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Abstract. O. Skaskiv, On the central exponent of absolutely convergent in the
halfplane Dirichlet series, Math. Stud. 2 (1993) 35{40.

An example is constructed of Dirichlet series convergent in a halfplane which
disproves two known theorems on asymptotic behaviour of the central exponent.

�¥å ©  ­ «iâ¨ç­  ¢ {z: Re z < 0} äã­ªæiï F §®¡à ¦¥­   ¡á®«îâ­® §¡i¦­¨¬

ã æi© ¯i¢¯«®é¨­i àï¤®¬ �iàiå«¥

F (z) =

∞∑
n=1

ane
zλn , 0 ≤ λn ↑ +∞ (n→ ∞). (1)

�®§­ ç¨¬® M(σ, F ) = sup{|F (σ + iy)|: y ∈ R}, µ(σ, F ) = max{|an|eσλn :n ≥ 1}.
�¥å ©, ªài¬ â®£®, ν(σ) = ν(σ, F ) = max{n: |an|eσλn = µ(σ, F )} { æ¥­âà «ì­¨©

i­¤¥ªá,   λν(σ) { æ¥­âà «ì­¨© ¯®ª §­¨ª àï¤ã (1). �i¤®¬® [1], é® lnM(σ, F ) {

®¯ãª«  ¯à¨ σ ∈ (−∞; +∞) äã­ªæiï. �®åi¤­ã á¯à ¢  äã­ªæiù lnM(σ, F ) ¯®§­ -

ç¨¬® L(σ) = L(σ, F ) =M ′(σ, F )/M(σ, F ).

� [2,3] ¯à¨¢¥¤¥­® àï¤ â¥®à¥¬ ([2], â¥®à¥¬  5 â  § ã¢ ¦¥­­ï ­  á.513; [3],

â¥®à¥¬¨ 1.5.25 â  1.6.25 ­  á. 285{287), ¢ ïª¨å ¤ îâìáï ¤®áâ â­i ã¬®¢¨ ¤«ï

¢¨ª®­ ­­ï á¯i¢¢i¤­®è¥­­ï

L(σ) = (1 + o(1))λν(σ) (2)

¯à¨ σ → −0  ¡® §®¢­i ¬­®¦¨­¨ áªi­ç¥­­®ù «®£ à¨ä¬iç­®ù ¬ià¨,  ¡® ¢§¤®¢¦

¤®á¨âì "¬ á¨¢­®ù" ¬­®¦¨­¨. �®¤ ¬® å à ªâ¥à­¥ â¢¥à¤¦¥­­ï â ª®£® â¨¯ã ¯®-

¢­iáâî.

1991 Mathematics Subject Classification. 30B50.

Typeset by AMS-TEX
35



36 �.�. �����I�

�¥®à¥¬  � ([2, â¥®à¥¬  5], [3, â¥®à¥¬  1.5.25]). �¥å © sup{|an|:n ≥ 1} = +∞.

�ªé® lnn = o(λn) (n → +∞), limσ→−0(lnλν(σ)/ ln
1
|σ| ) = ρ > 1, â® á¯i¢¢i¤­®-

è¥­­ï (2) ¢¨ª®­ãõâìáï ¯à¨ σ → −0 (σ ∈ E), ¤¥ E { ¬­®¦¨­  ­¥áªi­ç¥­­®ù

«®£ à¨ä¬iç­®ù ¬ià¨, â®¡â®
∫

E∩[−1,0)

d(ln(− 1
σ )) = +∞.

�¥â®î æiõù áâ ââi õ ¯®ª § â¨, é® §£ ¤ ­i â¢¥à¤¦¥­­ï § ¯à æì [2,3] ­¥ õ ¢ià-

­¨¬¨. �®ªà¥¬ , â¥®à¥¬  �.

