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Let S be nonempty subsets of prime numbers. An extension L of a �eld K is said
to be S-extension if all the prime divisors of degree [L : K] are contained in S.

Let κ be a S-pseudo�nite �eld, K be a �eld of algebraic functions of one variable
with the �eld of constants κ, IK be the group of ideles of the �eld K and CK be the
idel class group, Gab

K be the Galois group of maximal abelian S-extension of K.
It is shown in the paper that the global norm-residue map �K : IK → Gab

K
induces an isomorphism �L/K : CK/NL/KCL → Gal(L/K) for every �nite abelian
S-extension of the �eld K.

�i¤®¬®, é® ª« á¨ç­  «®ª «ì­  â¥®àiï ¯®«i¢ ª« ái¢ ã§ £ «ì­îõâìáï ­  § £ «ì-
­i «®ª «ì­i ¯®«ï, â®¡â® ­  ¯®¢­i ¤¨áªà¥â­® ­®à¬®¢ ­i ¯®«ï § ª¢ §iáªi­ç¥­­¨¬¨
¯®«ï¬¨ «¨èªi¢. �®¬ã ¯à¨à®¤­® ¯®áâ «® ¯¨â ­­ï, ç¨ ¬®¦­  ã§ £ «ì­¨â¨ £«®-
¡ «ì­ã â¥®àiî ¯®«i¢ ª« ái¢ ­  ¯®«ï  «£¥¡à ùç­¨å äã­ªæi© ¢i¤ ®¤­iõù §¬i­­®ù §
ª¢ §iáªi­ç¥­­¨¬¨ ¯®«ï¬¨ ª®­áâ ­â. �¨ï¢¨«®áï, é® ã § £ «ì­®¬ã ¢¨¯ ¤ªã ¢i¤-
¯®¢i¤ì ­  æ¥ ¯¨â ­­ï ­¥£ â¨¢­ . �¥ ¯®ª § ­® ã à®¡®â å �.�.�i¬  i �.�¥¯«á  [1]
i �.�.�¢¥¤¥­áìª®£® [2]. �¤­ ª ã à®¡®â å �.�.�i¬  i �.�¥¯«á  [1] i � ¥ �ã­ �¥® i
�.�¥¯«á  [3] ¯®ª § ­®, é® £«®¡ «ì­  â¥®àiï ¯®«i¢ ª« ái¢ ¬®¦¥ ¡ãâ¨ ã§ £ «ì­¥­ 
­  ¯®«ï  «£¥¡à ùç­¨å äã­ªæi© ®¤­iõù §¬i­­®ù, ª¢ §iáªi­ç¥­­i ¯®«ï ª®­áâ ­â κ
ïª¨å § ¤®¢®«ì­ïîâì ­ áâã¯­i ã¬®¢¨:

(∗) ¯®«¥ κ ¬ õ ­¥­ã«ì®¢ã å à ªâ¥à¨áâ¨ªã p,  «£¥¡à ùç­¥ ­ ¤ á¢®ù¬ ¯à®áâ¨¬
¯i¤¯®«¥¬ Z/pZ, ¬ õ áªi­ç¥­­¨© q-¯à¨¬ à­¨© áâ¥¯i­ì ­ ¤ Z/pZ ¤«ï ¢áiå ¯à®áâ¨å
q.

� ã¢ ¦¨¬®, é® ª¢ §iáªi­ç¥­­¥ ¯®«¥ κ, é® § ¤®¢®«ì­ïõ ã¬®¢¨ (∗), õ ¯á¥¢¤®-
áªi­ç¥­­¨¬ §  �ªá®¬ [4] ¯®«¥¬ i é® ª« á ¢áiå ¯á¥¢¤®áªi­ç¥­­¨å ¯®«i¢ õ è¨àè¨¬
¢i¤ ª« áã ¯®«i¢ (∗).

� £ ¤ õ¬®, é® ¯á¥¢¤®áªi­ç¥­­¨¬¨ ¯®«ï¬¨ ­ §¨¢ îâì â ªi ¯®«ï, ïªi ¬ îâì
­ áâã¯­i ¢« áâ¨¢®áâi:
1) κ { ¤®áª®­ «¥ ¯®«¥;

2) Gal(�κ/κ) ≃ Ẑ ≃
∏

q Zq, ¤¥ �κ {  «£¥¡à ùç­¥ § ¬¨ª ­­ï ¯®«ï κ i Ẑ = lim←−Z/nZ,
Zq { £àã¯  æi«¨å q- ¤¨ç­¨å ç¨á¥«.

