Maremaruuni Crymii. T.55, Nel Matematychni Studii. V.55, No.1

D. BEpOYA, M. ORTEGA, W. RAMIREZ, A. URIELES

NEW BIPARAMETRIC FAMILIES OF APOSTOL-FROBENIUS-EULER
POLYNOMIALS OF LEVEL In

D. Bedoya, M. Ortega, W. Ramirez, A. Urieles. New biparametric families of Apostol-Frobenius-
Euler polynomials of level m, Mat. Stud. 55 (2021), 10-23.

We introduce two biparametric families of Apostol-Frobenius-Euler polynomials of level m.
We give some algebraic properties, as well as some other identities which connect these poly-
nomial class with the generalized A-Stirling type numbers of the second kind, the generalized
Apostol-Bernoulli polynomials, the generalized Apostol-Genocchi polynomials, the general-
ized Apostol-Euler polynomials and Jacobi polynomials. Finally, we will show the differential
properties of this new family of polynomials.

1. Introduction. Throughout this paper, we use the following standard notions: N =
={1,2,...}, Ny = {0,1,2,...}, and Z, R, C denotes the set of integers numbers, the set
of real numbers and the set of complex numbers, respectively. Furthermore, (\)g = 1 and
AN = AXA+1)(A+2)...(A+k—1), where k € N, A € C. For the complex logarithm, we
consider the principal branch, and w = z“ we denote the single branch of the a multiple-
valued function w = 2% such that 1% = 1. We take also 0° =1 and 0" = 0 if n € N.

The generating functions for the special polynomials are important from different view
points and help in finding connection formulas, recursive relations, difference equations,
and in solving problems in combinatorics and encoding their solutions. In particular, the
Frobenius—Euler polynomials appear in the integral representation of differentiable periodic
functions since they are employed for approximating such functions in terms of polynomials
(see [10,13,16-20,23]). Also, these polynomials play an important role in the number of
theories and classical analysis. In this paper, we focus our attention on introducing two
new biparametric class of Apostol-Frobenius—Euler polynomials of level m considering the
works of [9,14]. Then, we can prove that such a new polynomial class preserves some similar
algebraic and differential properties as the generalized Apostol-type polynomials, that as an
immediate consequence, we recover many known algebraic and differential properties of such
polynomials.

For parameters \,u € C and a,b,c € R", with a # b, b > 1 and a > 1; the Apostol
type Frobenius-Euler polynomials H,(x;A;u), n > 0, and the generalized Apostol-type
Frobenius—Euler polynomials a (x;a,b,c; \;u), n > 0, are defined by means of the follo-
wing generating functions (see [1, p. 2, Definition 2|)
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Ae? — 1

< L—u >e” = ZOHn(:B; )\;u);—y;, |z| < |ln (/\/u)|

and

<;;__2;> ZH(O‘) x;a,b, c; \; u)—? 2| < ’lngiéu) ’ (1)

Observe thet if = 0 and a = 1 in (1), we get =% = > H,(a,b,c; \;u)Z;, where
H,(a,b,c;u; \) denotes the generalized Apostol-type Frobenius-Euler numbers (Cf [15]).
It is well-known that H\(z;u) = H{(x;1,e,e;1:u), |2| < |In(u)|, is the generalized
Frobenius-Euler polynomial of order «, where v € C\ {1} and a € Z. Observe that
I—L(ll)(x;u) = H,(x;u), denotes the classical Frobenius-Euler polynomials, HT(LO‘)(O;U) =
HY (u), denotes the Frobenius—Euler numbers of order «, and H,(z; —1) = E,(x) denotes
the Euler polynomials (see [3,6,11,12,24]).

For real parameters = and y the Taylor series representation in z = 0 of the following
functions ™ cos(yz) and e**sin(yz) are given by (see [7])

Fo(zxyy) = €™ cos(yz) ZCkxyk,, Fy(zz;y) = " sin(yz) ZSkmyk,- (2)

The expressions Ci(z,y) and Sk(z,y) are given by

Ck(w;y)g;(—l)j(;) ST Sk(x;y)[i](—l)j(%il)w“j1y2j“.

Now, let us give some properties of the generalized Apostol-type Frobenius—Euler polyno-

mials and generalized Apostol-type Frobenius—Euler polynomials of order o with parameters
Ay a,b,c (cf. [6,8]).

