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NEARSTANDARDNESS ON FINITE SET

T.S. KubryK, V.E. LYANTSE, G.I. CHUIKO

ABSTRACT. T.Kudryk, V. Lyantse, G. Ghuiko, Nearstandardness of finite set, Math.
Stud. 2 (1993) 25-34.

On the set T, finite in the sense of the E.Nelson’s Internal Set Theory, a measure
v is given. For ”discrete integral” S;crax(t)v{t}, x € CT the analogs of the classical
theorems of Lebesgue integral theory are regarded. As the set T is nonstandard,
for the measures and functions given on it, a direct definition of nearstandardness is
impossible. Indirect way based on the embedding of the algebra 2T into the algebra
27T is used. Here, T is a standard set. Relations between nearstandard charges and
their shadows, as well as nearstandard functions and their shadows appearing with
such approach are investigated.

We use E. Nelson’s IST (see [4,5]). This research is stimulated by the paper
[6] where the simplicity was achieved due to the finiteness (in the sense of IST) of
probability spaces in question. We also tend to simplicity dealing with the finite-
dimensional (in the sense of IST) functional spaces.

Further all objects are supposed to be internal without additional specifications.
Exceptions are possible if they are evident from the context. For instance, A
denotes the class of all standard elements of the set A, i.e. external set. However,
24 denotes (internal) set of all internal B C A.

1. INTEGRATION OVER FINITE SET

Let T be a set finite in the sense of IST, and card T ~ oo (i.e. card T € N\*'N).

1.1. By N we denote the set of all charges (i.e. C-valued additive functions)
which are defined on T. And by NV, we denote the set of v € N which are measures
(i.e. its values are nonnegative). We regard N as a Banach space defining the
arithmetical operations naturally: VE € 2T (\v) + Mwn)E = M E + AownE,
and taking the norm |[v|| := >, [v¢| where V&t € T vy := v{t} is the value of v
on one-element set {t}. Obviously, card V' € N.

1.2. To a charge v € N and a set E € 2T there corresponds a functional vg
defined on CT ( B4 is the set of functions with domain A and taking values in B)
by the formula

Vo € CT vpri=) z(t)n. (1.1)

teE
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This v-integral is continuous in the semi-norm || - ||z = max ;ep |z(t)|. Moreover,
if the variation vargv is finite in standard sense, then ||z||p =~ 0 = vgz ~ 0.
1.3. Let v € N, 7 € N. We say that a charge v is v-absolutely continuous if

VEec2! vEx0=7pE=0. (1.2)

Obviously, from ||v — P|| = 0 it follows that charge o is v-absolutely continuous.

1.4. Let v € Ny; a function z € C" is called v-locally integrable if 1°VE €
2T VE < oo and 2° the charge E + vg|z| is v-absolutely continuous. (For r € R
the notation |r| < oo means that (In € 3*N) (|r| < n)). Moreover, if vr|z| < 0o
then we omit the adverb ”locally”.

1.4.1. Tf YT < oo then each v-locally integrable function is v-integrable. If
|z||T < oo then x is v-locally integrable.

1.42. LetVt €T 6, € CTand Vs € T 6,(s) :=0if t # s and 6,(¢) := v; *. Tt
is clear that vpxz(-)d; = x(t), moreover discrete Dirac’s delta d; is v-integrable only
in the case of v; > 0 (i.e. the number v, is not infinitesimal). If v, ~ 0, then the
function /v;d; is v-integrable.

1.4.3. Let Vt € T vy = 0. If z € CT and the charge E — vg|z| is v-absolutely
continuous, then the function z is v-locally integrable.

O Assume for some E € 21 vE < oo, although vg|z| ~ +oo. Divide E in
the disjoint parts E’, E” such that vE' =~ vE” ~ %I/E. Then vg/|z| > %I/E\J;\
or vg» > tvglz|. Hence, there exist sets B, such that E D Ey D Ey D ...,
with vE,|z| < 27"(vE + 1) and vg, |z| > 27 "vg|z|. Choose nyg ~ +00 such that
27" vg|z| is still infinite. Then vE,,, ~ 0 and vg, |z| ~ 400 contrary to v-absolute
continuity of the charge E +— vg|z| B

1.4.4. A function x € CT is called v-summable if

(Vw € N) (W= 400 = |x(t)|vy =~ 0). (1.3)

|z (t)[>w

In the same way as in [3], one can prove that a function z € CT is v-locally
integrable if and only if it is v-summable.

