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A set X endowed with a coarse structure is called ballean or coarse space. For a ballean
(X, &), we say that two subsets A, B of X are close (linked) if there exists an entourage E € £
such that A C E[B], B C E[A] (either A, B are bounded or contain unbounded close subsets).
We explore the following general question: which information about a ballean is contained and
can be extracted from the relations of closeness and linkness.

1. Introduction. Given a set X, a family £ of subsets of X x X is called a coarse structure
on X if

e cach F € & contains the diagonal Ay, Ax = {(z,z) € X: z € X};

o if B, B/ € £then EoFE' € £ and E' € £, where Eo E' = {(z,y): 32((z,2) € E,
(z,y) € BN} BT ={(y,2): (x,y) € E};

e if Fe & and Ax C E'C E then FE' € &;

e JE=XxX.

A subfamily & C £ is called a base for £ if, for every E € &, there exists E' € £ such
that £ C E'. For z € X, A C X and E € &, we denote E[z] = {y € X: (z,y) € E},
E[A] = U,c4 Ela] and say that E[z] and E[A] are balls of radius E around x and A.

The pair (X, ) is called a coarse space [14] or a ballean [11], [13].

For a ballean (X, &), a subset B C X is called bounded if B C Elz] for some E € £ and
x € X. A ballean (X&) is called bounded (unbounded) if X is bounded (unbounded). The
family B(x¢) of all bounded subsets of (X, &) is called the bornology of (X,£). We denote

by B?X,&') the set of all ultrafilters ¢ on X such that X \ B € ¢ for each B € Bx ).

Definition 1. Given a ballean (X, &), we say that subsets A, B of X are
e close (write AdB) if there exists E € £ such that A C E[B], B C E[A];
o linked (write AAB) if either A, B are bounded or there exist unbounded subsets A’ C A,
B’ C B such that A'0B’.

The relations 0 and A, called closeness and linkness, are special kinds of asymptotic
proximities [9]. We note that § and A play the central part in ultrafilter description of
the Higson’s corona v(X, &) of (X,E), see [8] and Section 6. The negation of A (namely,
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asymptotic disjointness) is used for definition of normal balleans, see 7] and Section 4. The
relation ¢ is an equivalence and each d-class is a connected component in the hyperballean
of (X, &), see [5], [12].

In above and other cases, 6 and A were used as a tool for studing balleans, but ¢ and A
are interesting for their own sake. In this paper, we concentrate around the following general
questions:

Which properties of a ballean (X, &) can be recognized by 6(xe) or A(x.e)?
How can one detect if a ballean (X, &) is uniquely determined by A\(x.¢e) or d(x.e)?

To make these questions more precise, we need some definitions.

Definition 2. We say that two balleans (X, &), (X,&’) are d-equivalent (A-equivalent) if
dx.e) = Oxen (Axe) = Axen)-

Every d-equivalent balleans are A-equivalent, but not vice versa, see Section 2.

If (X,€), (X,E&), are A\-equivalent then Bix ) = B(x.¢).-

Definition 3. A ballean (X, ) is called d-rigid (A-rigid) if, for every coarse structure £ on
X such that (5()(75) = (5(X7g/) ()\(X,g) = /\(X,g/)), we have & = &' .

Thus, every 0-rigid (A-rigid) ballean (X, £) is uniquely determined by the relation §(x ) (A(x.e))-
Every A-rigid ballean is ¢-rigid.

For balleans (X, £), uniquely determined by By ¢ see [4].

Definition 4. We say that a class IC of balleans is
e J-stable (A-stable), for any two d-equivalent (A-equivalent) balleans (X, &), (X, &), if
(X,€) € K then (X,&') € K;
o §-rigid (\-rigid), for any two d-equivalent (A-equivalent) balleans (X, &), (X,&’) € K,
we have £ = &',

By |9, Theorem 3.4], for every ballean (X, £), there exists the strongest by inclusion coarse
structure & on X such that (X, &), (X, &) are d-equivalent. Analogously, there exists the
strongest by inclusion coarse structure £, on X such that (X, ), (X, &,) are A\-equivalent.

Definition 5. We say that a ballean (X, ) is d-strong (A-strong) if £ = Es (€ = &)).