�¥®à¥¬ . �«ï ª®¦­®£® η > −1 iá­ãîâì ¯®á«i¤®¢­iáâì 0 ≤ λn ↑ +∞ (n →
+∞), lnn = o(λn) (n → ∞), â  äã­ªæiï F , §®¡à ¦¥­  àï¤®¬ (1) §  ¡áæ¨á®î

 ¡á®«îâ­®ù §¡i¦­®áâi ài¢­®î ­ã«î, â ªi, é®:

( ) limσ→−0(lnλν(σ)/ ln
1
|σ| ) = 2 + η, lnµ(σ, F ) ≍

(
1
|σ|

)1+η
(σ → −0);

(¡) (L(σ)/λν(σ)) → +∞ (σ → −0).

�«ï ¤®¢¥¤¥­­ï ¤®á¨âì à®§£«ï­ãâ¨ äã­ªæiî F ¢¨¤ã (1) § λn = (lnn)1+α,

ln an = λ1−q
n , q = 1

2+η , α = 1
2+η+η1

, η1 > 0, η > −1. � ã¢ ¦¨¬®, é® 1−α−2−α <

0 ¤«ï ¢áiå α ≥ 0. �®ª ¦¥¬® á¯®ç âªã, é® lnµ(σ, F ) = O(|σ|−1−η) (σ → −0).
�áªi«ìª¨ lnµ(σ, F ) ≤ max{ψ(n):n ≥ 0}, ¤¥ ψ(u) = u1−q − u|σ|, â® §­ å®¤ïç¨

â®çªã ¬ ªá¨¬ã¬ã u(σ) äã­ªæiù ψ(u) § ài¢­ï­­ï ψ′(u) = 0, ¯®á«i¤®¢­® ¬ õ¬®

u(σ) = ((1−q)/|σ|)1/q â  ψ(u(σ)) = q(u(σ))1−q = q(1−q)1+η|σ|−1−η. � ã¢ ¦¨¬®,

é® äã­ªæiï ψ(u) ¢£­ãâ  ­  (0,+∞), â®¬ã, ïªé® n(σ) = max{n:λn ≤ u(σ)}, â®
æ¥­âà «ì­¨© i­¤¥ªá ν(σ, F ) ài¢­¨©  ¡® n(σ),  ¡® n(σ) + 1. � ª®¦­®¬ã ¢¨¯ ¤ªã,

§ ¢¤ïª¨ á¯i¢¢i¤­®è¥­­î λn+1 − λn = o(1) (n → +∞), ¬ õ¬® lnµ(σ, F ) = (1 +

o(1))ψ(u(σ)) i lnλν(σ) = ln(u(σ) + o(1)) = (1 + o(1))(2 + η) ln(1/|σ|) (σ → −0).
�¢i¤á¨, ®áâ â®ç­® ®¤¥à¦ãõ¬® ¯ã­ªâ ( ).

�®¢¥¤¥­­ï ¯ã­ªâã (¡) áª« ¤­iè¥,  «¥ â ª®¦ ¢ ¤®áâ â­i© ¬iài ¥«¥¬¥­â à­¥.

�®­® £àã­âãõâìáï ­  â¥®à¥¬i 1.2.5 § [4]. �ä®à¬ã«îõ¬® ¤¥é® á¯à®é¥­¨© ùi

¢ ài ­â ã ¢¨£«ï¤i «¥¬¨, ïª®î ­ ¬ §àãç­® ¡ã¤¥ ª®à¨áâã¢ â¨áì.

�¥å ©, ¤«ï ª®¦­®£® ¤®á¨âì ¢¥«¨ª®£® t > 0, x = c(t) → +∞ (t → +∞) {

õ¤¨­  â®çª  ¬ ªá¨¬ã¬ã äã­ªæiù h(x, t), ïª äã­ªæiù §¬i­­®ù x ≥ 0. �¢ ¦ îç¨

h(x, t) ¤¢içi ¤¨ä¥à¥­æi©®¢­®î ¯® x, ¯®§­ ç¨¬® ρ(t) = |h′′x2(c(t), t)|−1/2.