3) ª®¦­¨©  ¡á®«îâ­® ­¥§¢i¤­¨© ¬­®£®¢¨¤ ­ ¤ ¯®«¥¬ κ ¬ õ κ-à æi®­ «ì­ã â®ç-
ªã.
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�®«ï, ïªi § ¤®¢®«ì­ïîâì ®áâ ­­î ã¬®¢ã, ­ §¨¢ îâìáï ¯á¥¢¤®  «£¥¡à ùç­®
§ ¬ª­ãâ¨¬¨ ¯®«ï¬¨.

�¥å © S { ­¥¯®à®¦­ï ¯i¤¬­®¦¨­  ¬­®¦¨­¨ P ¢áiå ¯à®áâ¨å ç¨á¥«. �®áª®­ -
«® ¯á¥¢¤®  «£¥¡à ùç­® § ¬ª­ãâ¥ ¯®«¥ κ ­ §¨¢ õâìáï S-¯á¥¢¤®áªi­ç¥­­¨¬, ïªé®
Gal(κ/κ) ≃

∏
q∈S Zq.

� æi© à®¡®âi ¢¨¢ç îâìáï § £ «ì­i «®ª «ì­i ¯®«ï § S-¯á¥¢¤®áªi­ç¥­­¨¬¨ ¯®-
«ï¬¨ «¨èªi¢ â  ¯®«ï  «£¥¡à ùç­¨å äã­ªæi© ¢i¤ ®¤­iõù §¬i­­®ù § S-¯á¥¢¤®áªi­-
ç¥­­¨¬¨ ¯®«ï¬¨ ª®­áâ ­â.

� «i κ ®§­ ç õ ¯á¥¢¤®áªi­ç¥­­¥ ¯®«¥.

�¥å © N[S] = {n ∈ N | n = pk11 . . . pkm
m ; p1, . . . , pm ∈ S}. �ªé® ℓ/k { à®§è¨à¥­-

­ï ¯®«ï k áâ¥¯¥­ï n i n ∈ N[S], â® ¯®«¥ ℓ ­ §¨¢ õ¬® S-à®§è¨à¥­­ï¬ ¯®«ï k. �ª-
é® S = P , â® ¤®¢i«ì­¥ áªi­ç¥­­¥ à®§è¨à¥­­ï ¯®«ï k õ S-à®§è¨à¥­­ï¬. � ª-
á¨¬ «ì­¨¬ S-à®§è¨à¥­­ï¬ ­ §¨¢ îâì ª®¬¯®§¨â ãáiå áªi­ç¥­­¨å S-à®§è¨à¥­ì,
é® ¬iáâïâìáï ã ¤ ­®¬ã  «£¥¡à ùç­®¬ã § ¬¨ª ­­i ¯®«ï k.

�¥â  æiõù à®¡®â¨ | ã§ £ «ì­¥­­ï «®ª «ì­®ù â¥®àiù ¯®«i¢ ª« ái¢ ­  ¢¨¯ ¤®ª
S-à®§è¨à¥­ì § £ «ì­¨å «®ª «ì­¨å ¯®«i¢ § ¯á¥¢¤®áªi­ç¥­­¨¬¨ ¯®«ï¬¨ «¨èªi¢
â  £«®¡ «ì­®ù â¥®àiù ¯®«i¢ ª« ái¢ ­  ¢¨¯ ¤®ª S-à®§è¨à¥­ì ¯®«i¢  «£¥¡à ùç­¨å
äã­ªæi© ¢i¤ ®¤­iõù §¬i­­®ù § S-¯á¥¢¤®áªi­ç¥­­¨¬¨ ¯®«ï¬¨ ª®­áâ ­â. � ¢¨¯ ¤-
ªã ¯®«ï äã­ªæi© ®¤¥à¦ãõ¬® ã§ £ «ì­¥­­ï à¥§ã«ìâ âã à®¡®â¨ [1]. � ¢¨¯ ¤ªã
§ £ «ì­®£® «®ª «ì­®£® ¯®«ï ®¤¥à¦ãõ¬® ¢i¤®¬i à¥§ã«ìâ â¨, ïªé® S = P i ïªé®
S = {p}, ¤¥ p = charκ, [5,6].

