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Abstract. M.M. Sheremeta, Disproving of a Shash hypothesis concerning univalent

functions, Math. Stud. 2 (1993) 46{48.

It is disproved the following Shah conjecture: if for an increasing sequence (np)
such that �∞

p=1
1
np = ∞ a function f and all its derivatives f (np) are univalent in

D = {z : |z| < 1}, then f is an entire function. A necessary and su�cient condition
is given that for every univalent in D function f the univalence of all the derivatives
f (np) implies that f is entire.

1. �¥å © (np) { §à®áâ îç  ¯®á«i¤®¢­iáâì ­ âãà «ì­¨å ç¨á¥«,   äã­ªæiï f i
¢ái ùù ¯®åi¤­i f (np) ®¤­®«¨áâi ¢ ªàã§i D = {z: |z| < 1}. �.�.� å [1] ¢¨á«®¢¨¢
¯à¨¯ãé¥­­ï, é® ïªé®

∑∞
p=1

1
np

= ∞, â® f { æi«  äã­ªæiï. �ï £i¯®â¥§  ¡ã« 
¢ 1976 à. ¯®¢â®à¥­  ­  ª®­ä¥à¥­æiù § â¥®àiù äã­ªæi© ª®¬¯«¥ªá­®ù §¬i­­®ù ¢
�ìî-�®àªã â  ã¢i©è«  ¢ á¯¨á®ª § ¤ ç, áª« ¤¥­¨© �.�.�i««¥à®¬ [2]. �¨¦ç¥
£i¯®â¥§  � å  ¡ã¤¥ á¯à®áâ®¢ ­  i ¡ã¤¥ ¢ª § ­  ­¥®¡åi¤­  i ¤®áâ â­ï ã¬®¢ 

­  (np) ¤«ï â®£®, é®¡ ¤«ï ª®¦­®ù äã­ªæiù f § ®¤­®«¨áâ®áâi f (np) ¢ D ¤«ï ¢áiå

p ∈ Z+, n0 = 0, ¢¨¯«¨¢ «®, é® f { æi«  äã­ªæiï.

2. � ª®î õ ã¬®¢ 

lim
p→∞

{lnnp −
1
np

p∑
j=1

(nj − nj−1) ln(nj − nj−1)} = +∞. (1)

�®áâ â­iáâì ã¬®¢¨ (1) ¤®¢¥¤¥­  ¢ [3] (¤¨¢. â¥®à¥¬ã 1). �®¡ ¤®¢¥áâ¨ ­¥®¡åi¤-
­iáâì, § ã¢ ¦¨¬®, é® § ®£«ï¤ã ­  ä®à¬ã«ã �â¨à«i­£  ã¬®¢  (1) õ ài¢­®á¨«ì­®î
ã¬®¢i

lim
p→∞

1
np + 1

{ln(np + 1)!−
p∑

j=1

ln(nj − nj−1)!} = +∞. (2)

�®§£«ï­¥¬® äã­ªæiî

f0(z) =
∞∑
p=0

apz
np+1,
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¤¥ a0 = 1 i

ap =
1

3p(np + 1)!

p∏
j=1

(np − nj−1)!, p ∈ N,

¤«ï ïª®ù

f
(np)
0 (z) =

∞∑
k=0

(np+k + 1)!
(np+k − np + 1)!

ap+kz
np+k−np+1 =

=
∞∑
k=0

1
3p+k(np+k − np + 1)!

p+k∏
j=1

(nj − nj−1)!znp+k−np+1.

� [1] ¯®ª § ­®, é® ¤«ï â®£® é®¡ äã­ªæiï g(z) =
∑∞

j=1 bjz
j ¡ã«  ®¤­®«¨áâ®î

¢ D, ¤®á¨âì, é®¡
∑∞

j=2(j+1)|bj | < |b1|. �®¬ã ¤«ï â®£® é®¡ ¤®¢¥áâ¨ ®¤­®«¨áâiáâì
¢ D äã­ªæi© f (np), p ∈ Z+, ¤®á¨âì ¯®ª § â¨, é®

∞∑
k=1

1
3k(np+k − np)!

p+k∏
j=p+1

(nj − nj−1)! < 1,

  æï ­¥ài¢­iáâì âà¨¢i «ì­ , ¡® m1! . . .mk! ≤ (m1+ · · ·+mk)! ¤«ï ¢áiå ­ âãà «ì-
­¨å m1, . . . ,mk.

�â¦¥ äã­ªæiï f0 ¬ õ âã ¢« áâ¨¢iáâì, é® ¢ái f (np), p ∈ Z+, õ ®¤­®«¨áâ¨¬¨ ¢ D,
ïª  ¡ ­¥ ¡ã«  §à®áâ îç  ¯®á«i¤®¢­iáâì (np) æi«¨å ­¥¢i¤'õ¬­¨å ç¨á¥«. �áªi«ìª¨

1
np + 1

ln
1
ap

=
1

np + 1
{p ln 3 + ln(np + 1)!−

p∑
j=1

ln(nj − nj−1)!},

â® f0 õ æi«®î äã­ªæiõî âi«ìª¨ ¢ â®¬ã ¢¨¯ ¤ªã, ª®«¨ ¢¨ª®­ãõâìáï ã¬®¢  (2),
â®¡â® ã¬®¢  (1). �¢i¤á¨ ¢¨¯«¨¢ õ, é® ïªé® ã¬®¢  (1) ­¥ ¢¨ª®­ãõâìáï, â® iá-
­ãõ äã­ªæiï f0, ïª  ­¥ õ æi«®î,  «¥ ¢ái f (np)

0 , p ∈ Z+, õ ®¤­®«¨áâ¨¬¨ ¢ D.
�¥®¡åi¤­iáâì ã¬®¢¨ (1) ¤®¢¥¤¥­ .