Proposition 1. Let (Hﬁa)(:ﬁ;u)) and (Hﬁa)(x;u;a,b, c; )\)) be the sequences of generalized
Apostol-type Frobenius—Fuler polynomials and generalized Frobenius—FEuler polynomials,
respectively. The following statements hold: 1. (Special values) HY (x;u) = 2" for n € Ny.

2. (Summation formulas) H'™ (z;u; a,b, c; \) = Z ( )H,i“) (z;u;a,b,¢;\)(xlne)"*,

k=0

n
k

H7(La+ﬂ)(w~|»y;u;a,b,c;/\) :Z (Z)nga)(x u;a, b, c; )\)H h) Ly usa, b, e ),
k=0

(x+y)ne)" = H (y;u;a,b,c; NVHS (@505 0, b, ¢; \),

n
n

HC) (25002, 0, 3 02) = Z (Z)H,i *(wyusa,b,c; \VH D (23 —usa, b, c; N).
k=0

Consider m € N, a, \,u € C and a,c € R,. The generalized Apostol-type Frobenius—
Euler polynomials of the variable x, parameters a,b, A\, order @ and level m, are defined
through the following generating function (see [14, p. 397, equation (3.1)])

m—1 @

zlna o0 n
" = Z HL’”_I’O‘] (zya,c; N u)—' (3)

"0 n.

}"[m_l’a](z Tya;c A\ u)
h=0

ACF — um
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Let a,b € Ry, A € C and a € Ny. The gerenalized A-Stirling type numbers of the second
kind S(n, a; a, b; \) are defined by means of the following function (see [15, p. 3, equation (1)])

fsalz;a,b;\) = ()\b — ZS n,a; a, b )\ : (4)

The Jacobi polynomials of the degree n and order («, 3), with o, 8 > —1, the n-th Jacobi
polynomial p) (z) may be defined through Rodrigues’ formula
" ar

P,,Sa’ﬁ)(x) =(1—-z) %1+ :L‘)_ﬁ—<_

ol g (7O Q

and the values at the end points of the interval [—1, 1] is given by
POy = ("), PR (1) = (1) ().

n n

The relationship between the n-th monomial 2" and the n-th Jacobi polynomial pled) (x)
may be written as (see [14, p. 395, (21)])

o (rra, e (L at B42k) e
_n!;(n_k)( 1) (1+a+5+k)n+1pk (1 —2x). (6)

Let a, b, c € Ry (a # b) and n € Ny. Then the generalized Bernoulli polynomials
By (z:X;a,b,¢) of order € C are defined for z, |z| < | ] x € R, by the following
generating function (see [21, p. 254, (20)])

In( a/b

(6% “ G (0% Zn
Fg(z;250,0,05 0 ) = <m) ZB ;A a,b, c)m (7)

=0

Let a, b, c € Ry (a # b) and n € Ny. Then the generalized Apostol-Euler polynomials
A (x; A;a,b,c) of order « € C are defined for z, |z| < |ln (/0] ] x € R, by the following
generating function (see [22, p. 254, (23)])

2 [0
Fe(zzya,b, M ) = ()\bz—W)

£l 2"

x/\abc)n' (8)

Mg

n
k=0

Let a,b,c € R, (a#b) and n € Ny. Then the generalized Apostol Genocchi polynomials
Gl (x X:a,b,c) of order a € C are defined for z, |z| < |2 | x € R, by the following
generating function (see [22, p. 300, (70)])

In( a/b

2z « >
Fg(zim5a,b,00; ) = (m) Z G\ (z; \;a,b, c) . (9)

2. Biparametric families of the m-level Apostol-Frobenius-Euler polynomials
fm=Lal (z;y;a; \;u) and HIb (s A ). In view of the results in Section 1 and [9,14]
we are going to introduce two new of level m biparametric families of Apostol-Frobenius-

