Maremaruani Crymil. T.54, Ne2 Matematychni Studii. V.54, No.2

VIIK 517.53

K. G. MALYUTIN, A. A. REVENKO

EXTREME PROBLEMS IN THE SPACE OF MEROMORPHIC
FUNCTIONS OF FINITE ORDER IN THE HALF-PLANE. II

K. G. Malyutin, A. A. Revenko Eztreme problems in the space of meromorphic functions of
finite order in the half plane. IT, Mat. Stud. 54 (2020), 154-161.

The extremal problems in the space of meromorphic functions of order p > 0 in upper
half-plane are studed. The method for studying is based on the theory of Fourier coefficients
of meromorphic functions. The concept of just meromorphic function of order p > 0 in upper
half-plane is introduced. Using Lemma on the Pélya peaks and the Parseval equality, sharp
estimate from below of the upper limits of relations Nevanlinna characteristics of meromorphic
functions in the upper half plane are obtained.

1. Introduction. This paper is a direct continuation of [1]. We shall use, without repeating
them, the definitions, results and notation of [1]. However, sections, formulas, theorems and
other propositions are labeled independently of [1]. We now state the central results of the
present paper.

Let f € JM, X = Ay be the corresponding complete measure of f, Ay := A = Ay —A_ be
the Jordan decomposition of Ay. We set up following notations and terminology

T

mirf) =3 [1og" 70 sinpdo, M) = [ 25 e,

0 0

r

N(r,f) = / Af(t)dt, T(r,f):=m(r,f)+ N(r,f)+m (g, %) if p <1,

t3

r/2

N(r, f) = / A o T f) = i, f) + N ) +m (ro, %) ifp> 1,

t3

]

where r( is an arbitrary fixed positive number. We have

Tl f) =T (r, %) ,
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(see [1, (3)]). Hence

™

/ |log £ (re*®)| | sin pdip < 2rT(r, f). (1)
0

Let us introduce the notions of the order and the indicator of a function. These notions
describe growth of a function at infinity.

Definition 1. A function f € JM is said to be a function of finite order if there exists a
positive constant 3 > 1 such that the inequality T'(r, f) < r?~! is valid for all sufficiently
large values of r (i.e r > 1¢(5)).

The greatest lower bound p of such numbers j is called the order of the function f € JM.

The space of such functions is denoted by JM(p). By JA(p) C JM(p) we denote the
subspace of just analytic functions in C,. By ma(r, f) we denote Ly-norm of the function f
about the semicircle of {re? : 0 < < 7}

1/2

1 [ PNID
ma(rf) =4+ [ oglsre)fap o
0
The Fourier coefficients of a function f € JM are defined as

ce(r, f) = /10g|f(7"e )| sinkOdh, k € N.
0

Using (1), we obtain

extr, )l < 2 / [log £ (¢l in e < “ T, f) &)
and _
m(r, f) +m(r,1/f) = / |log | f(re™?)|| sin pdp < 2rT(r, f). (3)
Set 0

d(C) = %T’de(g) (C = 7€), An(r) = )\m<0(0, 7")),

where Smnmg" is defined for ¢ = 0, m by continuity.

Note the inequality
sin k
O =|[[_ i) <
co Sing

[Ae(r)] = ’// di(
C(0,r)

<k [[ a0 < ) g
C(0,r)

By Carleman’s formula in Grishin’s notations |1, (1)],

A
ce(r, f) = 21kck(2r f)—7/t2’2(+1)dt, ke N.

r
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The following expressions for the Fourier coefficients for r > ry holds

c(r, f) = ou kg 2 . /)\k()dt, k€N, (5)

t2k+1

To

where oy, = 5% e (o, v), and

k
cr(r, f) = ar® + k% // S}i}f TRAN(C)+

C+(0 7o)
// Sln/{?(p // sin ke HINC), € = 76 (6)
Tk ImC rk7rk: -
T‘O<|C|<7" +(0,r)

(see [1, formulas (10) and (11)]), where the kernel Smk‘pc is extended by continuity to the
points on the real axis, ay = 7y cx(ro, v).

We will use the following lemma.