�¤¥à¦ ­i ã à®¡®âi à¥§ã«ìâ â¨  ­®­á®¢ ­i ã [7].

1. �������ö �������ö ����.

�¥å © k { ¯®¢­¥ ¤¨áªà¥â­® ­®à¬®¢ ­¥ ¯®«¥ § S-¯á¥¢¤®áªi­ç¥­­¨¬ ¯®«¥¬
«¨èªi¢ κ, k[S] { ¬ ªá¨¬ «ì­¥ á¥¯ à ¡¥«ì­¥ S-à®§è¨à¥­­ï ã § ¤ ­®¬ã á¥¯ -
à ¡¥«ì­®¬ã § ¬¨ª ­­i ¯®«ï k, G = Gal(k[S]/k) { ©®£® £àã¯  � «ã , F = {ℓ |
k ⊂ ℓ ⊂ k[S], [ℓ : k] < ∞}, Gℓ = Gal(k[S]/ℓ) ¤«ï ℓ ∈ F . �«ï £àã¯¨ A ­¥å ©
A(S) = {a ∈ A | ∃n ∈ N[S], an = id}. �¥à¥§ Bℓ ¯®§­ ç¨¬® £àã¯ã �à ã¥à  ¯®«ï
ℓ. � õ ¬iáæ¥

�¥®à¥¬  1. �«ï ℓ ∈ F iá­ãîâì i§®¬®àäi§¬¨ inv
(S)
ℓ : B

(S)
ℓ → (Q/Z)(S) â ªi,

é® {G, {Gℓ | ℓ ∈ F}, k[S]∗, inv
(S)
ℓ } õ ä®à¬ æiõî ª« ái¢.

�®¢¥¤¥­­ï. �¥å © ℓ/k { áªi­ç¥­­¥  ¡® ­¥áªi­ç¥­­¥ à®§è¨à¥­­ï � «ã . G =
Gal(ℓ/k) { ©®£® â®¯®«®£iç­  £àã¯  � «ã . A { ¤¨áªà¥â­¨© G-¬®¤ã«ì, Hi(G,A)
{ ª®£®¬®«®£iù � «ã . �i¤®¬®, é® H1(G, ℓ∗) = 0 §  â¥®à¥¬®î �i«ì¡¥àâ -90,
Bk = H2(Gal(ks/k), k

∗
s) =

∪
[ℓ1:k]<∞

(Gal(ℓ1/k), ℓ
∗
1). �áªi«ìª¨ ¯®«¥ «¨èªi¢ ¯®«ï k

õ ¤®áª®­ «¨¬, â® ¬ õ¬® â®ç­ã ¯®á«i¤®¢­iáâì [5]

0→ Bκ → Bk → Hom(Gal(�κ/κ),Q/Z)→ 0 (1)

(Hom(Gal(�κ/κ),Q/Z) { £àã¯  ­¥¯¥à¥à¢­¨å £®¬®¬®àäi§¬i¢). � â®£®, é® ¯®«¥ κ
õ ¯á¥¢¤®  «£¥¡à ùç­® § ¬ª­ãâ¨¬, ¢¨¯«¨¢ õ, é® Bκ = 0. � â®ç­®ù ¯®á«i¤®¢­®áâi
(1) ®¤¥à¦ãõ¬®

Bk ≃ Hom(Gal(�κ/κ),Q/Z). (2)
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�ªé® ℓ/k { áªi­ç¥­­¥ à®§è¨à¥­­ï § i­¤¥ªá®¬ £ «ã¦¥­­ï e i λ { ¯®«¥ «¨èªi¢
¯®«ï ℓ, â® á¯à ¢¥¤«¨¢  ª®¬ãâ â¨¢­  ¤i £à ¬  (¤¨¢. [5,6])

Bk

α∼−−−−→ Hom(Gal(�κ/κ),Q/Z)yres

ye·res

Bℓ

α′
∼−−−−→ Hom(Gal(�κ/λ),Q/Z).