Euler polynomials.
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Definition 1. For m € N, a, \,u € C, u™ # X and a € R, the generalized Apostol-type
Frobenius—FEuler polynomials ( m_l’a] (x,y; a; A\, u)), ( LTS_LOC] (x,y;a; A\;u)) in the variable z
and y, with parameters a, A, u order o and level m, are defined for z, |z| < ‘ln (u™/N)],
the following generating functions:

r i e

—_

« (zlma)" 2"
fim_l’a](z;x;y;a; )\;u) _ £ Al u % cos yz ZH[m 1041 ag U a; )\;U)—|,
= n!
L Ae? — ym i
(10)
[ (zlna)" m— i o
st[m—l,a}(z; Ty a /\; u) _ £ B! —u “sin yz ZHm 1 a] g; , U a; )\; u)—'
= n!
L Ae? — ym i

(11)

If in (10) y = 0, we obtain the generalized Apostol-Frobennius-Euler polynomials of
parameters \,u € C, a € R, order o € C and level m

HIML (205 a3 Ay u) == HI (2 a5 A ).

n,c

According to Definition 1, with m =1 and y = 0, we have
Mo (0 1 Xw) = HI (2 A w), - Mo (0015 X w) = H{P (230 w).
Theorem 1. Let ( Lﬁ*l’a}(z;y; a;)\;u)) and ( mfl’a](x;y; a; )\;u)) be the sequences of
biparametric Apostol-type Frobenius—FEuler polynomials of order o« and level m. Then for
m € N the following statements hold
1. For a, \,u € C and n € Ny a € R, we have the relationship
Mt @ s as Au) = M sy as A ) HHET @y a Aa). o (12)

n n,c

2. (Addition theorem of the argument) For a, \,u € C and n,k € Ny a € R,

& n m—1,x
Ho (2 4 sy as Asu) =) <k) Moo (@ g a5 A u)y, (13)
k=0
Hmfl’o‘}(m + iy, a; A u) = Z (k’) HLm klsa] (z3y;a,b; A\ u)y”, (14)
k=0
3,
HE:”C_LO‘} (r; 2+ 1y, a; \;u) = (2/{:) Hgn 2,1 f] (z; 25 a; X u)y*
k=0
=,
—i ) (2k+ 1)”%’3;1,8(%1’; a; X u)y* (15)
k=0
(5]
[m—1,0 n [m—1,0] 2k
H (z;x + 1y, a; \; u) (2k)H" os (T30 a3 A u)y™ —
k=0
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Proof of (12). From (10), we have

% o = (zlna)* i s zlna ’
D HE R @+ iy, a; A u) = = no | el X
— n! h=0 h=0

a e —um Ae? — um

x e [cos(yz) + isin(yz)] = ZHK;LO‘] (39505 A u) —i— zZHm Lol (g ys a3\, u)%
n=0 )

Proof of (1). Since cos((x + iy)z) = cos(zz) cosh(yz) — isin(zz)sinh(yz), we successively
obtain

. (zlna) m
ZH[m la(l, v iy a\; u)z_' _ ; U e cos((x +iy)z) =
n=0 -

ez — y™m

— Bl e"* cos(xz) cosh(yz)—

—1 h! e sin(zz) sinh(yz) =

H[m 1a )\ on o0 y2n+122n+1
o nl & 2n' Z (w3.250; ’U)H§ (2n+ 1)

- n m—1,« 2"
=22 <2k) Hi e (25 03 X w)y™ = —

n.

2 n
. n 7 ,m 1, L Lz
1 . (Qk + 1) 7[1—1—21175(1’, T;a; )\7 U)y2 +1 ‘

n!

]

Theorem 2. For m € N, let ( ,[T[l’a}(x;y; a;A;u)) and ( mﬁl’a](x;y;a;)\;u)) be the
sequence of biparametric Apostol-type Frobenius—FEuler polynomials, whit parameters \, u €
C and a € Ry, of the order a € Ny and level m. Then the following statements hold

n

[m—1.0] A \gylm=Lal,
Z<k>0k(:v y)H,_ . (05a;0;u) a'Z( > ( —k,a,1,e; u—m)Hk’c (z;y; a5 A\ u),

k=0

(17)
z”: Sk(w; y)H[m 1O[](Oa()u a'z < —k,a,1e; A)H[m 1a}(xya>\U)
Pt k n—k P m k,s )

