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Abstract. Y. Kholyavka, On the approximation of certain numbers connected with
Jacobi elliptic functions, Math. Stud. 2 (1993) 10{13.

Let sn z, ω and κ be the notations of the Jacobi elliptic function theory; let β be
any complex number di�erent from the poles of sn z. We estimate from below the
simultaneous approximation κ, ω, β and snβ.

�¥å © sn z { ¥«i¯â¨ç­  äã­ªæiï �ª®¡i, κ { ¬®¤ã«ì (κ ̸= 0, 1), 4ω â  2ω′ {

¤®¢i«ì­  äiªá®¢ ­  ¯ à  ®á­®¢­¨å ¯¥ài®¤i¢ sn z (¯®§­ ç¥­­ï [1, c.216]); ξ1, . . . , ξ4

{ ­ ¡«¨¦ îçi  «£¥¡à ùç­i ç¨á« , ni â  Li { ùå áâ¥¯¥­i â  ¤®¢¦¨­¨, n = degQ(ξ1,
. . . , ξ4).

�¥®à¥¬ . �¥å © β ∈ C, β ¢i¤¬i­­¥ ¢i¤ ¯®«îái¢ sn z. �®¤i

|ω − ξ1|+ |κ − ξ2|+ |β − ξ3|+ | snβ − ξ4| > exp(−�T 3), (1)

¤¥

T = n

[
lnL1

n1
+ · · ·+ lnL4

n4
+ lnn

]
, (2)

� { ¤¥ïª  ¥ä¥ªâ¨¢­  áâ « .

�à¨ ¤®¢¥¤¥­­i â¥®à¥¬¨ ¢¨ª®à¨áâ õ¬® ­ áâã¯­i â¢¥à¤¦¥­­ï.

�¥¬  1. �¥å © s, l ∈ N. �®¤i (snl z)(s) = Ds,l(κ, sn z, sn′ z), ¤¥ Ds,l ∈ Z[x1, x2,
x3], degx1 Ds,l ≤ S, degx2 Ds,l ≤ s+ l, degx3 Ds,l ≤ 1, L(Ds,l) ≤ 4s2l(s+ l)!.
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�¥¬  2. �¥å © P ∈ C[x1, x2], P (x1, x2) ̸≡ 0 { ¬­®£®ç«¥­ áâ¥¯¥­ï ­¥ ¡i«ìè¥

N1 ¯® x1 i N2 ¯® x2, N2 ≥ 1, a ∈ C. �®¤i äã­ªæiï F (z) = P (z, sn(z+ a)) ¬ õ ­¥

¡i«ìè¥ 8N1N2 + 4N2 + 2 ­ã«i¢ (§ ¢à åã¢ ­­ï¬ ªà â­®áâi).

�®¢¥¤¥­­ï æ¨å â¢¥à¤¦¥­ì á¯i¢¯ ¤ îâì § ¤®¢¥¤¥­­ï¬¨ ¢i¤¯®¢i¤­¨å ¢« áâ¨-

¢®áâ¥© ¥«i¯â¨ç­®ù äã­ªæiù �¥©õàèâà áá  ([2, c.256], [3, c.57]).

�®¢¥¤¥­­ï â¥®à¥¬¨. �à¨¯ãáâ¨¬®, é® ¤«ï ¤®á¨âì ¢¥«¨ª®£® λ ∈ N

|ω − ξ1|+ |κ − ξ2|+ |β − ξ3|+ | snβ − ξ4| < exp(−λ14T 3). (3)

� ¤ «i ¡ã¤¥¬® ¤®âà¨¬ã¢ â¨áì ­ áâã¯­¨å ¯®§­ ç¥­ì:

|f(z)|z∈D = supz∈D |f(z)|; (m,m1, s) ∈ 
(A,S) â  (m, s) ∈ 
(A,S) { â¢ià­i ¥«¥-

¬¥­â¨ ¯®«ï Q(ξ1, . . . , ξ4). �¥ §¬¥­èãîç¨ § £ «ì­®áâi, ¬®¦­  ¢¢ ¦ â¨ ξ2 ̸= 0, 1.