In Section 2 we prove that every discrete ballean is A-rigid, every coarsely discrete ballean
is 0-rigid but needs not to be A-rigid.

In Section 3 we show that the class of metrizable balleans is A-rigid but not A-stable, the
class of submetrizable balleans is A-stable. Every metrizable ballean (X, &) is A-strong (so
d-strong) but (X, E) is A-rigid if and only if (X, &) is discrete. Is every metrizable ballean
0-rigid? This question remains open.

In Section 4 we prove that the class of normal balleans is A-stable, but not d-rigid.

In Section 5 we prove that the class of finitary group balleans is A-rigid.

In Section 6 we show that the parallelity relation on B(ﬁxf) uniquely defines d(x ¢) and

apply this statement to balleans (X, &) with finite B?X £): We conclude the paper with an
ultrafilter characterization of the normality.

2. Discrete balleans. We recall that a ballean (X, &) is discrete if, for every E € &, there
exists a bounded subset B such that E[z] = {z} for each x € X\B. A subset ¥ C X is
called discrete if the subballean (Y, £|y) is discrete.
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Theorem 1. For a ballean (X, ), the following statements are equivalent:
1. (X,€) is discrete;
2 ifYCX, ZC X andYdZ thenY \ Z and Z \'Y are bounded;
3. itY CX,Z CX and Y)\Z then either Y, Z are bounded or Y N Z is unbounded.

Proof. The implications (1) = (2) = (3) are evident.

We assume that (3) holds but (X, ) is not discrete. Then there exists E € £ such that
the set {r € X: |Ez]| > 1} is unbounded. We choose an unbounded subset Y of X such
that |E[y]| > 1 for each y € Y and E[y] N Efy'] = @ for all distinct y,3’ € Y. For each
y €Y, we pick z, € E[y] \ {y} and denote Z = {z,: y € Y}. Clearly, YAZ but Y N Z = &
contradicting (3). O

Corollary 1. Every discrete ballean is A-rigid and hence -rigid.

To continue, we need the following construction from [6].
Let (X, &) be an unbounded ballean and ¢ be a filter on X such that X \ B € ¢ for each
B € Bx,e). We denote by &, a coarse structure on X with the base {H(E,(Zg) cE ek depl,

where
{z} if v € @,
Hp,g[x] = .
Ez]\® ifze X\ .

Clearly, £, C &€ and B(x¢) = Bx.¢,)-

Theorem 2. Let (X, &) be a ballean, Ey € £. Assume that there exists an unbounded subset
Y of X such that |Eyly]| > 1, y € Y and every unbounded subset of Y can be partitioned

in two unbounded subsets. Then there exists an ultrafilter ¢ on X such that £, C £ and
(X,€), (X,&,) are A-equivalent, so (X, E) is not \-rigid.

Proof. We take an arbitrary ultrafilter ¢ € B?X,E) such that Y € ¢. The definition of the
coarse structure &, ensures that £, C £.

We take arbitrary subsets A, B of X linked in (X, &) and show that A, B are linked in
(X,&,). If A, B are bounded in (X, £) then A, B are bounded in (X, &,), so we suppose that
A, B are unbounded in (X, ). We choose unbounded subsets A’ C A and B’ C B which
are close in (X,€). If A NY and B’ NY are bounded then A’, B" are close in (X, &,) by
the construction of &,. We suppose that A’ MY is unbounded and partition A’ 1Y in two
unbounded subsets C, D. Since ¢ is an ultrafilter, either C' ¢ ¢ or D ¢ . Hence, either C'
or D is linked to B in (X, &,). O

Let (X, &) be a ballean. We recall that a subset Y of X is large if there exists E € &€ such
that X = E[Y].

Clearly, Y is large if and only if Y0.X. We note that every unbounded subset of X is
linked with X.

A ballean (X, &) is called coarsely discrete if X contains a large discrete subset.

Theorem 3. Every coarsely discrete ballean (X, £) is d-rigid.