Proof of (17). From (2), (4) and (10) we obtain the following equality

m—1 @

Z zlna o

h=0

A
u™al fs o <z; 1;e; —) Flm=tal gy a; M) [ F.(z;z;y).
um
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Hence
m—1 (zlna)"
(=1 h= 01 Rl
Ch(
(_1)a um Z l‘ y
= A\ 2" "
_ A [m Lal(. . Y0\
_a!;S(n,a,l,e,um) n'gH (x,y,a,b,)\,u)n‘
Then
ZHmlaloaou Zny
n=0
_ - m— 1a] c e ) ﬁ
_a!;S(n a,l,e; um) anH :By,a,)\,u)n!,
0o n n S o
Dy (k)cmy)%;_;’ [(0:0:000) 5 =
n=0 k=0 ’
= (—1)"a! Z (Z)S ( —k,a,1,¢; ) H[m Lol (x;y; a; )\;u)%.
n=0 k=0 ’
The proof of the second equality from Theorem 2 it is analogously. m

Theorem 3. For m € N, let ( fm=L.a] (z;y;a; A\;u))  and {Hm b CY](x; y;a,b; \;u)}  be
the sequence of biparametric Apostol-type Frobenius—FEuler polynomials, with parameters
Au € Canda e Ry, of order « € C and level m. Then the following statements hold

n—=k,c

Mot (22 2y, a Aju) = 2) (Z)H[”i‘l’a}(x yias N u)H @y as ). (18)

Proof. The following equality is constructed from (10) and (11)
F etz 205 25 a3 A ) = 280 (2 g as ) FIH (2 g as A ).

S

Therefore

HIm=LetBl (90 2y a: A, _2 H[m la] 4 ) Hm lﬁ] i =
nzzon,s (2x;2y; a; A\; u) Z (x;y;a; A\ u Z (z;y;a u)n!
- & m—1,a m—1, Zn
ZZ ( >H7[1 k,c ](:E;y;a; )\;U)HLS m(x;y; a;)\;u)m.

=0 k=0
O
Theorem 4. For m € N, let ( [m 104(:10;3;; a; /\;u)) and ( m_l’a}(m;y;a;/\;u)) be the
sequence of biparametric Apostol- type Frobenius—FEuler polynomials, with parameters A\, u €
C and a € Ry, of order o € C and level m. Then the following statements hold

[5]

1« n m—1,«
HL”L Lol (g a; u) = Z(—l)k <2k> H1[172/1 }(x; a; A u)y?t (19)
k=0
RN
i) = 3 0y, ") )R e o)
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Proof of (19). The following equality follows from (3) and (10).

Frr=bol(zy sy a; Ayu) = FMh (22505 A u) cos(yz).

Thus
n o n 2n .2n
mla] e ). Z__ [m—1,a] Z . nY %
g H (z;y; a; )\,u)n! = nEOH (x;a; u)n' ng 0( 1) o)l
Hence

H

ME

>

n=0 k=0

mlcx] f _ [m—l.al . . \. 2k‘£
ZH xy,a,)\,u)n! ( )(Qk:)H” o (xras A u)y ok

The proof of (20) is analogous to (19), using the fact that

FI Nz ysas hu) = FN (zasa, e A ) sin(yz)

from the relationships given in (3) and (11). O

Theorem 5. For m € N the biparametric Apostol-type Frobenius—FEuler polynomials

m Lol (759, a; N\ u), m Ll (x,y, a;\;u) of level m are related to the generalized Apo-

stol-Bernoulli polynomials B (x; \;a,c) by means of the following identities

HI N s a3 A u) = (21)

_ (flf ‘ (-1)’“(") (QDH[’” tel(0; a; 0; u)Bj(a%( uim;a, e)y%.

My o (s A ) = (22)
n [F] .
(=1)° k (n> ( J ) [m—1,0] (o) A 2k+1
= - —1 , H,— (0505 0;u)B:7 (a:;—;a,e)y +

Proof of (21). The following equality follows from (3), (7) and (10)

(zlna) m A
FImLel (2 e as A u) = > o Y| Fa (z;x; le e —; Oé> cos(yz).
um

h=0

zu™m
Thus, we have

n

ZH[m Ly 0 hsu) S =
n!
= (zIna) ’
m 0 n X 2n .2n
—u N 2 WYz
— | il _
- M ;%B ( @ 6’€> n! ;( D (2n)!”’
um

z

z ZH[m 10‘] (x; y;a;)\;u)n

n
n!
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«

m—1 h
(zlna) m 0 o
—u
R B (g 3G
()" | & al Z n!n2‘6< "
_um _
Z (n) a!HEﬁ;lc,a](:E;y;a; )\;u)z_ _
@ 7 n!
n=0
[m=1,a] O 0; 3 P . Ly
ZH a,e;0;u) 12 ( ae,e>mn22%(_ ) )
(n)a'Hgn—alc,a}(x’y’a’/\’u)Z_:
@ 7 n!
n=0
© n %] , X i
Ot m—1,« a
;J = ( )(%)H[ 00560, )B{ 2 (a3 v )™ I