1.5. For v-integral, analogs of the classical theorems of Lebesgue integral theory
are almost trivial.

1.5.1. (Analogue of Nykodym-Radon’s theorem). Let v € Ny, v € N, and VE €
2T VE < o0 = |#E| < co. Then charge 7 is v-absolutely continuous if and only
if there exists v-locally integrable function x € CT such that VE € 2T ©F = vgx.

1.5.2. (Analogue of Fischer-Riesz’s theorem). Let z, y € C*,v € Ny and vp|x —
y| = 0. If the function x is v-integrable, then y is v-integrable.

O Since VE € 2T |vpz — vpy| < vr|z — yl, then

vrlz —y| = 0= (VE € 2") (vpz =~ vpy)l (1.4)

1.5.3. Let p(t) be a sentence depending on a variable ¢t € T. We say that p(t)
holds v-quasi everywhere on E' if there exists Fy C E such that vEy ~ 0 and p(t)
is true when t € E\ Ej.

1.5.4. (Analogue of Lebesgue’s theorem on majorable convergence).

Let v € Ny and z, y are v — integrable functions from C' . If vE < oo and
x(t) =~ y(t) holds v-quasi everywhere on E then

VET R VEY. (1.5)
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1.5.5. Let v € N, E € 2. We call the set gker vg{z € CT : vg|z| ~ 0}
E-quasikernel of v-integral. FE-quasikernel is trivial in the sense that vg|z| ~ 0
implies z(t) ~ 0 quasi everywhere on E.

[0 For arbitrary r € R we denote E, := {t € E : |x(t)| > r}. As vglz| > rvE,,
then (Vn €** N)(vE;,, = 0) for x from E-quasikernel. By Robinson’s lemma,
vE, ~ 0 for some r ~ 0, and for t € E\E, we have |z(t)| < rHl

1.5.6. COROLLARY. Let v € Ny, v € N. If ||v — 7| = 0 then #:/v; = 1 quasi
everywhere on T. In particular, the function t — /1y is v-locally integrable.

2. NEARSTANDARD CHARGES

As T itself is nonstandard, one can define the nearstandardness on T only indi-
rectly.

2.1. We postulate the existence of a standard set T and a mapping ) which
satisfy the conditions:

1° a mapping @ transforms each one-element set {t} € T into a set Qt € T so
that

t1 #la = Qt1NQty =10 (2.1)
2° by the definition
vEe2"  QE:=|]Qt (2.2)
teE

3° a set T coincides with the standartization of QT, T =*(QT), i.e.
T is standard and **T = 5(QT). (2.3)

2.1.1. Obviously, a mapping @ is an embedding of the algebra 27 into the algebra

2T which preserves the theoretic-set operations.
F
2.1.2. We obtain an evident example taking as T a ” discrete interval” ab:

'_
ab:={a,a+h,...b—2h,b— h} (2.4)

where a, b, h € R, a<b, h>0andh =0, and as T the standartization of the
”solid” interval [a,b[= {r € R: a <r < b}. We define the embedding Q: 2T — 27T
by the formula

|7
Vteab Qt=[tt+h[ (2.5)
For the condition (2.3) to be true in the case when |a| < oo (]b] < o), one requires

°a <a (°b>0D).
Let v € N be a charge. We transfer it from T onto T putting

(VE €2 (£=QF = Qu€ :=vE). (2.6)

However, the domain Q2" of the charge Qv is not sufficiently rich. Therefore we
extend a little our constructions. Denote by M the set of all regular (relatively to
fixed standard topology on T) C-valued o-additive charges on T, and by M those
of them which take nonnegative values (they are the measures). We treat the set
M as a normed space with the usual arithmetical operations and with the norm

Vue M ||| := var puT (2.7)
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where var is the total variation.
Fix some standard measure A € ** M such that

VteT QteAand \Qt=h (2.8)

where A is an algebra of A-measurable sets £ C T, and h is some fixed positive
number.