�¥¬ . �ªé® ρ(t) = o(c(t)) (t → +∞) i ¤«ï ª®¦­®£® A > 0 h′′x2(x, t) = (1 +

o(1)) ×
h′′x2(c(t), t) (t→ +∞, |x−c(t)| ≤ Aρ(t)), â® iá­ãõ äã­ªæiï τ(t) → +∞ (t→ +∞)

â ª , é®∫
|x−c(t)|≤τ(t)ρ(t)

exp{h(x, t)}dx = (1 + o(1))
√
2πρ(t) exp{h(c(t), t)} (t→ +∞), (3)

¯à¨ æì®¬ã ¬®¦­  ¢¢ ¦ â¨, é® (τ(t)ρ(t)) = o(c(t)) (t→ +∞).
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� ã¢ ¦¥­­ï. � «¥¬¨ ¢¨¯«¨¢ õ, é®∫
|x−c(t)|≤τ(t)ρ(t)

x1+α exp{h(x, t)}dx=(1+o(1))
√
2πρ(t)(c(t))1+αexp{h(c(t), t)}(t→+∞),

(4)

�à®¤®¢¦¨¬® ¤®¢¥¤¥­­ï â¥®à¥¬¨. � ã¢ ¦¨¬® á¯®ç âªã, é® ¤«ï n ≤ n(σ)−1∫ n+1

n

exp{ψ((lnu)1+α)}du
{ ≥ exp{ψ(λn)}

≤ exp{ψ(λn+1)},
(5)

  ¤«ï n ≥ n(σ) + 1∫ n+1

n

exp{ψ((lnu)1+α)}du
{ ≥ exp{ψ(λn+1)}

≤ exp{ψ(λn)},
(6)

¤¥ ψ(t) = t1−q − |σ|t. �®¬ã

M(σ, F ) = F (σ) ≤
∫ ∞

1

exp{ψ((lnu)1+α)}du−

−
∫ n(σ)+1

n(σ)

exp{ψ((lnu)1+α)}du+ exp{ψ(λn(σ))}+ exp{ψ(λn(σ)+1)}. (7)

�áªi«ìª¨ λn/λn+1 → 1 (n → +∞), â® i§ (5) i (6)  ­ «®£iç­® ¯®¯¥à¥¤­ì®¬ã ¯à¨

σ → −0 ¬ õ¬®

M ′(σ, F ) = F ′(σ) =
∞∑

n=2

λnane
σλn ≥

n(σ)∑
n=2

∫ n

n−1

(lnu)1+α exp{ψ((lnu)1+α)}du+

+

∞∑
n=n(σ)+1

λn
λn+1

∫ n+1

n

(lnu)1+α exp{ψ((lnu)1+α)}du ≥

≥ 1

2

∫ ∞

1

(lnu)1+α exp{ψ((lnu)1+α)}du−

− 1

2

∫ n(σ)+1

n(σ)

(lnu)1+α exp{ψ((lnu)1+α)}du. (8)

� ©¬¥¬®áì â¥¯¥à ®æi­ª ¬¨ i­â¥£à «i¢
∫∞
1 ¢ (7) â  (8). � áâ®á®¢ãîç¨ ¢ ®¡®å

i­â¥£à « å ¯i¤áâ ­®¢ªã x = lnu/t, ¤¥ t = (1/|σ|)1/(1+α), ®¤¥à¦ãõ¬®

I(σ, F ) =

∫ ∞

1

exp{ψ((lnu)1+α)}du =

t

∫ ∞

1

u exp{ψ((lnu)1+α)}d(lnu/t) = t

∫ ∞

0

exp{h(x, t)}dx,

¤¥ h(x, t) = xt+ (xt)q1 − x1+α, q1 = (1 + α)(1− q) ∈ (0; 1). �­ «®£iç­®

I(σ, F ′) =

∫ ∞

1

(lnu)1+α exp{ψ((lnu)1+α)}du = t2+α

∫ ∞

0

x1+α exp{h(x, t)}dx.
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�®§i¡'õ¬® ª®¦¥­ § i­â¥£à «i¢ ­  ¯'ïâì i­â¥£à «i¢ Ij(F ), Ij(F
′) (j = 1, 5), é®