The proof of (22) is similar to that of (21), using the fact that

m—1 o

zlna

A
FIr el s ayyias du) = | £ Fp(zim; 16,65 — s a)sin(yz).
= u™

zum
O

Theorem 6. For m € N the b1parametr1'c Apostol-type Frobenius—FEuler polynomials of
level m HI% ) (z;y,a; A\;u) and Hin Lol (z;y; a; \; u) are related to the generalized Apostol-

Genocchi polynomials o )(x, A a, b, ¢) by means of the following identities

MY o (w1 a3 M u) = (23)
— 9« '1n n (3] (—1)k <n) (j )ngi;l,a](O;a; e;O;u)Q](-f)% <x; —im;a,e7e>y2k’
o (a) i 1) \2k U
H L sy as hu) = (24)
n 5] :
=27 '1n (—1)k (n)( J >H[m 1O‘](O a; e; 0; u)g](w)1 ok (:L‘ —im;a,e, e>y2k+1.
o (a) 20 h=0 ] Qk + 1 u

Proof of (23). Equalities (3), (9) and (10) imply the following equalities

(zlna)
3 o A
FI oz ey a3 A u) = i | Fe (e e —Sia) cos(y2),
um

—2umz
n

2%% QZH[m la] (z; y;a;/\;u)z—' =
n!

N Ll g e 0: ) o o A ) (1
ZHn (O,a,e,O,u)n'Zgn T a6 e ) Z( 1) on)l

n=0 " n=0 " n=0
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> (”) M (s ) S =
—\a : n!
N [%] n [m 1,0 (o). A 22
nZ:OJ 2 2k H (O a; €; O U)gj gk( _u_maavea e)y m

The proof of (23) is similar to that of (24), using the fact that
. zlna "

A
Flm=Lel gy a; A u) pa F§(z w1, e,e; —; ) sin(yz).
= um

m—

—2umz

]

Theorem 7. For m € N the biparametric Apostol-type Frobenius—FEuler polynomials of level
m H[m Lol (:C Y, a; A u) and Hys Lol (x;y; a; A\;u) are related with the generalized Apostol-

Euler polynomials gle (a:, A;a, b, c) by means of the following identities

My b @y a3 A u) = (25)
o & [%] k(T J [m—1,q] () A 2k
=92 2. ko(—l) (j) (Qk)H”_j (0; a5 €;0;u)E; 7, <a:; i e,e)y ;
HE S (@ g a Au) = (26)
NN \
=27 ' (—1)k <j> (Qk L 1) Hgﬁ;l’c@ (0;a;e;0; u)é’;f)l_% (x; o 06 e)y%H.
j=0 k=0

Proof of (25). The following equalities follow from (3), (8) and (10)

m—1 @

zlna

A

fgm_l’a](z Ty a; A\ u) hZO Fe (25$§ Le,e; ——;04> cos(yz),
= um

—2u™m

Z?’L

QQZH["‘ 10‘] (z; y;a,e;)\;u)—' =
n!

oo n X 2n ,2n
_ m=10)(0: v 0 0 1) 2 S~ £ (e — A AN YR
- ZHTL (0? a? 6?07u> n' Zg (x? um7a’7€7 e) n' Z( 1) (2n)| 9
n=0 n=0 n=0
< m=L,a]( . ) 4. )- 2" _
Zan (x7yaa’7>\7u)__
— " n!