Proof. Assuming that a coarse structure £ on X is d-equivalent to £, we shall prove that

&=E¢.
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Let Y be a large discrete subset of (X, £). Then there exists E € £ such that F[Y]| = X.
Since Y0X, there exists E' € &' such that E'[Y] = X. The J-equivalence of the coarse
structures £, £ implies the §-equivalence of the induced coarse structures €|y and &,. Now

Corollary 1 implies that £|y = £'|y. Taking into account that Y is large in both balleans
(X,€) and (X, €&’), we conclude that £ = &'. O

Example 1. We define a coarse structure £ on the set N of natural numbers such that the
ballean (N, &) is d-rigid but not A-rigid. We denote

A={2n+1,2n+2),(2n+2,2n+1),(n,n): n € w}

and put £ = {(F x F)UA: F C N, |F| < w}. Since the set 2N is large and discrete in
(N, &), by Theorem 3, (N, E) is 6-rigid. By Theorem 2 with Y = 2N, (N, £) is not A-rigid.

3. Ordinal and submetrizable balleans. We recall that a ballean (X, &) is ordinal if £
has a base linearly ordered by inclusion. In this case £ has a base well-ordered by inclusion.

A ballean X, £ is called metrizable if there exists a metric d on X such that £ has the
base {{(z,y): d(x,y) < r}:r € RT}. A ballean (X, &) is metrizable if and only if £ has a

countable base [12, Theorem 2.1.1]. Hence, every metrizable ballean is ordinal.
We denote by M and L the cases of metrizable and ordinal balleans.

Theorem 4. The following statements hold:

1. every ordinal ballean is \-strong;

2. M and L are \-rigid;

3. an ordinal ballean (X, &) is A-rigid if and only if (X, &) is discrete;

4. M and L are not \-stable.
Proof. (1) let (X,&) be an unbounded ordinal ballean, {Ly: A < k} be a base of £ well-
ordered by inclusion. We take a ballean (X, £’) A-equivalent to (X, £) and show that & C &.

Assume the contrary and choose E’ € £\ €. Then we can choose a k-sequence (4 )a<x in
X such that

o L,[xa) N Lglas] =@, a< B <k;
o E'lu,|NE' x5 =9, a<f<k;
o E'z,]\ Lolza] # 9, a < k.

For each a < K, we pick y,, € E'[x4]\La|za) and put X' = {z,: a <k}, Y = {ya: a < K}.
Then X', Y are close in (X, &) . For each F € &, there exists § < x such that Elz,| C L,[z.],
a < (. Hence, E[X'|NY is bounded and X', Y are not linked in £ contradicting A-equivalence
of (X,€) and (X,&') .

(2) follows from (1).

(3) We note that every unbounded subset of an ordinal ballean can be partitioned in two
unbounded subsets and apply Theorem 2.

(4) follows from Theorem 2. O
By Theorem 3, the statement (3) of Theorem 4 does not hold for ¢ in place of .

Question 1. Is every metrizable ballean ¢-rigid? Equivalently, is M d-stable?
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We recall that an unbounded ballean (X, &) is submetrizable if there exists a coarse
structure £ on X such that £ C £ and (X, £’) is unbounded and metrizable.

For a ballean (X, &), a function f: X — R is called macro-uniform if, for every E € &,
there exists rp € R™ such that diam f(E[x]) < rg for each z € X. We denote mu(X, &) the
family of all macro-uniform functions on X.

By [13, Theorem 2.2.3|, an unbounded ballean (X, £) is submetrizable if and only if there
exists an unbounded function f € mu(X,¢&).

Theorem 5. If balleans (X, E), (X,&') are A-equivalent, then mu(X, &) = mu(X,&’).

Proof. We assume that there exists f € mu(X,&") \ mu(X,€) and choose £ € £ and a
sequence (Yn)new in X such that diam f(E[y,]) > 2n. For each n € w, we pick z,, € Ely,] such
that | f(yn)| — f(zn)| > n. Passing to subsequences, we may suppose that | f(y,)|— f(zm)| > n
for all m > n. We denote Y = {y,: n € w}, Z = {z,: n € w} and note that Y x ¢ Z. Since
f e mu(X,&, for every E' € &', there exists k € N such that diam f(&'[y,]) < k for all
n € w. Then Y] N Z is finite, so Y, Z are not linked in (X, &"). ]

Corollary 2. The class of submetrizable balleans is \-stable.

