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Necessary and su�cient conditions are given for simple unity regular ring to be
elementary divisor ring.

�i¤®¬®, é® ­ ¤ ®¤¨­¨ç­® à¥£ã«ïà­¨¬ ªi«ìæ¥¬ ¤®¢i«ì­  ¬ âà¨æï ¥ª¢i¢ «¥­â-
­  ¤i £®­ «ì­i© ¬ âà¨æi [1]. � ¤ ­i© à®¡®âi ¤®á«i¤¦ãîâìáï ã¬®¢¨ ­  ¯à®áâ¥
®¤¨­¨ç­® à¥£ã«ïà­¥ ªi«ìæ¥, ¯à¨ ïª¨å ¤®¢i«ì­  ¬ âà¨æï § ¥«¥¬¥­â ¬¨ § ¤ ­®£®
ªi«ìæï ¥ª¢i¢ «¥­â­  ¤i £®­ «ì­i© ¬ âà¨æi § ã¬®¢®î ¯®¢­®ù ¯®¤i«ì­®áâi ¢i¤¯®-
¢i¤­¨å ¤i £®­ «ì­¨å ¥«¥¬¥­âi¢, â®¡â® ¤®á«i¤¦ãîâìáï ã¬®¢¨, ¯à¨ ïª¨å ¯à®áâ¥
®¤¨­¨ç­® à¥£ã«ïà­¥ ªi«ìæ¥ õ ªi«ìæ¥¬ ¥«¥¬¥­â à­¨å ¤i«ì­¨ªi¢.

�i¤ ªi«ìæ¥¬ à®§ã¬iõ¬®  á®æi â¨¢­¥ ªi«ìæ¥ § ®¤¨­¨æ¥î, ¢i¤¬i­­®î ¢i¤ ­ã«ï.
�ªé® ¢ ªi«ìæi R ¤«ï ¤®¢i«ì­®£® ¥«¥¬¥­â  a ài¢­ï­­ï axa = a ¬ õ à®§¢'ï§®ª,
â®¤i æ¥ ªi«ìæ¥ ­ §¨¢ õâìáï à¥£ã«ïà­¨¬. �ªé® æ¥© à®§¢'ï§®ª õ §¢®à®â­i¬ ¥«¥-
¬¥­â®¬ ªi«ìæï R, â®¤i R ­ §¨¢ õâìáï ®¤¨­¨ç­® à¥£ã«ïà­¨¬. �®¢®àïâì, é®
ªi«ìæ¥ R ¬ õ áâ ¡i«ì­¨© à ­£ 1, ïªé® § ã¬®¢¨ aR+ bR = R ¢¨¯«¨¢ õ iá­ã¢ ­-
­ï ¥«¥¬¥­â  y ∈ R â ª®£®, é® a + by { §¢®à®â­i© ¥«¥¬¥­â ªi«ìæï R. �i¤®¬®,
é® à¥£ã«ïà­¥ ªi«ìæ¥ õ ®¤¨­¨ç­® à¥£ã«ïà­¨¬ â®¤i i âi«ìª¨ â®¤i, ª®«¨ ¢®­® ¬ õ
áâ ¡i«ì­¨© à ­£ 1 [2].

� £ ¤ õ¬®, é® ¬ âà¨æi A i B § ¥«¥¬¥­â ¬¨ ªi«ìæï R ­ §¨¢ îâì ¥ª¢i¢ «¥­â-
­¨¬¨, ïªé® A = PBQ ¤«ï §¢®à®â­iå ­ ¤ R ¬ âà¨æì P i Q ¢i¤¯®¢i¤­¨å à®§-
¬iài¢. �ªé® ¬ âà¨æï A § ¥«¥¬¥­â ¬¨ ªi«ìæï R ¥ª¢i¢ «¥­â­  ¤¥ïªi© ¤i £®­ «ì-
­i© ¬ âà¨æi diag(ε1, ε2, ..., εr, 0, ..., 0), ¤¥ εiR∩Rεi ⊇ Rεi+1R (i = 1, 2, ..., r− 1),
â® £®¢®àïâì, é® ¬ âà¨æï A ¢®«®¤iõ ¤i £®­ «ì­®î à¥¤ãªæiõî (¯i¤ ¤i £®­ «ì­®î
¬ âà¨æ¥î à®§ã¬iõ¬® ­¥ ®¡®¢'ï§ª®¢® ª¢ ¤à â­ã ¬ âà¨æî,   «¨è¥ â ªã, ¢ ïª®ù ­ 
£®«®¢­i© ¤i £®­ «i áâ®ïâì ¢i¤¯®¢i¤­i ¥«¥¬¥­â¨,   ­  i­è¨å ¬iáæïå { ­ã«i). �ªé®
­ ¤ ªi«ìæ¥¬ ãái ¬ âà¨æi ¢®«®¤iîâì ¤i £®­ «ì­®î à¥¤ãªæiõî, â® â®¤i ªi«ìæ¥ R
­ §¨¢ õâìáï ªi«ìæ¥¬ ¥«¥¬¥­â à­¨å ¤i«ì­¨ªi¢ [3].