A
n=0 j=0 k=0

n j mfl’a o )\ Zn
(j) (Zk) H N 0; a5 63 0; u)r‘!;_)zk <x; — e, e) kam'

The proof of (26) is similar to that of (25) in view of the equality
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m—1
zlna

A
FIm gy a hu) = | & Fe(za51 6,65~ ) sin(yz).
= um

_Qum

O
Theorem 8. For m € N the generalized Apostol-type Frobenius—FEuler polynomials

[m—1,q]

ne | (z3y;a; Ay u) and Hm 1a](a:,y,a, A;u) of level m are related to the Jacobi poly-

(CHE))

nomials P,"""’ (y) by means of the identities

HI O @+ yrys a3 A u) = (27)

n,c

Z « (1 « ﬁ Zk) m—1,a «@
_§ : k§ : 1 J H[ | O P( B3) 1—9
k:O( j l’lC ( —k ] (1 B k)jJrl n—j,c (xvya a; )\,U)) k ( y)>

M b e+ iy as Au) = (28)

n,s

:i( kZ] (In ) (j+a> <n) ((1+a+6+2k) Hgnjlsa(x;y;a;)\;u))Pk(a’ﬁ)(l—2y).
k=0

J—k)\Jj)(1+a+5+k)jn

Proof. By substituting (6) into the right-hand side of (13) and using appropriate binomial
coeflicient identities (see, for instance [2,4,5]), we have

—1l,« - n m—L,a . n—j
Hm b }(:L‘—l—y;y;a,b; Asu) = Z (j,)H;C ! ](J:;y;a;)\;u)(n—j)!(lnc) T

J=0

— n—jta\ _(1+a+tB+2%) as, LA .
8 (_1)k(n—j—k)(1+a+ﬂ+k)njHP’“ (1-2)=2 > (-1 ()n_‘7>!x

k=0 j=0 k=0
m—1,a —j —J 1 2k a
XHE,C Yol s as A w) (Ine)” J(n J +a)( (1+a+f+2k) peP)

n—j—k)(l+a+B8+k)n 1 "
n—j+a«a m—1,0]/ .. . . \. _ o
- Z jzo ( ) (n —j — ]{;)H]”C (xvy; as )\,U)(?’L _])'(IDC> I

(1-2y) =

(1+Oé—|—5+2k3) (a,8)
X P 1—2 lnc
(I4+a+8+k)nji1 " ( kzo Zj

jta\n\ (I+a+B8+2k)  m14 6)
: H ic ’ b>\ P 1—2
(j—k> (j>(l+a+ﬁ+k)j+1 nege  (T3Y;a,b; A5 u) ( y).

Therefore, (27) holds. The proof (28) is similar. O

3. Partial Derivative biparametric Apostol-Frobenius-Euler polynomials
m_l’a] (x;y;a; \;u) and H[m b O“](x; y; a; A;u). In this section, by applying partial derivative
operator to equations (10) and (11), we give some derivative formulae and finite combinatorial

sums for the two biparametric Apostol-Frobenius-Euler polynomials.

Theorem 9. Let ( m_l’a}(x;y;a;/\;u)) and ( Jns 1’a]($;y; a; )\;u)) be the sequence of
biparametric Apostol-type Frobenius—FEuler polynomials, wits parameters \,u € C and a €
R, , of order o € C and level m. Then for n,m,k € N the following identities hold

:ck {H[m Pl ysas M)} =
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= J m— >\ m o=
= (=" (n> (T.)HLTLH(O; a, e; 0;u) B (—;17676)711[ 0 @y as A, (29)
, J um
0

o VR @y )} =

= (=1)f (n> (;)H[m 0 a; €50, u) B (ivl,e,e)Hﬁmﬁa U@y as Aw). (30)

r

<
[e=]
.
o

Proof. Differentiating (10) with respect to x, we have

n

{H[m Lol (x'y;a'/\'u)} G-

ot al’k ) Y ) n|
_ k
s (zlna)" | \ n
= (-1)F Pt o Bﬁf)( i1,e, e) ZH[m La=kl (g y;a;)\;u)m.
Therefore,
Z {H[m la “as \: )}ﬁ_
dak (w39 a5 A u n!
= kZH[ “LH(0;a,e;0;u EZB’C < —:le, e) o ZH%C b k](x;y;a;)\;u)m =
n=0
) [m—1,k] ﬁ —\ TN ) m—la-K, .y \E
ZH (0;a,e;0;u) oy ( ) (um,l,e,e Ho e (x;y; a; )\,u)n! =
n=0 j=

kZZZ( )( ) Ha, lk](o a, e;0;u)BY (%71,6,6>H£T;i7a_k]($;y;a; )\;u)%_

n=0 r=0 j=0

By uniqueness of the series we obtain the first statement of Theorem 9. The proof of (30) is
similar. O