�®§£«ï­¥¬® äã­ªæiî sn z, ¬®¤ã«ì ïª®ù ài¢­¨© ξ2 [1, c.235]. � ¤ «i ¡ã¤¥¬®

¯®§­ ç â¨ æî äã­ªæiî ç¥à¥§ s̃nz. �¥å © 4~ω â  2~ω′ { ¤¥ïª  ¯ à  ®á­®¢­¨å

¯¥ài®¤i¢ s̃nz. �¨ª®à¨áâ ¢è¨ [1, c.235], ®âà¨¬ õ¬® ®æi­ªã §¢¥àåã ¤«ï |gi − ~gi|
¯®àï¤ªã ®æi­ª¨ (3) (gi, ~gi ¢¨§­ ç îâìáï ¯® κ i ξ2 ¢i¤¯®¢i¤­®). I§ § ¯¨áã ω â  ~ω

§  ¤®¯®¬®£®î ¥«i¯â¨ç­¨å i­â¥£à «i¢ ¯¥àè®£® à®¤ã § g2, g3 â  ~g2, ~g3 ¢i¤¯®¢i¤­®

[1. c.251] ¢¨¯«¨¢ õ, é® ùå ¬®¦­  ¢¨¡à â¨ â ª, é®¡¨ ¢¨ª®­ã¢ « áì ®æi­ª 

|ω − ~ω|+ |ω′ − ~ω′| < exp(−1

2
λ14T 3). (4)

�§­ ç¨¬®

F (z) =

K∑
k=0

L∑
l=0

Ck,lz
k s̃nlz, Ck,l =

n∑
τ=1

Ck,l,τ , Ck,l,τ ∈ Z; (5)

Fm(z) =

K∑
k=0

L∑
l=0

Ck,lz
k s̃nl(z − αm), (6)

¤¥ αm = 4m~ω + ξ3 −�, s̃n� = ξ3;

K = λ6T 2, S = λ10T 2, N = λT, L = λ6T, N 1 = λ3T. (7)

�®§£«ï­¥¬® F
(s)
m (4mξ1+ξ3), (m, s) ∈ 
(N , S), ïª NS «i­i©­¨å ä®à¬ ¢i¤ nKL

§¬i­­¨å Ck,l,τ . �¨ª®à¨áâ ¢è¨ ¯à¨­æ¨¯ �iàiå«¥ [3, c. 56], ¢¨¡¥à¥¬® ­¥ ¢ái ài¢­i

­ã«î Ck,l,τ â ª¨¬¨, é®

F (s)
m (4mξ1 + ξ3) = 0, |Ck,l,τ | < exp(λ9,1T 2(lnT +

4∑
i=1

lnLi

ni
)). (8)

� (3){(8) i «¥¬¨ 1 ®âà¨¬ õ¬® ¤«ï (m, s) ∈ 
(2N 1, S)

|F (s)(4mω̃ + β)− F (s)
m (4mξ1 + ξ3)| < exp(−1

3
λ14T 3). (9)

� (8), (9) ¯à¨ (m, s) ∈ 
(N , S) ®âà¨¬ õ¬®

|F (s)(4mω̃ + β)| < exp(−1

3
λ14T 3). (10)

�®ª ¦¥¬®, é® (10) ¢¨ª®­ãõâìáï ¤«ï (m, s) ∈ 
(N 1, S).
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�á­®¢­  �¥¬ . �ªé® ®æi­ª  (10) ¢ià­  ¤«ï (m, s) ∈ 
(N p, S), â® ¢®­  ¢¨-

ª®­ãõâìáï i ¤«ï (m, s) ∈ 
(Np+1, S), ¤¥ Np = 2pN , 2p < 2λ2.

�®¢¥¤¥­­ï. �¥å © G(z) = F (z)~σL(z−ω̃′), ¤¥ ~σ(z) ¢¨§­ ç õâìáï ç¨á« ¬¨ ω̃, ω̃′ [1,

c.179]. �¨¡¥à¥¬® ­ ©¬¥­è¥ ¬®¦«¨¢¥ æi«¥ r â ª, é®¡¨ ¢ ªàã§i à ¤iãá  r ¬iáâ¨¢áï

¯ à «¥«®£à ¬ § ¢¥àè¨­ ¬¨±4(Np+1+1)ω̃±2(Np+1+1)ω̃
′ â  ¢¨ª®­ã¢ « áì ã¬®¢ 

r > |�| + |β|. �®§­ ç¨¬® R = 12r. �®¤i § (5), (7) â  ®æi­®ª |s̃nz · ~σ(z)|, |~σ(z)|
§¢¥àåã («¥¬  7.1, [4, c.78]) ¢¨¯«¨¢ õ

|G(z)||z|<r < exp(λ8(22p + λ1,1)T 3). (11)