2.1.3. DEFINITION. A triple (T, @, ), satisfying the conditions stated above, is
called a standard filling of the finite set T. A charge Qv (where v € N) is extended
from the algebra Q27 onto v-algebra A putting

VEEAN QuE:=) MENQhyh . (2.9)

teT

2.1.4. Note that Quv(T\QT) = 0. It is easy to see that the mapping v — Qv
isometrically transforms N — M.

n

2.1.5. In the case T = ab (s. 2.1.2) and T= %[a, b[, and Q being defined by the
formula (2.5), we take standard Lebesgue measure on T as A, so that Qt = h is the
step of the discrete interval (2.4).

Henceforth, T and its standard filling are given and fixed.

2.1.6. DEFINITION. We call a charge v € N relatively standard (and we write
v € N if there exists a charge p € 3* M such that

VEeA QuENQT) = uENQT). (2.10)

In this case we call u a standardized image of the charge v.
2.2. We introduce a mapping II, ”conjugated” to embedding Q : N — M. By
definition,
VueM VE €2t TuE :=uQE, (2.11)

in particular, Vt € T (Iu); = pQt. We call a transform II an inductor M — N.
2.2.1. It is easy to see that inductor II is the left inverse to ), namely Vv €

NVE €2V TIQUE = vE. If v € ™'\ and p is a standardized image of v, then

I = v. Inductor II is an unstretching transform, i.e. Yu e M ||TIy| < ||pl|-
2.2.2. We call the set

qker II := {pe M: (VE € 2") (IuE ~ 0)} (2.12)

the quasikernel of inductor II. An inductor II is called ezact if Stqker I = {0}
where 0 is the charge with all values equal to zero.

N

2.2.3. For example, let T := ab (s.2.1.2) be a discrete interval containing each
standard rational number from the ”solid” interval [a,b[. For this purpose, it is
sufficient to suppose that the infinitesimal h has a form h = (n!)~! for some n €
N\**N. Corresponding inductor II is exact in this case.

-

O Let p € Stgker I, ice. p € "M and VE C ab IIuE ~ 0. We have to prove 1 =
0. Considering transfer principle and regularity (relatively the standard topology
on R) of a charge p, it is sufficient to prove that plo, B[= 0 for each standard
interval [a, B[C ®[a, b[. Consider the numbers «, § € %*[a,b], « < 8 and standard



NEARSTANDARDNESS ON FINITE SET 29

sequences (ap)neN, (Bn)nen of the rational numbers such that o, *«a, 5, 7B
as n — 00. As a charge p is countably-additive, then play,, B,.[— plo, B[ if n — oo.
By the nonstandard criterion of limit,

nxtoo = plan, Bl ~ pla, Bl (2.13)

'_
Let n € **N. Due to the condition **QnN[a,b[C ab [an, Bu[= > ie(a, g Kt E+R[=

> tefom, g (p)e = Hp{t € c:b cap <t < B} =TuE, FE €2 In consequence,
Vn € N ulay,, Bn[~ 0. By Robinson’s lemma, u[ag,,, Bn, [~ 0 for some ng ~ +oc.
Then by (2.13) pf[a, [~ 0. As number plo, 5] is standard, we obtain pfa, S[=0 R

Henceforward, we assume that an inductor P in question is exact.

2.2.4. COROLLARY. Let v € ™'\ and ||v|| =~ 0; then v = 0.

2.2.5. COROLLARY. Standardized image of the charge v € ™'\ is unique.

REMARK. At first sight it seems naturally to define relative standardness of a
charge v € N’ demanding Qv € 5* M. However in general case, when the set QT is
nonstandard, no charge of the form Qv is standard.

2.3. We call a charge v € N nearstandard (and we write v € "' N) if ||v —Tlpu|| ~
0 for some p € S* M. In this case we denote °v := pu, *v = Iu. Obviously, the
shadows °v and ®v are uniquely determined.

2.3.1. Let v € ™'\; then ||v — *v| = 0, and by 1.3 the charge *v is v-absolutely
continuous. Therefore *v; /vy ~ 0 quasi everywhere on T relative to var v.

2.3.2. Each charge p € * M is a shadow of some charge v € N, e.g. pu = °(IIu).

2.3.3. EXAMPLE. Let v € N and Y, q [vs — h| = 0, then v € ™A and °v = .

2.3.4. The definition of nearstandardness of a charge v € N by requiring ||Qv —
|| = 0 for some p € 5* M is more particular, because ||v — Ipul| < ||Qv — ul|.