(3)

�ªé® �σ { â¢ià­  £àã¯¨ Gal(�κ/κ), â® ®§­ ç¨¬® £®¬®¬®àäi§¬

β : Hom(Gal(�κ/κ),Q/Z)→ (Q/Z)(S),

¯®ª« ¢è¨ β(χ) = χ(�σ) ¤«ï χ ∈ Hom(Gal(�κ/κ),Q/Z). �«ï áªi­ç¥­­®£® à®§è¨-
à¥­­ï λ/κ áâ¥¯¥­ï n ∈ N[S]  ­ «®£iç­® ®§­ ç õ¬® β′ : Hom(Gal(�κ/λ),Q/Z) →
(Q/Z)(S), β′(χ′) = χ′(�σn) ¤«ï χ′ ∈ Hom(Gal(�κ/λ),Q/Z)

Hom(Gal(�κ/κ),Q/Z) ∼→ Hom(
∏
q∈S

Zq,Q/Z) ∼→ (Q/Z)(S).

� áâã¯­  ¤i £à ¬ 

Hom(Gal(�κ/κ),Q/Z)
β∼−−−−→ (Q/Z)(S)yres

yn

Hom(Gal(�κ/λ),Q/Z)
β′
∼−−−−→ (Q/Z)(S)

(4)

ª®¬ãâ â¨¢­ .
�¯à ¢¤i, β′ res χ = res χ(�σn) = χ(�σn) = nχ(�σ) = nβ(χ).
�¥å © â¥¯¥à ℓ/k { áªi­ç¥­­¥ á¥¯ à ¡¥«ì­¥ S-à®§è¨à¥­­ï ¯®«ï k, n = [ℓ :

k] ∈ N[S]. �®ª« ¤¥¬® invk = β ◦ α, invℓ = β′ ◦ α′. �®¤i § (3) i (4) ¢¨¯«¨¢ õ, é®
¤i £à ¬ 

Bk
∼−−−−→

invk
(Q/Z)(S)yres

yn

Bℓ
∼−−−−→

invℓ

(Q/Z)(S)

(5)

ª®¬ãâ â¨¢­ .
� ª®¬ãâ â¨¢­®ù ¤i £à ¬¨ § â®ç­¨¬¨ àï¤ª ¬¨

0 −−−−→ H2(Gal(ℓ/k), ℓ∗) −−−−→ Bk −−−−→ Bℓyinvℓ/k

yinvk

yinvℓ

0 −−−−→ Z/nZ −−−−→ (Q/Z)(S) n−−−−→ (Q/Z)(S)

®¤¥à¦ãõ¬®, é®
H2(Gal(ℓ/k), ℓ∗)

∼→ Z/nZ. (6)

�à å®¢ãîç¨ ¢áî ®¤¥à¦ ­ã i­ä®à¬ æiî, ¡ ç¨¬®, é® â¥®à¥¬  1 ¤®¢¥¤¥­ .
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2. ���� �����ö�.

�¥å © κ { S-¯á¥¢¤®áªi­ç¥­­¥ ¯®«¥, j = Gal(�κ/κ), j ≃
∏
q∈S

Zq, �σ { äiªá®¢ ­ 

â¢ià­  £àã¯¨ j.
�ªé® k § £ «ì­¥ «®ª «ì­¥ ¯®«¥ § ¯®«¥¬ «¨èªi¢ κ, â® ïª ¡ã«® ¯®ª § ­® ¢

¯.1, iá­ãõ i§®¬®àäi§¬ invk : Bk
∼→ (Q/Z)(S), ¤¥ Bk { £àã¯  �à ã¥à  ¯®«ï k.

�¥å © ℓ/k { áªi­ç¥­­¥ S-à®§è¨à¥­­ï � «ã , G = Gal(ℓ/k). �à å®¢ãîç¨ (6),
¡ ç¨¬®, é® £àã¯  H2(G, ℓ∗) æ¨ª«iç­ , ¬ õ ¯®àï¤®ª n = [ℓ : k] i ¬ õ ª ­®­iç­ã
â¢ià­ã uℓ/k â ªã, é® invk(uℓ/k) =

1
n ∈ Q/Z. ∪-¤®¡ãâ®ª ­  uℓ/k

H−2(G,Z)
uℓ/k−→ H0(G, ℓ∗)

¢¨§­ ç õ i§®¬®àäi§¬ £àã¯¨ Gab { £àã¯¨ � «ã  ¬ ªá¨¬ «ì­®£®  ¡¥«¥¢®£® ¯i¤à®§-
è¨à¥­­ï à®§è¨à¥­­ï ℓ/k ­  £àã¯ã k∗/Nℓ/kℓ

∗, ¤¥ Nℓ/k { ­®à¬¥­­¨© £®¬®¬®à-
äi§¬. �¡¥à­¥­¨© ¤® æì®£® i§®¬®àäi§¬ã ­ §¨¢ õâìáï «®ª «ì­¨¬ ¢i¤®¡à ¦¥­­ï¬
¢§ õ¬­®áâi  ¡® «®ª «ì­¨¬ ¢i¤®¡à ¦¥­­ï¬ ­®à¬¥­­®£® «¨èªã

�ℓ/k : k
∗/Nℓ/kℓ

∗ → Gab.