Lemma 1. Let f € JM(p), p > 0. Then

er(r, f) === ?zkkgdt, keN k> [ (7)

T

Proof. We divide the equality (5) by r* k& > p, and pass to the limit as r — oo. By
inequality (2), the inclusion f € JM(p), we obtain

200
0=ay+ — /A’“()dt;xakz——/%(t)dt, keN, k>p.
e

t2k+1 t2k+1

T0 70

Substituting this value of oy in (5), we obtain (7). O
Our main result is the following theorem.

Theorem 1. Let f € JM(p), p > 0. Then

hmsup]v(r,f)—l—ﬁ(r,l/f \sm7rp|\// 1_sin27rp)7 (8)

r—00 m?(ra f) p +1 27Tp

and this inequality is sharp, i. e. for some meromorphic function f, f € JM(p), p > 0,
equality (8) holds.

Remark 1. In contrast to Theorem 1 and Corollary from [1] which are true for p > 1, this
Theorem holds for all p > 0.

2. Proof of Theorem 1. Let us prove Theorem 1. Let f € JM(p), p > 0. Let p be a
non-integer. In the case of integer p, the theorem is obvious.
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We define a measure 5\~ by the equality A = |Af|. Without loss of generality, we can
suppose that the measure A does not load some neighborhood of zero. Denote by ¢ = [p],

B ={Bk},

o)+ | =g // SEP ki ()], 1<k <q+,

mkrak Im¢ ,
C+(0,m0)

B, =

where

Sy (400 k, A) := lim S, (r; k, \).

r—00

The following estimate holds

< (k+1)r* 7X() k— 1] K23 Ak + 1)rrte
A < dt — —— [ t"°ANt)dt L —F——, k> 1, (9
|Ck(7“a 75)' = T th+2 rkm / ( ) (k’ p—¢ )7 > q+1, ( )

(see [1, (20)]), for some A >0, >0, p+ec<qg+ 1.

A similar inequality holds for 1 < k < ¢ + 1. Thus the pair (5\, B) is p-admissible. By
Lemma 6 from [1], there exists the function F' € JA(p) such that ¢ (r, F) = cx(r; \, §) for
all » > 0 and for all k£ € N.

Set

T o~

=~ ~ A(t)
Ni(r) = Ny(r, F) := / t_zdt'
1
The order of the function N (r) is less than or equal to p. In fact, it is equal p, because
otherwise it follows from Theorem 3 [10] that this order of T'(r, f) is an integer, but we
excluded this case.

Integrating by parts in (9), we obtain

T

en(r. )| < (k:+1)rk/dﬁl(t)_kk 1/tde1()

T tk r
, o . (10)
k t\" Ny(t) r\k Ny(t) 2%k
== (k-1 - 1) [ (- ~ 2N
= )/(r) Lt + (k + )/(t) St b — ()
0 r
for k > q+1.

By (6), we have

for 1 <k <gq.
Therefore, by double integration by parts, we obtain the inequality

lex(r, F)| < ry + %rﬁm + M/ [(f)k - (3)1 Nlt(t)dt, 1<k<g (11)

™ t r
0
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where
T0 ~

2 ~ )\(7’0)
= |lag| + LNt + 2L
e = o mﬂg’“o/ ®) 7T7“§+1

Besides, |ck(r, f)| < |ck(r, F)|, 1 <k < q, and |cx(r, f)| < —ck(r, F), k> g+ 1. Hence

ma(r, f) < ma(r, F) (12)

Let € > 0 be a fixed number. Applying the lemma of Pélya peaks [11] for functions N (r),
rP=¢, rP*¢ we find the sequence (r,), lim r, = oo, (|8, p. 62|) such that
n—oo

N +\"7° N £\
Nuws(—) Rura), 0 < t <1, Nuws(—) Milra) t > (13)