2.4. (Analogue of Helly’s theorem). Let v, 7 € N/, x € CT, E € 2T, a function
x is v-integrable and P-integrable on the set F/ with vE < co. Then

lv—7| =~ 0 = vgr =~ gz (2.14)

In particular, if v € "™*N, vFE < oo, then for v-integrable and ®v-integrable func-
tion x we have

vpr ~ ‘vgz. (2.15)

O Denote E,, := {t € E: |z(t)| > n}. Then Vn € *N 37, o\ p |z(t)] - [ —
| ~ 0. By Robinson’s lemma, 3,c g, |2(¢)] - [ve — 7| &~ 0 for some ng ~ +oc.
But an integrable function is summable, so ), Eong |z(t)]- (|ve]+|7¢]) = 0. Therefore
(l/ — 17)E1‘ ~0 N1

2.4.1. The condition ||[v—7|| ~ 0 does not ensure the equivalence of v-integrability
and U-integrability. For example, let to € T and V¢t € T\{tg} v = h and 1y, =
h ++v/h. Then it can be easily seen that v € ™A and °v = A. Denoting 7 := II\,
we find Vt € T &, = h, consequently ||[v — 7|| = vVh ~ 0. Define z € CT by the
formula z(t) = 0 when t # to and x(tg) = h~'/2. Then iz = vh = 0, so the
function x is P-integrable. However, if £ € 2" and t, € T, then vpr = %ﬁ % 0,
although v{to} ~ 0. We can see x is not v-integrable B
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3. NEARSTANDARD FUNCTIONS.

We consider some connections between functions of discrete and continuous ar-

guments.
3.1. To a measure v we set in correspondence a Hilbert space H, containing the
functions € CT with the equality definition: ((z =y) = (Vte€T) (vy >0=

z(t) = y(t)), with the arithmetical operations which hold pointwise, and with the
inner product (z|y) := vray := ), .p 2(t)y(t)vs , and with the norm [|z[| = (z]a)=.
Obviously, dimH, = card {t € T : vy > 0} < card T. Moreover,

Vo € H, xz=Y (|0:)dms, (3.1)

teT

(y/Vt0:) being an orthonormal basis in H,, (see 1.4.2). Let p € My; by Hu we denote
a Hilbert space Ls ,(T) with the usual inner product (§|n) := [ &(7 wu(dr) and

with the norm [|¢]| = (£]€)'/2. By the assumption of exactness of the 1nductor I,
the subalgebra {QE : E € 2"} of the o-algebra A is complete in the following
sense.

3.1.1. Let p € %*M, ¢ € *H,,; then

(VE €2™) ( Enpldr) =0 = £=0). (3.2)
QE

[J Denote
VEEAN pe€ = /g{(T),LL(dT). (3.3)

Obviously, e € *M. Suppose that VE € 2T pu:QFE =~ 0, i.e. the lefthand
side of (3.2) holds. According to (2.11) this means that VE € 2T IIuE =~ 0,
ie. pe € gker Il By (2.20), VE € A pue& = 0, ie. [ &(T)u(dr) = 0, so
£(1)=0 p— ae. N

3.2. Show that the embedding Q : ' — M has a natural extension H, —
H,.

Let v € N, x € CT. Denote

v, E :=vgx = Zx(t)yt. (3.3%)
teE

3.2.1. Let v € N. Then to each function x € H, there corresponds a unique
function Qz € H,, such that Q(v;) = (Qv)gs (s.(3.3)). Namely,

{ z(t), when 7 € Qt,

VieT VreT Quxz(r)= 0 when 7 € T\QT

(3.4)

O Let £ € A. As (vz): = vo{t} = x(t)1, then according to (2.9), Q(v,)€ =
Yer MEN Q) (vp)eh ™ =3, e AME N Qt)x(t)ryh~t. Therefore
ECQt = Q)€ =\Eax(t)rh™ . (3.5)

On the other hand, according to (3.3), (QV)q.€ = [, Qz(7)Qv(dr). But according
0 (2.9), Qu(dr) = Adr)v;h™! on the set £ C Qt. Thus if £ C Qt, then
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(QV) € = [¢ Qz(T)N(dr)reh~t. Now from Q(v,) = (QV)g. and (3.5) we conclude
that Vi e T VE € A

ECQt = \E /Qg; (3.6)

Thus Qz(7) = z(7) A a. e. for 7 € Qt. By 2.1.4, Q(v,)€ = 0 when £ C
T\QT N1

3.2.2. The embedding Q) defined on sets is related to the embedding Q defined
on functions by the relationship

VE €2t Qxg' = XQET (3.7)

where x4Z(b) =1if b€ AN B and x4Z(b) = 0if b € B\ A.