�i¤®¡à ¦¥­­ï �ℓ/k ¬®¦­  ®¯¨á â¨ §  ¤®¯®¬®£®î å à ªâ¥ài¢ [8]: ­¥å ©

χ ∈ Hom(G,Q/Z)
δ∼→ H2(G,Z) ¤¥ïª¨© å à ªâ¥à £àã¯¨G, δχ { ©®£® ®¡à § ã £àã¯i

H2(G,Z) ¢i¤­®á­® ª®£à ­¨ç­®£® £®¬®¬®àäi§¬ã δ, �a { ®¡à § ¥«¥¬¥­â  a ∈ k∗

ã k∗/Nℓ/kℓ
∗ ¢i¤­®á­® ª ­®­iç­®£® £®¬®¬®àäi§¬ã, �a ∪ δχ { ∪-¤®¡ãâ®ª �a i δχ,

�a ∪ δχ ∈ H2(G, ℓ∗) ⊂ Bk. �«ï χ ∈ Hom(G,Q/Z) á¯à ¢¥¤«¨¢  ài¢­iáâì

χ(�ℓ/k(a)) = invk(�a ∪ δχ). (7)

�i¤®¡à ¦¥­­ï �ℓ/k ¤®¡à¥ ã§£®¤¦¥­i ¬i¦ á®¡®î ¤«ï ài§­¨å ℓ ([8], áâ. 218),
é® ¤®§¢®«ïõ, ¯¥à¥å®¤ïç¨ ¤® £à ­¨æi, ¢¨§­ ç¨â¨ £®¬®¬®àäi§¬ �k («®ª «ì­¨©
á¨¬¢®« ­®à¬¥­­®£® «¨èªã)

�k : k
∗ → Gab

k ,

¤¥Gab
K { £àã¯  � «ã  ¬ ªá¨¬ «ì­®£®  ¡¥«¥¢®£® S-à®§è¨à¥­­ï ¯®«ï k. � ài¢­®áâi

(7) ¢¨¯«¨¢ õ, é® ¤«ï ¤®¢i«ì­®£® å à ªâ¥àã χ ∈ Hom(Gab
k ,Q/Z) á¯à ¢¥¤«¨¢ 

ài¢­iáâì
χ(�k(a)) = invk(�a ∪ δχ).

� ã¢ ¦¨¬®, é® £®¬®¬®àäi§¬ �k § «¥¦¨âì «¨è¥ ¢i¤ ¢¨¡®àã â¢ià­®ù £àã¯¨
j = Gal(�κ/κ).

�¥å © â¥¯¥à K { ¯®«¥  «£¥¡à ùç­¨å äã­ªæi© ¢i¤ ®¤­iõù §¬i­­®ù § S-ª¢ §iáªi­-
ç¥­­¨¬ ¯®«¥¬ ª®­áâ ­â κ. �¥å © v { ­®à¬ã¢ ­­ï ¯®«ï K. �®¯®¢­¥­­ï kv ¯®«ï
K §  ­®à¬ã¢ ­­ï¬ v õ § £ «ì­¨¬ «®ª «ì­¨¬ ¯®«¥¬ i ©®£® ¯®«¥ «¨èªi¢ κv õ áªi­-
ç¥­­¨¬  «£¥¡à ùç­¨¬ à®§è¨à¥­­ï¬ ¯®«ï κ. �®¬ã κv { â ª®¦ S-ª¢ §iáªi­ç¥­­¥
¯®«¥ i ¬¨ ¬®¦¥¬® ¢¢ ¦ â¨ �σdv ( dv = [κv : κ] ) â¢ià­®î £àã¯¨ jv = Gal(�κ/κv)
(�κ {  «£¥¡à ùç­¥ § ¬¨ª ­­ï ¯®«ï κv) i ®§­ ç¨â¨ «®ª «ì­i á¨¬¢®«¨ ­®à¬¥­­®£®
«¨èªã �v : k

∗
v → Gab

kv
¤«ï ¢áiå ­®à¬ã¢ ­ì v ¯®«ï K.