A ballean (X, &) is called mu-bounded if (X,€) is not submetrizable. For mu-bounded
balleans, see |2]. By Corollary 2, the class of mu-bounded balleans is A-stable.

4. Normal balleans. For a ballean (X, ), two subsets A, B of X are called asymptotically
disjoint if for every E € £ the intersection E[A] N E[B] is bounded. We note that unbounded
subsets A, B are asymptotically disjoint if and only if A, B are not linked.

A subset U of X is called an asymptotic neighbourhood of a subset A if for every F € £
the set E[A] \ U is bounded.

A ballean (X&) is called normal 7] if any two asymptotically disjoint subsets have
disjoint asymptotic neighbourhoods.

A function f: X — R is called slowly oscillating if for any E' € £ and € > 0 there exists
a bounded subset B of X such that diam f(F[z]) < e for each x € X. By [6, Theorem 2.2],
a ballean (X, &) is normal if and only if, for any two disjoint and asymptotically disjoint
subsets A, B of X, there exists a slowly oscillating function f: X — [0, 1] such that f|4 = 0,
f‘B = 1.

We denote by so(X, £) and sob(X, &) the families of all and all bounded slowly oscillating
functions on X.

Theorem 6. If balleans (X, ), (X,&") are A-equivalent then sob(X, ) = sob(X,&’).

Proof. We suppose the contrary and let f € sob(X,E’) \ sob(X,&). We denote B = Bix ) =
Bx¢ey and take € > 0 and E € & such that, for every B € B, there exists x5 € X \ B
such that diamf(F[zg]) > €. We pick yp € Elxg| such that |f(zp) — f(ys)| > €. Then we
enumerate B = {B,: a < k}, denote Z = {zxp: B € B} and define a mapping h: 7 — X
as follows.

We put h(zp,) = yp, and let h is already defined for each zp,, o < . If h is not defined
at xp, then we put f(rp,) = ys,.

We take an ultrafilter p € B* such that Z € p, denote ¢ = h”’(p) and observe that
|f2(p) — fP(q)] > e. We choose P € p, Q € psuch that PC Z, Q C Z, |f(z) — fP(p)| < %6,
z € P and |f(z) — fP(q)| < ie, x € Q. By the construction of h, we have Pd(x @, so

2
PX(x.6)Q. By the assumption, PX(x¢)Q. Hence, there exist £/ € £ and an unbounded
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P’ C P such that E'[x] N Q # @ for each x € P’. Since f is slowly oscillating in (X, &’),
there exists B € B such that diam f(E'[z]) < ie for each x € X \ B. Then f(E'[z])NQ = &
for each x € P'\ B and we get a contradiction with the choice of P’. O

Corollary 3. The class of normal balleans is A-stable.

If (X,€), (X,€&') are metrizable and sob(X, £) = sob(X, £’), then A(x¢) = A(x,e) and, by
Theorem 4(2), &€ = &'
We show that the class of normal balleans is not J-rigid.

Example 2. We denote by S, the group of all permutations of w, by £ the coarse structure
on w with the base

{(z,y): y e {z} U Fz}: F € [S,]™}
and take the strongest coarse structure £ on w such that B, ey = [w]<¥, see Example 3
in [3]. Then & C & and every infinite subset of w is large in (w,&) and (w,&’). Hence,
dwe) = Owen and (w, &), (w,&') are normal because any two infinite subsets of X are not
asymptotically disjoint in (w, &) and (w, &’).

]<w

Question 2. Isso(X, ) = so(X,&’) for any A-equivalent balleans (X, &), (X,&')?

Following [3], we say that a ballean (X, £) has bounded growth if, there exists a mapping
f: X — Bx,) such that for every E € £, the set {x € X: E[z]  f(x)} is bounded.

Question 3. Is the class of balleans of bounded growth \-stable?

5. Finitary balleans. For a group G, we denote by F¢ the coarse structure on GG with the
base

{(z.y) € Gx Giy € {a} U Fa}: F € [G])

and say that (G, Fq) is the finitary group ballean of G. The following theorem show that
the class of finitary group balleans is A-rigid.