3.3. PROJECTOR P. Let u € M, . The set QC' is a finite-dimensional sub-
space in H,, :  dim QCT < card T. Denote by P, ( in abbreviated form P ) the
orthoprojector H,, — QCT.

3.3.1. The orthoprojector P is an averaging operator, namely

vEeH, vteT VreT

1/v do when 7 € Qt,
Pe(r) = { /e JouElolutdo) “ (3.8)
0, when 7 € T\QT,
where v, := pQt. In particular, if 4 = Qv for some v € N, then
h=! do when 7 € Qt,
P¢(r) = { ot ), “ (3.9)
0, when 7 € T\QT.

[0 The set (\/7¢Q0d:)¢et is an orthonormal basis of the space QCT. By means of
this basis we find P§ = ), . (§]Q0:)Q6:vs. Thus Vr € Qt  P&(7) = (£]Q0;) being
the same as (3.8). According to (2.9),

p=Qv = pldr)lg = veh "I\ (dT). (3.10)

Thus if ¢ = Qu, then (3.9) follows from (3.8) W

3.3.2. DEFINITION. Let pu € S*M,, so that Hilbert space H,, is standard. A
projector P = P, is called a quasi-unity (of the algebra B(H,,)) if V¢ € 5*H,, |P§—
&|l = 0.

L

3.3.3. Note that in the case when T is a discrete interval ab, T= 5[a, b and A is
Lebesgue measure on T, the projector P is a quasi-unity.

3.3.4. Henceforth, we suppose that the orthoprojector P in question is a quasi-
unity. Thus the functions § € *H,, are within an arbitrary infinitesimal precision
approximated by the functions from QCT.

However, in some sense QCT is "more ample” than *H,. Namely, if card{t €
T : uQt > 0} = 400, then (In € QC™\{0}) (V€ €5°H,) ((£|n) = 0). The proof
follows easy from the idealization principle.

3.4. We extend inductor II, given on charges by the relationship HuF = pQFE,
to the functions through the condition

M(pe) = (Tp)ne
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3.4.1. The next formula is true:
I=Q 'P, (3.11)

where Q™! is the operator inverse to @ : CT — QCT and P is the orthoprojector
H, — QC".

O Let t € T. Then M(ue){t} = peQ{t} = [,,&(m)u(dr). On the other hand,
(Mne{th = > ey TE(S)(Mp)s = ME#)Mp{t} = TE(t) pQt. Therefore

1
VEEH, VteT L) =— [ &(r)dr, (3.12)
nQt J ot
which is equivalent to the formula (3.11) B
3.4.2. Obviously, the equalities
QI =T =1, QU=P 1IQ=Ix, PQ=Q (3.13)

are true for the operators () and II acting on functions.
3.4.3. Let p € M., v:=1pu, e.g. p= Qv for some v € N;. Then the operators
Q:H, —H,, II:H, — H, are mutually adjoint:

I=Q*, Q=I". (3.14)

OLetz € H,,{ € H,. Considering (3.13) and isometricity of @ we find (Qz|§) =
(PQa¢) = (Qu|PE) = (2Q 1 P¢) = (a[T1E) M

3.44. Let p € My, v := Ilu. Then the embedding @ : H, — H, is
isometrical.

O By the equality (IIp); = pQt, Vz e H, |Qz|? = [;|Qz(T)]Pv(dr) =

e 2O PQE = ¥ e [(®) Py, = o] W

3.5. Let p e My, & € A, with u€ < oo. Then the formula (3.3) defines pgé
when ¢ € H,, with ue € H}, and  ||ul| = V€.

3.5.1. Let p € My, v:=1lu, e.g. n = Qv for some v € .. If uQF < co then

Vé e H, poré=vellk. (3.15)
[1 This can be proved as follows
pQeé = peQE = (Hug) E = (Mp)ne B = vne £ = vpllE. A
3.5.2. COROLLARY. Let v € N, p=Qv, E €2'. Then
Ve e H, poeQr=rvge. (3.16)

3.6. Let v € ' N and p is the standardized image of the measure v. A function
x € CT is called v-standard (we write z € "™'H,) if + = TI¢ for some function
¢ €3'H,,. Then we call £ v-standardized image of the function .