3. �®¡ á¯à®áâã¢ â¨ £i¯®â¥§ã � å , â¥¯¥à ¤®á¨âì ¯®¡ã¤ã¢ â¨ §à®áâ îçã
¯®á«i¤®¢­iáâì (np) ­ âãà «ì­¨å ç¨á¥« â ªã, é®

∑∞
p=1

1
np

= ∞,  «¥ ã¬®¢  (1) ­¥

¢¨ª®­ãõâìáï. �«ï æì®£® ¯®ª« ¤¥¬® m0 = 0, m1 = 1 i mk+1 = (2mk)2, k ≥ 2,  
¢ à®«i (np) ¢¨¡¥à¥¬® ¯®á«i¤®¢­iáâì

m0,m1, 2m1, . . . ,mk,mk + 1,mk+2, . . . , 2mk,mk+1, . . . .

�«ï â ª®ù ¯®á«i¤®¢­®áâi ¬ õ¬®

∞∑
p=1

1
np

=
∞∑
k=1

2mk∑
j=mk

1
j
≥

∞∑
k=1

2mk −mk + 1
2mk

= ∞,

  ¯à¨ p ∈ N â ª®¬ã, é® np = mk+1, ¢¨ª®­ãõâìáï

lnnp−
1
np

p∑
j=1

(nj −nj−1) ln(nj −nj−1) ≤ lnnp−
1
np

(np−np−1) ln(np−np−1) =

=
np−1

np
lnnp−

(
1− np−1

np

)
ln

(
1− np−1

np

)
=

ln(2mk)
mk

−
(
1− 1

2mk

)
ln
(
1− 1

2mk

)
→0,
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k → ∞, â®¡â® ã¬®¢  (1) ­¥ ¢¨ª®­ãõâìáï.
� ã¢ ¦¨¬®, é® § ã¬®¢¨ (1) ­¥ § ¢¦¤¨ ¢¨¯«¨¢ õ ã¬®¢ 

∑∞
p=1

1
np

= ∞, ­  é®

¢ª §ãõ ¯à¨ª« ¤ ¯®á«i¤®¢­®áâi np = p2, p ∈ Z+.

4. �®§­ ç¨¬® ç¥à¥§ A(∞, (np)) ª« á æi«¨å äã­ªæi© f â ª¨å, é® ¢ái f (np), p ∈
Z+, õ ®¤­®«¨áâ¨¬¨ ¢ D, i ­¥å © ρf = lim

r→∞
(ln lnMf (r))/ ln r { ¯®àï¤®ª äã­ªæiù

f , Mf (r) = max{|f(z)| : |z| = r},  

α = lim
p→∞

1
np lnnp

p∑
j=1

(nj − nj−1) ln(nj − nj−1).

�à¨¯ãáâ¨¬®, é® lnnp ∼ lnnp+1, p → ∞. �®¤i ¤«ï â®£® é®¡ ¤«ï ª®¦­®ù

f ∈ A(∞, (np)) ¢¨ª®­ã¢ « áì ­¥ài¢­iáâì ρf ≤ ρ ∈ [1,∞), ­¥®¡åi¤­® i ¤®á¨âì,

é®¡ α ≤ 1− 1/ρ.
�i©á­®, ¢ [3] ¯®ª § ­®, é® ρf ≤ 1/(1−α) ¤«ï ª®¦­®ù äã­ªæiù f ∈ A(∞, (np)).

�¢i¤á¨ ¢¨¯«¨¢ õ, é® ρf ≤ ρ, ïªé® âi«ìª¨ α ≤ 1−1/ρ. �ªé® ¦ 1−1/ρ < α < 1,
â® ­¥¢ ¦ª® ¯¥à¥¢ià¨â¨, é® ¤«ï äã­ªæiù f0 ¬ õ ¬iáæ¥ ­¥ài¢­iáâì

ρf0 = lim
p→∞

(np + 1) ln(np + 1)
− ln ap

=

= lim
p→∞

1
1− 1

np lnnp

∑p
j=1(nj − nj−1 ln(nj − nj−1)

=
1

1− α
> ρ,

â®¡â® iá­ãõ äã­ªæiï f0 ∈ A(∞, (np)), ¤«ï ïª®ù ­¥ài¢­iáâì ρf ≤ ρ ­¥ ¢¨ª®­ãõâìáï.
�ã­ªæiï f0 õ ¥ªáâà¥¬ «ì­®î â ª®¦ ¯à¨ ¢¨¢ç¥­­i §à®áâ ­­ï äã­ªæi©

f ∈ A(∞, (np)) ¢ â¥à¬i­ å ã§ £ «ì­¥­¨å ¯®àï¤ªi¢.
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