Theorem 7. Let G, H be group on a set X such that \x r,) = A\x, 7). Then Fg = Fy.

Proof. 1f X is countable then the statement follows from Theorem 4(2) because F¢, Fy have
countable bases, so we suppose that X is uncountable.

We denote by -, * the group operations in G, H and, on the contrary, assume that
Fo\Fu # . Then there exists F' € [X]<“ such that, for any H € [X]<“, there exists © € X
such that F'- 2\ H xx # @.

We use the following observation:

(%) for every countable subset Y of X, there exists a countable subset Z such that Y C Z
and, for every A € [Y]<“, there exists z € Z such that F'- 2\ Axz # @.

We fix an arbitrary countable subset Y of X containing F' and apply (%) to get a countable
subgroup Z, of G, Yy C Zy. Then we denote by Y; the subgroup of H generated by Z.
Analogously, for Y} we use () to get the subgroup Z; of G, Y7 C Z; , and denote by Y5 the
subgroup of H generated by Z;. After w steps, we put S = |J__ Y, and note that S is a
subgroup of G and S is a subgroup of H.

By the construction of S, for every A € [S]<“, there exists x € S such that F-z\ Axx # @.
Hence, the restriction of Fg and Fp to S are distinct. Since S is countable, we get a
contradiction to Theorem 4(2). O

new
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A ballean (X, &) is called finitary if for every E € & there exists n € w such that
|E[z]] < n for each x € X. By [9], for every finitary ballean (X, &), there exists a group S of
permutations of X such that £ has the base

{{(z,y): y € {z} U Fa}: F € [S]*}.
Example 2 shows that the class of finitary balleans is not d-stable.
Question 4. Is the class of finitary balleans §-rigid?

The product of two A-rigid balleans needs not to be A-rigid: take two metrizable unbounded
discrete balleans and apply Corollary 1 and Theorem 2.

Question 5. Is the product of two §-rigid balleans ¢-rigid?

A ballean (X, &) is called cellular if £ has a base consisting of equivalence relations.
Equivalently [4, Theorem 3.1.3|, (X, €) is cellular if asdim(X, &) = 0.

Question 6. Is the class of cellular balleans \-stable?

Remark 1. As was recently shown by Banakh [1], the answers to Questions 4 and 6 are
negative under CH (more precisely, under b = ¢, and A? = ¢, respectively).

5. Ultrafilters. Let (X, £) be a ballean. We endow X with the discrete topology and consider
the Stone—Cech compactification X of X. We take the points of 5X to be the ultrafilters

on X. Then B?x,s) is a closed subset of 5.X.

Given any r,q € B?X@, we say that r,q are parallel (and write 7||(x,¢)q) if there exists
E € &€ such that E[P] € ¢ for each P € p. By [7, Lemma 4.1], ||(x,¢) is an equivalence on
B? x.¢)- We denote by ~(x ¢) the minimal (by inclusion) closed (in B? X&) X B? x.¢)) equivalence
such that ||xe) € ~(x.). The quotient (X, E) is called the Higson corona of (X,E).

By [8, Proposition 1], 7 ~(x.¢) ¢ if and only if h?(p) = p°(g) for every slowly oscillating
function h: X — [0, 1].

Theorem 8. Let £,&" be coarse structures on a set X such that B?x g = B(ﬁX £ and
ll(x.e) = ll(x.eny- Then (X, &), (X, &) are d-equivalent. IfB(ﬁX’g) is finite, then £ = &'.

Proof. We suppose that there exist P C X, @@ C X such that P x @ and P\ E'(Q) # @
for each £’ € &',

Since Pé(x )@, there exists E € & such that P C E[Q] and E = E~'. For each = € P,
we pick f(z) € @ such that (z, f(z)) € E. If p € B?X@ and P € p then p||x.e f?(p) and
Q € fP(p). Thus, each ultrafilter p € B?X@ such that P € p is parallel in B?X,g) to some
ultrafilter ¢ such that @) € q.