3.6.1. The v-standardized image of the function z € ™'H), is determined uniquely.

O Assume that £ € *H, and I = 0. As [l = Q" 'P, P& =0. Assuming that
P is a quasi-unity, [[£]| = || — P¢|| = 0. As the number ||£]| is standard, £ =0 B

3.6.2. Each v-standard function is v-integrable.
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O Let v € ™'N,,z € ™'H,. Denote by u and ¢ respectively the standardized
images of v and x so that v = Ily, =z =II¢. Let E € 2T and € := QF. By (3.15),
vpx = ugeé = [¢ &(T)u(dr). If vE ~ 0, then p€ ~ 0 and by absolute continuity
property of Lebesgue integral, vz ~ 0. Moreover, if vE < 0o, then pu& < oo and
| [ &(T)pu(dT)| < o0, because & is standard. Therefore [vpz| < oo W

3.6.3. DEFINITION (cf. with [1],[2]). Let v € ™'N,, p:=°y, £ € H,, FE €
2T A function = € CT is called a lifting of the function £ on E if x is both
v-integrable and *v-integrable, and v-quasi-everywhere x(t) ~ II£(t) on E.

3.6.4. THEOREM. Let v €™ N, p="°y, £€5H, FEc2'andzisa
lifting of z on E. If vE < oo, then [, {(T)u(dr) = 32, cp z(H)vr-

O Let vE < oo and *v := IIp. According to (3.15), poré = (*v)glI€. By 3.6.2,
the function II¢ is ®v-integrable. Then the function x — II¢ is *v-integrable, too.
Let Eg CE, (*v)Ey~0andVte E\Ey z(t) =~ I&(t). Then (*v)p|lz — | =
(1) iy [r—TIE|+ (*0) gy |2~ TIE] & 0. S0 (*0) iz ~ () TIE. Thus pyé ~ (*v) p
and it remains to apply (2.15) B

3.7. v-nearstandardness. Let v € ™'AN, and pu := °v. A function x € C*
is called v-nearstandard (we write z € ™'H,) if ||Qx — £|| ~ 0 for some function
€ € *H,,. In this case & is called v-shadow of the function = and we write °z := &;
function *x := II¢ = II(°z) is called v-shadow of the function x on T.

3.7.1. As (V¢ € ®H,,) (|[¢]| = 0 = £ = 0), the shadows °z and *z are uniquely
determined.

3.7.2. Let v € N, u:= °v,z € C'. Then x € ™'H, if and only if (3¢ €
SH,,) (||lz — || = 0). If £ € 5*H,, and ||z — II¢|| = 0, then & = °z.

[0 As the embedding @ : H, — H,, is isometrical (s. 3.4.4) and the orthopro-
jector P: H, — QCT is a quasi-unity, then

Ve e H, V€ € H, ||z — 1| ~ ||Qz —¢|| W

3.7.3. COROLLARY. Let x € "'H],. Then ||z — *z|| ~ 0.

3.7.4. Let v € ™'A} and p := °v. Each function ¢ € *H,, is a shadow for some
function = € H,, for example of the function z := II{. Moreover, if £ € **H,, then
¢ € "S'H, and °¢ = °(TIE).

0 As P is a quasi-unity, then [|QII§ — &l = [P — [l ~ [|[P(°€) —°¢[[ =0 W

3.7.5. THEOREM. Let v € ™'N, . p:= °v, x € "'H,. Suppose that the function
x is v-integrable and ®v-integrable. Then z is a lifting for its shadow °x and for all
E € 2" if vF < oo then

| capmmtan =Y atom
QE teE

O Let € := °x. Then, by (3.31), |z — II{|| = 0. According to 1.5.5 z(t) ~ II{(t)
quasi everywhere on T. Consequently, x is a lifting of £ and we can apply the
theorem 3.6.4 N
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