�¥å © IK { £àã¯  i¤¥«i¢ ¯®«ïK. Gab
K { £àã¯  � «ã  ¬ ªá¨¬ «ì­®£®  ¡¥«¥¢®£®

S-à®§è¨à¥­­ï ¯®«ï K. �§­ ç¨¬® £«®¡ «ì­¨© á¨¬¢®« ­®à¬¥­­®£® «¨èªã

~�K : IK → Gab
K ,
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¯®ª« ¢è¨ ~�K =
∏

v �v (v ¯à®¡i£ õ ¢ái ­®à¬ã¢ ­­ï ¯®«ï K),  ¡®, ¢ â¥à¬i­ å
å à ªâ¥ài¢: ¤«ï ¤®¢i«ì­®£® χ ∈ Hom(Gab

K ,Q/Z)

χ( ~�K(a)) = invK(a ∪ δχ) =
∑
v

invkv (a ∪ δχ).

� â¥®à¥¬¨ �§¥­  â  ä®à¬ã«¨ ¤®¡ãâªã ¢¨¯«¨¢ õ, é® £®¬®¬®àäi§¬ ~�K âà¨-
¢i «ì­¨© ­  £®«®¢­¨å i¤¥«ïå i, ®â¦¥, ¢¨§­ ç õ £®¬®¬®àäi§¬ �K : CK → Gab

K ,
¤¥ CK { £àã¯  ª« ái¢ i¤¥«i¢ ¯®«ï K. �®¬®¬®àäi§¬ �K â ª®¦ ­ §¨¢ îâì £®¬®-
¬®àäi§¬®¬ ­®à¬¥­­®£® «¨èªã.

�§­ ç¥­­ï. �ª ¦¥¬®, é® § ª®­ ¢§ õ¬­®áâi ¢¨ª®­ãõâìáï ¤«ï S-à®§è¨à¥­ì
­ ¤ ¯®«¥¬ κ, ïªé® ¤«ï ª®¦­®£® ¯®«ï K  «£¥¡à ùç­¨å äã­ªæi© ­ ¤ ¯®«¥¬ ª®­-
áâ ­â κ £®¬®¬®àäi§¬ ­®à¬¥­­®£® «¨èªã i­¤ãªãõ i§®¬®àäi§¬

�L/K : CK/NL/KCL → Gal(L/K)

¤«ï ¢áiå áªi­ç¥­­¨å  ¡¥«¥¢¨å S-à®§è¨à¥­ì ¯®«ï K.

�¥®à¥¬  2. � ª®­ ¢§ õ¬­®áâi ¢¨ª®­ãõâìáï ¤«ï S-à®§è¨à¥­ì ­ ¤ S-¯á¥¢¤®-
áªi­ç¥­­¨¬ ¯®«¥¬ κ.

�®¢¥¤¥­­ï. �¥å © ~K = �κK, ¤¥ �κ {  «£¥¡à ùç­¥ § ¬¨ª ­­ï ¯®«ï κ, Div ~K
(¢i¤¯®¢i¤­® P ( ~K)) { £àã¯  ¤¨¢i§®ài¢ (¢i¤¯®¢i¤­® £®«®¢­¨å ¤¨¢i§®ài¢) ¯®«ï ~K,

Pic ~K = Div ~K/P ( ~K), j = Gal(�κ/κ), BrK = H2(j, ~K∗), Bkv { £àã¯  �à ã¥à 
§ £ «ì­®£® «®ª «ì­®£® ¯®«ï kv.

� à®¡®âi [1] ¤®¢¥¤¥­  ¤®áâ â­ï ã¬®¢  ¢¨ª®­ ­­ï § ª®­ã ¢§ õ¬­®áâi ¤«ï ¤®-
¢i«ì­¨å à®§è¨à¥­ì (â®¡â® ã ¢¨¯ ¤ªã S = P { ¬­®¦¨­  ¢áiå ¯à®áâ¨å ç¨á¥«)
­ ¤ ª¢ §iáªi­ç¥­­¨¬ ¯®«¥¬ κ. � á ¬¥, § ª®­ ¢§ õ¬­®áâi ¢¨ª®­ãõâìáï ­ ¤ κ,
ïªé® H1(j, P ic ~K) = 0. �ài¬ â®£®, ïªé® H1(j, P ic ~K) = 0, â® ¬ õ ¬iáæ¥ â®ç­ 
¯®á«i¤®¢­iáâì

