¬ã«ì®¢ ­i ¢¨é¥ â¢¥à¤¦¥­­ï ¤«ï à®§¢'ï§ ­­ï ¢ ài -
æi©­®ù § ¤ çi (3). �«ï æì®£® à®§£«ï­¥¬® ®¯¥à â®à T , ®¡« áâì ¢¨§­ ç¥­­ï D(T )
ïª®£® áª« ¤ õâìáï § ãáiå u ∈ H2, ïªi § ¤®¢®«ì­ïîâì ã¬®¢¨{

−u′(0) + β11u(0) + β12u(1) + �1u = 0

u′(1) + β21u(0) + β22u(1) + �2u = 0
(15)

  § ª®­ ¤iù â ª¨©:

Tu = −u′′ + p(x)u+�∗
1
u(0) + �∗

2
u(1), u ∈ D(T ). (16)

� «i, ¯®§­ ç¨¬® ç¥à¥§ ω1(x), ω2(x) ®¯¥à â®à­®§­ ç­i à®§¢'ï§ª¨ ài¢­ï­­ï
−Y ′′ + p(x)Y = 0 â ªi, é® ω1(0) = ω2(1) = idH0

, ω1(1) = ω2(0) = 0,   ç¥à¥§
L0 { ¬i­i¬ «ì­¨© ®¯¥à â®à, ¯®à®¤¦¥­¨© ¢ H0 ¤¨ä¥à¥­æi «ì­¨¬ ¢¨à §®¬ l[u] =
−u′′ + p(x)u. �¥¢ ¦ª® ¤®¢¥áâ¨, é® (H,�1,�2), ¤¥

H=H0⊕H0, �1u=

(
u′(0)
−u′(1)

)
−
(
ω′
1
(0) ω′

2
(0)

−ω′
1
(1) −ω′

2
(1)

)(
u(0)
u(1)

)
, �2u=

(
u(0)
u(1)

)
,

õ ¯®§¨â¨¢­¨¬ ¯à®áâ®à®¬ £à ­¨ç­¨å §­ ç¥­ì ®¯¥à â®à  L0, é® ¢i¤¯®¢i¤ õ ©®£®
¦®àáâª®¬ã (â®¡â®, äài¤àiåái¢áìª®¬ã) à®§è¨à¥­­î LF , ïª¥ §¡i£ õâìáï §i §¢ã-
¦¥­­ï¬ ®¯¥à â®à  L∗

0
­  ¬­®¦¨­ã {u ∈ D(L∗

0
):u(0) = u(1) = 0}. � ª¨¬ ç¨­®¬,

¤«ï ¤®á«i¤¦¥­­ï ®¯¥à â®à  T ¬®¦­  ¢¨ª®à¨áâ®¢ã¢ â¨ à¥§ã«ìâ â¨ ¯. 2 ¯à¨

B =

(
β11 β12

β21 β22

)
−
(
ω′
1
(0) ω′

2
(0)

−ω′
1
(1) −ω′

2
(1)

)
, (17)

�Z =

(
�1ω1 �1ω2
�2ω1 �2ω2

)
, �L−1

N �∗ =

(
�1L

−1

F �∗
1

�1L
−1

F �∗
2

�2L
−1

F �∗
1

�2L
−1

F �∗
2

)
(18)

�¥®à¥¬  3. �à¨¯ãáâ¨¬®, é® ®¯¥à â®à (13), ¤¥ β, �Z, �L−1

F �∗ { â ªi, ïª
¢ (17){(18), õ ¤®¤ â­® ¢¨§­ ç¥­¨¬. �®¤i T { á ¬®á¯àï¦¥­¨© ¤®¤ â­® ¢¨§­ -
ç¥­¨© ®¯¥à â®à § ¥­¥à£¥â¨ç­¨¬ ¯à®áâ®à®¬ H1 â  ¥­¥à£¥â¨ç­¨¬ áª «ïà­¨¬
¤®¡ãâª®¬ π(u, v) (¤¨¢. [1]).

�®¢¥¤¥­­ï. �®§­ ç¨¬® ç¥à¥§ HF , HT , πF (·, ·), πT (·, ·) { ¥­¥à£¥â¨ç­i ¯à®áâ®à¨
®¯¥à â®ài¢ LF i T â  ùå ¥­¥à£¥â¨ç­i áª «ïà­i ¤®¡ãâª¨ ¢i¤¯®¢i¤­®. �áªi«ìª¨
HF = H1

0
(H0, (0, 1)), â® § â¥®à¥¬¨ 2 ¢¨¯«¨¢ õ, é® HT = H1

0
(H0, (0, 1))∔kerL∗

0
=

H1. � «i, ¤«ï ¡ã¤ì-ïª¨å u, v ∈ HF

πF (u, v) =

∫
1

0

[(u′(x)|v′(x)) + (p(x)u(x)|v(x))] d x, (19)

â®¬ã πT (u, v) = π(u, v). �¥ ¢¨¯«¨¢ õ § (7), (14), (19) i § â®£®, é® ¢ ã¬®¢ å

¤ ­®ù â¥®à¥¬¨ P̂u = u − ω1(x)u(0) − ω2(x))u(1), (�u|�̂2v)H = (�1u|v(0))H0
+

(�2u|v(1))H0
.
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� á«i¤®ª 3. � ã¬®¢ å â¥®à¥¬¨ 3 ¤«ï ¡ã¤ì-ïª®£® f ∈ H0 ¢ ài æi©­  § ¤ ç 
(3) ¬ õ õ¤¨­¨© à®§¢'ï§®ª u0 = T−1f .
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