¯®è¨àîîâìáï, ¢i¤¯®¢i¤­®, ­  ¯à®¬i¦ª¨ E1 = [0, c(t)/2], E2 = [c(t)/2; c(t) −
τ(t)ρ(t)], E3 = [c(t) − τ(t)ρ(t), c(t) + τ(t)ρ(t)], E4 = [c(t) + τ(t)ρ(t), 2c(t)], E5 =

[2c(t),+∞), ¤¥ x = c(t) { õ¤¨­¨© ¤®¤ â­¨© ª®ài­ì ài¢­ï­­ï h′x(x, t) = t +

q1t
q1xq1−1−(1 + α)xα = 0. �¥£ª® ¯¥à¥¢ià¨â¨, é® c(t) ∼ (t/(1 + α))1/α (t→ +∞)

i, ®áªi«ìª¨, h(+∞, t) = −∞, h(0, t) = 0, â® c(t) { â®çª  ¬ ªá¨¬ã¬ã äã­ª-

æiù h(x, t) ¯® x ­  ¯à®¬i¦ªã [0,+∞). �á­®, é® h(c(t), t) ∼ α(t/(1 + α))1+1/α

(t → +∞). �¥áª« ¤­® ¯¥à¥¢ià¨â¨, é® ã¬®¢¨ «¥¬¨ ¢¨ª®­ãîâìáï, â®¬ã § (3) â 

(4) ¯à¨ t→ +∞ ®¤¥à¦ãõ¬®

I3(F ) ∼
√
2πρ(t) exp{h(c(t), t)}, I3(F ′) ∼ I3(F )(c(t))

1+α. (9)

�®§£«ï­¥¬® â¥¯¥à I1. � ã¢ ¦¨¬®, é® ¯à¨ t→ +∞

h(
c(t)

2
, t)− h(c(t), t) =

1

2

(
t

1 + α

)1+1/α

(1− α− 2−α + o(1)). (10)

�áªi«ìª¨, §  ¢¨¡®à®¬ α, ¬ õ¬® 1 − α − 2−α < 0, â® h(c(t)/2, t) − h(c(t), t) ≤
−K1h(c(t), t) (t→ +∞), ¤¥ K1 > 0. �à å®¢ãîç¨, é® h(x, t) { §à®áâ îç  äã­ª-

æiï §¬i­­®ù x ­  ¯à®¬i¦ªã [0, c(t)], ¬ õ¬®

I1(F ) =

∫ c(t)/2

0

exp{h(x, t)}dx ≤ c(t)

2
exp{h(c(t)

2
, t)} =

= O
( c(t)
ρ(t)

I3(F ) exp{−K1h(c(t), t)} (t→ +∞) (11)

�­ «®£iç­®, § áâ®á®¢ãîç¨ (9) â  (10), ¢¨¢®¤¨¬®

I1(F
′)=

∫ c(t)/2

0

exp{h(x, t)}x1+αdx=O
( c(t)
ρ(t)

I3(F
′) exp{−K1h(c(t), t)}) (t→ +∞).

(12)

�®¤i¡­® à®§£«ï¤ õ¬® I5. �«ï æì®£® á¯®ç âªã ®æi­¨¬® ài§­¨æî

h(2c(t), t)−h(c(t), t)= t1+1/α 2

(1 + α)1+1/α
(
1+
α

2
−2α+o(1)

)
≤ −bh(c(t), t) (t→ +∞),

¤¥ b = [2 + α − 21+α]/(2α) > 0, ¤«ï ¢áiå α > 0. �à å®¢ãîç¨ ¬®­®â®­­iáâì

(h(x, t) +A lnx) ­  [2c(t),+∞), §­®¢ã ¬ õ¬®

I5(F ) =

∫ ∞

2c(t)

exp{h(x, t)}dx ≤ 4(c(t))2 exp{h(2c(t), t)}
∫ ∞

2c(t)

x−2dx =

= O
( c(t)
ρ(t)