0→ BrK →
∑
v

Bkv

invK−→ (Q/Z)(S) → 0 (8)

¤¥ invK { áã¬  «®ª «ì­¨å i­¢ ài ­âi¢ inv kv
. �¥£ª® ¯¥à¥¢ià¨â¨, é® æi ä ªâ¨

§ «¨è îâìáï ¢ á¨«i i ã ¢¨¯ ¤ªã, ª®«¨ ¯®«¥ κ õ S-¯á¥¢¤®áªi­ç¥­­¨¬. �«¥­¨
â®ç­®ù ¯®á«i¤®¢­®áâi (8) õ ã æì®¬ã ¢¨¯ ¤ªã S-¯¥ài®¤¨ç­¨¬¨ £àã¯ ¬¨.

�â¦¥, ¤«ï ¤®¢¥¤¥­­ï â¥®à¥¬¨ 2 ¤®á¨âì ¯®ª § â¨, é® ïªé® κ { S-¯á¥¢¤®áªi­-
ç¥­­¥ ¯®«¥, â® H1(j, P ic ~K) = 0.

�¥å © X { £« ¤ª ,  ¡á®«îâ­® ­¥§¢i¤­  ªà¨¢ , é® õ ¬®¤¥««î ¯®«ï K. �X =
X ×κ �κ { ¬®¤¥«ì ¯®«ï ~K = �κK. �®¤i Div ~K ≃ Div �X, Pic ~K ≃ Pic �X. �¥å ©
Pic0 �X { ¯i¤£àã¯  £àã¯¨ Pic �X, é® áª« ¤ õâìáï § ¥«¥¬¥­âi¢ ­ã«ì®¢®£® áâ¥¯¥­ï
£àã¯¨ Pic �X. �®§£«ï­¥¬® â®ç­ã ¯®á«i¤®¢­iáâì ª®£®¬®«®£i© � «ã 

H1(j, P ic0 �X)→ H1(j, P ic �X)→ H1(j,Z) = 0, (9)

¢i¤¯®¢i¤­ã â®ç­i© ¯®á«i¤®¢­®áâi j-¬®¤ã«i¢

0→ Pic0 �X → Pic �X → Z→ 0.

�¥å © J { κ-¬­®£®¢¨¤ �«ì¡ ­¥§¥ ¤«ïX, J (�κ) { £àã¯  �κ-à æi®­ «ì­¨å â®ç®ª
¬­®£®¢¨¤ã J . � à®¡®âi �. �iåâ¥­¡ ã¬  [9] ¯®ª § ­®, é® £àã¯¨ J (�κ) i Pic �X
i§®¬®àä­i ïª j-¬®¤ã«i, ®â¦¥ H1(j,J (�κ)) = H1(j, P ic0 �X).
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� «i, H1(j,J (�κ)) = 0, ®áªi«ìª¨ ¯®«¥ κ õ ¯á¥¢¤®  «£¥¡à ùç­® § ¬ª­ãâ¨¬.
�®¬ã § â®ç­®ù ¯®á«i¤®¢­®áâi (9) ®¤¥à¦ãõ¬®

H1(j, P ic �X) = H1(j, P ic0 �X) = 0.

�¥å © â¥¯¥à L/K { áªi­ç¥­­¥ S-à®§è¨à¥­­ï � «ã  ¯®«ï K, G = Gal(L/K).
� ¯¨è¥¬® â®ç­ã ¯®á«i¤®¢­iáâì (8) ¤«ï ¯®«ï L:

0→ Br L→
∑
v

Bℓv
invL−→ (Q/Z)(S) → 0. (10)

�®§£«ï­¥¬® â®ç­ã ª®¬ãâ â¨¢­ã ¤i £à ¬ã

0 −−−−→ BrK −−−−→
∑

v Bkv

invK−−−−→ (Q/Z)(S) −−−−→ 0y y y
0 −−−−→ (Br L)G −−−−→ (

∑
v Bℓv )

G invL−−−−→ (Q/Z)(S) −−−−→ H1(G,Br L),
(11)