Tn T'n

Using inequalities (10), (11), (13), we obtain

2k & +p—e¢
k
“W“mé“%+?MW(@?§ip+Q,1§kﬂm

2k ~ K+ p—ck (14)
o P < 2 utr) (22 1) ks
Inequality (13) implies, in particular, that ) = O(Nl (rn)) as n — oo, since for ¢’ such

that ro < ¢’ and N; (t') > (¢')P~= for all r,, > ¢’ the inequality

< Ni(rn)

q+e p—E p—E
ri<riT <rf

holds if 2¢e < p —q.
From this remark, arbitrariness € and (14), it follows that

lex(rn, F)| _ 2k p*+p

lim sup ——= <————— k=12,....
n—00 Nl(rn) m |p2 - k2|
By the Parseval’s equality
(mars F)? = 2 3 et PP,
2 o

we obtain the inequality
o0 2 (2 2 ) /2
fing 720 F) $ 2k* (p” + p)
1AL === 72 |p% — k22 :
Nl(r) k=—o00 1Y

The sum on the right-hand side of this inequality can be easily found using residues [12].
It is equal

IN

[e.e]

3 262 (0*+p)?  (plp+ 1)\ | sin2mp (15)
— 7 [p? = k?? ~\|sinmp| 2mp )
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Since Ny(r) = N(r, f) + N(r,1/f), by (15) we get the statement of Theorem 1.
We show that the estimate (8) is sharp.

Example. The function

1 (tz + 1)7t1¢p
f(Z> eXp 7T/l/ (t—2)<t2+1)q+1 9 p>07 q [p]J
t>1

is the analytic function in C, with the complete measure \f(t) = t#t1 = A, (t) = \(t) if
teR,t>1,and d\f(2) =0if 2 € CL U (—00,1),

T

Nir) = NG 1/) = [ 7R = T = NG f) =0, ) - _"/’gfjp%w

1

Now estimate the function

u(z) = Red — / ( (tz + 1)1

i t—z)(t? 4 1)+t
t
We have . | . .
U(Z):—./:—. / +— / +— / =L+ L+ 15
g} i g} i)
t>1 1§t§%\z| %|z\<t§2\z| t>2|z]
Further
1 t 1)at+1r 1 dt trH1te (¢ 1)a+1
L < = / I(‘ZH_ ) dtﬁ—/—x ma T (e[ +1) SC(16)|2|"+6,
m (312) (2 + et = 7w )t Tl (3lz]) (24 Dot T
1<t<1|z| t>1
1 T t 1)at1gr 1 dt trrite(t 1)att
T (515) (t2 + 1)at1 T tte 7 >af (§t) (2 4 1)a+1 a,
2|z| t>1
I, = 1 / (tz +1)7H! — (2 + 1)+ it 1 / tPdt _ e
i (12 4+ 1)at1(t — z) i t—z ? 2
3lzl<t<2z| Llz|<t<2|2|

As can be easily seen,

< Cq|zl2q+1

‘ (tz 4+ 1)t — (¢ + 1)7%!
(t=2)

for || <t < 2|z| (since the expression in the left-hand side is a polynomial in both z and ¢).
Therefore

[e.9]

2q+14p
W, _ Cq B @) (pre [ At
157 < T / (12 + 1)q+1dt < Cyelzlf e’

%|z\<t§2\z| 1

Finally, by the Poisson formula for the half-plane, we obtain

1 1
Rell? = = / 9 Im ——dt < 2|2,
— Z

%\Z|<t§2|z|

3
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Thus,
log |(2)] < Cyel2l?™.

Therefore

m(r, f) < CyemrPtet.

Since N(r, f) = 0 we have
T(r, f) =m(r, f) < Cyemrrte1.

Hence f € [p, o0]™.
By (7), we obtain
_2Tkk(p + 1) /tp_k_ldt — 2Tp]€(p + 1)

7k + ) ECErIN

Ck(ra f) =

T

Then
alr f) _ 2okt~ 1)

N(r,1/f)  m(k*=p?)
By (6), we obtain further

cr(r, f) =5 + %1 / [(f)k — (f)k] trtdt =

t T

+o(l), r— o0, k>|[p] (16)

70

_ o 2rPk(p? — 1)
_ .k
_T”y—i-m—i-O(l), r—>oo,1§k§[p],

where
ro

2) -
Y=o+ —5 /tk_ld)\(t).

g
From this and (16), we obtain

enlr f)  2k(pP— 1)

im — = , keN.
oo N(r,1/f) - m(k2 = p?)

Thus, for f(z) the estimate (8) is exact.
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