We take an arbitrary ultrafilter r such that P\ E'[Q] € r for each E' € £. Then P € r
and r is not parallel in B?X,S’) to each ultrafilter ¢ such that @ € ¢. Hence, ||(x.¢) # ||(x.e)-

To prove the second statement, it suffices to show that (X, &) is coarsely discrete and
apply Theorem 3.

We choose a representative from each class of parallel ultrafilter in B? X.£) Let p1,....,pm
be the set of obtained representatives. Let £ € £ We choose P; € py,..., P, € p, such
that E[P] N P; = @. Then PU, ..., P, is discrete and large in (X, &), so (X, &) is coarsely
discrete. O]
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Remark 2. Let B(ﬁx’g) = B?X,E’)' Does 5(X,8) = §(X,€’) 1mp]1es H(Xf) = H(X,gl)?

The answer to this question is negative. We take the balleans (w, &), (w, £’) from Example 11
and note that p,q € w* are parallel in B?w@ if and only if p = f%(q) for some bijection
f:w — w. On the other hand, we partition w = J,,., Wx so that |IW,| =n + 1 and take a
mapping h: w — w such that h(W,,) = {a,}, a, € W,,. We choose p € w* such that p and
h?(p) are not isomorphic. By the choice of h,p and h®(p) are parallel in B?Xﬂ) but not in

#
By e
Theorem 9. If (X, &), (X, &) are finitary balleans and ||(xe) = ||(x,e) then € = &'

Proof. Let G, G’ be groups of permutations of X defining £, E’. We assume that £\ &' # .
Then there is H € [G]<“ such that, for every A € [G']<¥, theset Y4 = {v € X: Hz\ Az # o}
is infinite. We take p € B?X,g) such that Y4 € p for each A € [G']<¥. Let H = {hq,...,h,}.
We take g1, ..., 9, € G’ such that hyp = g1p, ..., h,p = g,p and put B ={g1,...,9,}. Then
{r e X: hix=gix,...,hy,x = g,x} € p and Yp ¢ p, contradict the choice of p. O

Theorem 10. For a normal ballean (X, ) and p,q € B?X £)’ the following statements are
equivalent:

(1) p~g;
(2) PAQ for each P € p, Q € q;

(3) (p.q) €.

Proof. (1) = (2). If P, @ are unbounded and asymptotically disjoint then, by the normality
of (X, &), there exists a slowly oscillating function f: X — [0, 1] such that f|p =1, f|g =0,
so f%(p) # f°(q) and p, q are not equivalent.

(2) = (3). We choose E € &, unbounded subsets P’ C P, ' C @ such that there is a
bijection h: P’ — Q' satistying (x,h(x)) € E,x € P'. If r € B?X,é’) and P’ € r then r||h®(r)
and P €r, Q€ h’(r).

The implication (3) = (1) follows from definitions of ~ and ||. O

Theorem 11. A ballean (X, &) is normal if and only if ~= cl||.

Proof. By Theorem 10, if (X, ) is normal then ~= cl||. We assume that ~= ¢l|| and show
that any two unbounded asymptotically disjoint subsets P, Q) of X have disjoint asymptotic
neighborhoods.

Let p,q € B(ﬁx,g)a P € p, Q € q. Since P,(Q are asymptotically disjoint, we have (p,q) ¢
cl||, so there exists a slowly oscillating function f: X — [0, 1] such that f%(p) =1, f%(q) =
0. We denote P' = {x € P: f(z) > 3/4}, Q' = {x € Q: f(x) < 1/2}. Then P' € p, Q' € ¢
and P’, )’ have disjoint asymptotic neighborhoods.

We fix p € B?X,S) such that P € p and apply above paragraph to find ¢q,...,q, € B(ﬁxﬁ),
Q1 € q1,...,Q, € ¢, and P’ € p such that P' and Q; U --- U @Q,, have asymptotically
disjoint neighborhoods and @\ (Q1U---UQ,,) is bounded. It follows that P’ () have disjoint
asymptotic neighborhoods.

At last, we find p1,...,pn € B?X,E) and P, € py,..., P, € p, such that p;U---Up,, and
@ have disjoint asymptotic neighborhoods and P\ (P, U---U P,,) is bounded. Hence, P and
() have disjoint asymptotic neighborhoods. O
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