ã ïªi© ­¨¦­i© àï¤®ª | ¢i¤ài§®ª â®ç­®ù ¯®á«i¤®¢­®áâi ª®£®¬®«®£i©, é® ¢i¤¯®-
¢i¤ õ â®ç­i© ¯®á«i¤®¢­®áâi (10). � ¤i £à ¬¨ (11) i «¥¬¨ ¯à® §¬iî ¬ õ¬® â®ç­ã
¯®á«i¤®¢­iáâì

0→ H2(G,L∗)→ H2(G, IL)→ Z/nZ→ (Br L)G/ImBrK, (12)

¤¥ n = [L : K].
�ài¬ â®£®, â®ç­i© ¯®á«i¤®¢­®áâi G-¬®¤ã«i¢

0→ L∗ → IL → CL → 0

¢i¤¯®¢i¤ õ â®ç­  ¯®á«i¤®¢­iáâì ª®£®¬®«®£i© � «ã 

0→ H1(G,CL)→ H2(G,L∗)→ H2(G, IL)→ H2(G,CL)→ H3(G,L∗). (13)

�¥å © L/K { æ¨ª«iç­¥ à®§è¨à¥­­ï. �®¤i â®ç­  á¯¥ªâà «ì­  ¯®á«i¤®¢­iáâì
�®åèi«ì¤ -�¥àà 

0→ H2(G,L∗)→ BrK → (Br L)G → H3(G,L∗)

¯®ª §ãõ, é® BrK → (Br L)G { ¥¯i¬®àäi§¬, i â®¬ã â®ç­  ¯®á«i¤®¢­iáâì (12) ¤ õ
â®ç­ã ¯®á«i¤®¢­iáâì

0 −−−−→ H2(G,L∗) −−−−→ H2(G, IL)
invK−−−−→ Z/nZ −−−−→ 0. (14)

�®ài¢­îîç¨ (13) i (14), ®¤¥à¦ãõ¬® ¤«ï æ¨ª«iç­®£® S-à®§è¨à¥­­ï ¯®«ï K:
1. H1(Gal(L/K), CL) = 0, (15)
2. |H2(Gal(L/K), CL)| = [L : K].
�®ªà¥¬  § (15) ¢¨¯«¨¢ õ, é® ¤«ï ª®¦­®£®  ¡¥«¥¢®£® S-à®§è¨à¥­­ï � «ã 

L/K iá­ãîâì ­®à¬ã¢ ­­ï ¯®«ï K, é® ­¥ à®§¯ ¤ îâìáï æi«ª®¬ ¢ L. �â¦¥,
�K : CK → Gab

K i­¤ãªãõ ¥¯i¬®àäi§¬ �L/K : CK/NL/KCL → Gal(L/K) ¤«ï ¢áiå
æ¨ª«iç­¨å S-à®§è¨à¥­ì L/K ¯à®áâ®£® áâ¥¯¥­ï,   §¢i¤á¨ ¢¨¯«¨¢ õ [8, á.275], é®
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�L/K { ¥¯i¬®àäi§¬ ¤«ï ¢áiå áªi­ç¥­­¨å  ¡¥«¥¢¨å à®§è¨à¥­ì L/K, [L : K] ∈
N[S]. �®¬ã §  "­¥¯à¨õ¬­®î"«¥¬®î [8, á.210] ¯®àï¤ª¨ £àã¯ H0(Gal(L/K), CL) i
H2(Gal(L/K), CL) ¤i«ïâì [L : K] ¤«ï ¢áiå áªi­ç¥­­¨å S-à®§è¨à¥­ì � «ã  L/K.
�â¦¥,

�L/K : CK/NL/KCL → Gal(L/K)

{ i§®¬®àäi§¬ ¤«ï ¢áiå áªi­ç¥­­¨å  ¡¥«¥¢¨å S-à®§è¨à¥­ì, é® i § ¢¥àèãõ ¤®¢¥-
¤¥­­ï â¥®à¥¬¨ 2.

� ã¢ ¦¥­­ï. �®¦­  ¯®ª § â¨, ­ á«i¤ãîç¨ �¥©â  [8, á.295{300], é® ª« -
á¨ i¤¥«i¢ ¯®«ï  «£¥¡à ùç­¨å äã­ªæi© ¢i¤ ®¤­iõù §¬i­­®ù § S-¯á¥¢¤®áªi­ç¥­­¨¬
¯®«¥¬ ª®­áâ ­â ãâ¢®àîîâì ä®à¬ æiî ª« ái¢ ¤«ï S-à®§è¨à¥­ì ¯®«ï K.
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