I3(F ) exp{−b h(c(t), t)}
)
(t→ +∞), (13)

I5(F
′) =

∫ ∞

2c(t)

x1+α exp{h(x, t)}dx = O
( c(t)
ρ(t)

I3(F
′) exp{−b h(c(t), t)}

)
(t→ +∞)

(14)



��� ����������� �������� ��������� ��I����� ���� �I�I��� 39

� ã¢ ¦¨¬® â¥¯¥à, é® ρ(t) ∼ t
1−α
2α

/√
α(1 + α)1/α (t→ +∞), â®¬ã § (11){(14)

®¤¥à¦ãõ¬®

I1 = o(I3), I5 = o(I3) (t→ +∞). (15)

I­â¥£à «¨ I2 â  I4 ®æi­îõ¬® ®¤­®ç á­®

I2(F
′) + I4(F

′) ≥
(
c(t)

2

)1+α

I2(F ) + (c(t))1+αI4(F ). (16)

�â¦¥, ¯®§­ ç îç¨ ç¥à¥§ P(t) = max{I2(F ), I3(F ), I4(F )}, § (9), (15) â  (16)

®¤¥à¦ãõ¬®

I(σ, F ) = t((1 + o(1))I3(F ) + I2(F ) + I4(F )) ≤ (3 + o(1))tP(t) (t→ +∞), (17)

I(σ, F ′) = t2+α((1 + o(1))I3(F
′) + I2(F

′) + I4(F
′)) ≥

≥ t2+α((1 + o(1))I3(F ) +
1

21+α
I2(F ) + I4(F ))(c(t))

1+α ≥

≥ K2t
2+αP(t)(c(t))1+α (t→ +∞), (18)

¤¥ K2 > 0 { ¤¥ïª  áâ « . �«ï § ¢¥àè¥­­ï ¤®¢¥¤¥­­ï § ã¢ ¦¨¬®, é® ¯à¨

t→ +∞

exp{ψ(λn(σ))} = exp{ψ(λn(σ)) + (λn(σ))
1

1+α − (λn(σ))
1

1+α } ≤

≤ exp{h(c(t), t)− lnn(σ)} = o(I3(F ))

�­ «®£iç­®,

exp{ψ(λn(σ)+1)} = o(I3(F )),

∫ n(σ)+1

n(σ)

exp{ψ((lnu)1+α)}du = o(I3(F )),∫ n(σ)+1

n(σ)

(lnu)1+α exp{ψ((lnu)1+α)}du ≤

≤ (u(σ) + o(1)) exp(max{ψ(λn(σ));ψ(λn(σ)+1)} ≤

≤ (u(σ) + o(1)) exp{h(c(t), t)− (λn(σ))
1

1+α } =

= (u(σ) + o(1)) exp{h(c(t), t)− (1 + o(1))(u(σ))
1

1+α } = o(I3(F )),

(t → +∞, t = (1/|σ|)1/(1+α)). �â¦¥, M(σ, F ) = I(σ, F ) (1 + o(1)) (σ → −0).
�®¬ã § (7) â  (8), ¢à å®¢ãîç¨ (17) â  (18), ¬ õ¬®

M ′(σ, F ) ≥ 1

2
I(σ, F ′) + o(I3(F )) ≥ (K2/2 + o(1))t2+αP(t)(c(t))1+α ≥

≥ (K2/6 + o(1))(tc(t))1+αM(σ, F ) ≥ K3

(
1

|σ|

)1+ 1
α

M(σ, F ) (σ → −0),
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¤¥ K3 > 0 { ¤¥ïª  áâ « . � «¨è¨«®áì ¯à¨£ ¤ â¨, é® λν(σ) = O((1/|σ|)2+η)

(σ → −0) â  1
α = 2 + η + η1. �â¦¥, ®áâ â®ç­® ®¤¥à¦ãõ¬®

M ′(σ, F )/(M(σ, F )λν(σ)) ≥ (1/|σ|)1+η1/2 (σ → −0).

�¥®à¥¬ã ¤®¢¥¤¥­®.
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