�¥à¥§ U(R) ¯®§­ ç¨¬® £àã¯ã §¢®à®â­iå ¥«¥¬¥­âi¢ ªi«ìæï R,   R2 { ªi«ìæ¥
ª¢ ¤à â­¨å ¬ âà¨æì à®§¬iàã 2 § ¥«¥¬¥­â ¬¨ § ªi«ìæï R.
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�¢¥à¤¦¥­­ï 1. �ªé® R { ¯à®áâ¥ ®¤¨­¨ç­® à¥£ã«ïà­¥ ªi«ìæ¥ ¥«¥¬¥­â à­¨å

¤i«ì­¨ªi¢, â® â®¤i ¤«ï ¤®¢i«ì­®£® ­¥­ã«ì®¢®£® ¥«¥¬¥­â  a ∈ R iá­ãîâì ¥«¥-

¬¥­â¨ ui, vi ∈ R (i = 1, 2), â ªi é® u1av1+u2av2 = 1,  ¡® u1(1−a)v1+u2(1−
a)v2 = 1.

�®¢¥¤¥­­ï. � á¨«ã ®§­ ç¥­­ï R ¬ õ¬® diag(a, a)P = Qdiag(z, b), RbR ⊆ zR ∩
Rz, P = (pij) ∈ U(R2), Q = (qij) ∈ U(R2).

�áªi«ìª¨ R { ¯à®áâ¥, â® ¬®¦«¨¢i ¢¨¯ ¤ª¨
1) z ∈ U(R);
2) b = 0.

� ¢¨¯ ¤ªã z ∈ U(R) â¢¥à¤¦¥­­ï ®ç¥¢¨¤­¥. �ªé® ¦ b = 0, â®¤i ap12 =
0, ap22 = 0. �¢i¤á¨ p12 = (1 − a)x, p22 = (1 − a)y, ¤¥ x, y ∈ R. �áªi«ìª¨
Rp12+Rp22 = R, â® up12+vp22 = 1, ¤¥ u, v ∈ R. �¢i¤á¨ u(1−a)x+v(1−a)y = 1,
é® i âà¥¡  ¡ã«® ¤®¢¥áâ¨.

�¢¥à¤¦¥­­ï 2. �¥å © R { ªi«ìæ¥ áâ ¡i«ì­®£® à ­£ã 1 i ¤«ï ¤®¢i«ì­®£® ­¥­ã-

«ì®¢®£® ¥«¥¬¥­â  a ∈ R ¢¨ª®­ãõâìáï u1av1 + u2av2 = 1. �®¤i ¤«ï ¤®¢i«ì­¨å

¥«¥¬¥­âi¢ a, b ∈ R â ª¨å, é® ab ̸= 0,  ¡® ba ̸= 0 §­ ©¤ãâìáï ¥«¥¬¥­â¨ x, y ∈ R
â ªi, é® ax+ yb ∈ U(R).

�®¢¥¤¥­­ï. �ªé® ab ̸= 0, â®¤i u1abv1 + u1abv2 = 1. �áªi«ìª¨ R { áâ ¡i«ì­iáâì
à ­£ã 1, â® § u1aR + u2abR = R, ¢¨¯«¨¢ õ, é® u1ax + u2ab ∈ U(R), x ∈ R.
�¢i¤á¨ Rax+Rb = R, i,  ­ «®£iç­®, ax+ yb ∈ U(R). �¢¥à¤¦¥­­ï ¤®¢¥¤¥­®.

�¥®à¥¬ . �à®áâ¥ ®¤¨­¨ç­® à¥£ã«ïà­¥ ªi«ìæ¥ R õ ªi«ìæ¥¬ ¥«¥¬¥­â à­¨å ¤i«ì-

­¨ªi¢, ïªé® ¤«ï ¤®¢i«ì­®£® i¤¥¬¯®â¥­â  e ∈ R §­ ©¤ãâìáï â ªi ¥«¥¬¥­â¨

ui, vi(i = 1, 2), é® u1ev1 + u2ev2 = 1.

�®¢¥¤¥­­ï. � á¨«ã à¥§ã«ìâ âi¢ [1,3] ¤«ï ¤®¢¥¤¥­­ï â¥®à¥¬¨ ¤®áâ â­ì® ®¡¬¥¦¨-
â¨áì ¬ âà¨æï¬¨ ¢¨£«ï¤ã diag(e, f), ¤¥ e = e2, f = f2.

�ªé® ef = fe = 0, â® â®¤i «¥£ª® ¯¥à¥ª®­ â¨áì, é® ¬ âà¨æï diag(e, f) ¥ª¢i¢ -
«¥­â­  ¬ âà¨æi diag(e+ f, 0). �ªé® ef ̸= 0, â®¤i ¢ á¨«ã â¢¥à¤¦¥­­ï 2 iá­ãîâì
¥«¥¬¥­â¨ x, y ∈ R â ªi, é® xa+ by = u ∈ U(R). �¢i¤á¨(

x 1
1 0

)(
e 0
0 f

)(
1 0
y 1

)
=

(
u f
e 0

)
= B.

�ç¥¢¨¤­®, é® ¬ âà¨æï B ¢®«®¤iõ ¤i £®­ «ì­®î à¥¤ãªæiõî. �áªi«ìª¨ ¬ â-
à¨æi diag(e, f) i B ¥ª¢i¢ «¥­â­i, â® â¥®à¥¬  ¤®¢¥¤¥­ .
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