�¨ª®à¨áâ ¢è¨ (7), (11) â  ¯à¨¯ãé¥­­ï ®á­®¢­®ù «¥¬¨, § ­ á«i¤ª®¬ ä®à¬ã«¨

�à¬iâ  [3, c.59] ®âà¨¬ õ¬®

|G(s)(z)||z|≤r < exp(−λ112pT 3). (12)

� ¤®á¨âì ¬ «®¬ã ε-®ª®«i â®ç®ª 4mω̃ + 2m1ω̃
′ + β äã­ªæiï ~σ(z − ω̃′) ­¥ ¬ õ

­ã«i¢, â®¬ã § «¥¬¨ 7.1 ¢ [4, c.78], ¤«ï |m1|, |m1| ≤ Np+1 ¢¨¯«¨¢ õ

|~σ(z + ω̃′)|z∈V (ε,4m~ω+2m1~ω′+β) > exp(−λ822p+1T 3). (13)

� (12){(13) ¤«ï (m, s) ∈ 
(Np+1, S) ®âà¨¬ õ¬®

|F (s)(4mω̃ + β)| < exp(−1

2
λ112pT 3). (14)

�à å®¢ãîç¨ (9), § (14) ¤«ï (m, s) ∈ 
(Np+1, S) ¢¨¯«¨¢ õ

|F (s)
m (4mξ1 + ξ3)| < exp(−1

3
λ1122pT 3). (15)

�®§£«ï¤ îç¨ F
(s)
m (4mξ1 + ξ3), (m, s) ∈ 
(Np+1, S) ïª §­ ç¥­­ï ¢i¤¯®¢i¤­¨å

¬­®£®ç«¥­i¢ ¢  «£¥¡à ùç­¨å â®çª å, § [2, c.46], ¢à å®¢ãîç¨ (2), (6), (7), ®âà¨-

¬ õ¬® ¤«ï F
(s)
m (4mξ1 + ξ3) ̸= 0 ®æi­ªã

|F (s)
m (4mξ1 + ξ3)| > exp(−λ9T 3), (m, s) ∈ 
(2N 1, S). (16)

�æi­ª¨ (15) â  (16) áã¯¥à¥ç«¨¢i, â®¬ã

F (s)
m (4mξ1 + ξ3) = 0, (m, s) ∈ 
(Np+1, S). (17)

� (9) â  (17) ®âà¨¬ õ¬® â¢¥à¤¦¥­­ï ®á­®¢­®ù «¥¬¨.

� (17) ¯à¨ 1
2λ

2 ≤ 2p < λ2 ®âà¨¬ õ¬®, é® ¬­®£®ç«¥­¨ Pm(z, s̃nz) = Fm(z)

¬ îâì ­¥ ¬¥­è¥ λ13T 3 ­ã«i¢ (§ ¢à åã¢ ­­ï¬ ªà â­®áâi). � «¥¬¨ 2 ®âà¨¬ õ¬®,
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é® ­ã«i¢ ¬®¦¥ ¡ãâ¨ ­¥ ¡i«ìè¥ 9λ12T 3, â®¬ã ¯à¨¯ãé¥­­ï (3) ¯à¨¢®¤¨âì ¤®

¯à®â¨àiççï, ïª¥ © ¤®¢®¤¨âì â¥®à¥¬ã.

� ¤®¢¥¤¥­­ï â¥®à¥¬¨ ¢¨¤­®, é® ®æi­ª  (1) § «¨è õâìáï á¯à ¢¥¤«¨¢®î i ¤«ï

ω′, λ { ¥ä¥ªâ¨¢­  ¯®áâi©­ , ïª  § «¥¦¨âì ¢i¤ β â  κ i ¢¨§­ ç õ �. �ªé® β = 0,

â® snβ = 0 i ïª ­ á«i¤®ª § â¥®à¥¬¨ ®âà¨¬ õ¬® ®æi­ªã áã¬iá­®£® ­ ¡«¨¦¥­­ï

¬®¤ã«ï â  ®¤­®£® § ¯¥ài®¤i¢ sn z. � ã¢ ¦¨¬® â ª®¦, é® ¯®¤i¡­¨¬ ç¨­®¬ ¬®¦­ 

®âà¨¬ â¨ ®æi­ª¨ ç¨á¥«, §¢'ï§ ­¨å § cn z, dn z.
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