Theorem 10. Let (Hn [m 10‘](x;y; a;\ju)) and (H[ms 1a](ac;y;a;/\;u)) be the sequences
of biparametric Aposto]—type Frobenius—Fuler polynomials wits parameters \,u € C and
a € R, of order a € C and level m. Then for n,m,k € N the following identities hold

axk {H[m Bl(zyias M)y = (31)
1\ == (7 (7 o ime1k] &) ([ A [m—1,0—k]
- 5 . anr (07 a, €, 07 u)g] (ja 17 €, 6)Hr j,c (ZL‘, y;a; )\7 U),
r=0 j=0 r J u
@x’“ {H[m 1a](ar;;y; a; )\;u)} = (32)

1 k n T — A Lo
= (§> (:) <;>H2_rl’k](0;a, e;O;U)QJ(k)(—_um;l,e,e)HL 5o sy s A ).
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Proof. Applying derivate in ( 0) on x, we have
(7 2"
[m Lal( e are 40 )- —
H (:c,y,a,A,u)} o=

mll
ZHCL .

(k m—1,a— k] ooy NP
h=0 Zg ,1,66) ZH %y,a,)\,U)n!.

_2um

Therefore,

[m=1,0] (0. p)e 0 ) 7
§ 8wk {Hnﬁc (wy;a; )} — =
1 > A o
_ [m—1,k] /. .- (k) . m—1,a— k LY. _
_ ka_%m (O,Q,e,O,U)—, E gl (—_ m,l,e,e> § ML (0 ;0 s ) = =
1 n
_ - [m—1.k] (. .0 [m—La—kl, . . y. _
= 50 E H, (O,a,e,O,u " E g < ) ( —:1,e, e)Hn e (a:,y,a,/\,u)—n! =

n=0 j=0

¥ ZZZ ( )( >H£;n7"1k]<0 @600, )<—Lum;1’€7€>H£T;i’a_k]($;y; a; A;u)i—?

n=0 r=0 j=0
By uniqueness of the series, the first statement of Theorem 10 is proved. The proof of (32)
is similar. n

The following Theorem 11 can be proved similarly to Theorem 10.

Theorem 11. Let ( [m Lal (x;y; a; )\;u)), ( Lﬁ_l’a](x;y;a; )\;u)) be the sequences of bipa-
rametric Apostol-type Frobem'ustuler polynomials with parameters \,u € C and a € R,
of order o € C and level m. Then for n,m, k € N, n > k the following identities hold:

&Ek {Hm L@y as Asu) = (%)kk' (Z) x (33)

noor —k . \ o
X (” > (T)HL (05 a, e;O;u)Sﬁk)(—; 1’6’6>H£—ki’jc -
um ;
=0

r

o 1

k
Ok {Hm Ll (g a; Au)} = (5) k! (Z) % (3)
X <r>( ) m 1k] (0;a,e;0; u)g<k>(_2m;1,e, 6>H£T;}ﬁs_k}($;y;a;/\;u),

r=0 j= o
Combining (29) and (31) with (33), we obtain the statement of Theorem 12.

Theorem 12. Let ( [m Lal (z;y;a; \;u))  be the sequence of biparametric Apostol-type
Frobenius—FEuler po]ynom1a]s, with parameters \,u € C and a € R, of order « € C and
level m. Then for n,m,k € N, n > k the following identities hold:

ZZ( )( ) HI (0 a, e 0; u)B(k (%;1,6,@)7-(@]? 9 a: M ) =

7"0]0

m 1 k] (F) A . [m—l,a—kl, . = .
= o) < )( ) (0;a,€;0;u)G; (_um71’e’€>H1‘—j,c (235 a; \; ),
0

r=0 j=
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" /n mlk] (ki, [m—lo—kl, .\
Z o (7’)() (OGBOU)B <um717€7€>H,r, —jc ({B,y,a,)\,u)_

r=0 j

n\ N\ L& (A m—Lakl, ).
2) ) (T)( )Hn r (O a, €; 0; u)g (_—uvaeae)Hr_k_j,c (:U,y,a, )‘au)a

=0j=0

n r A e
(n)( ) Him 1k](O a, e; 0; u)g(k)<—;1,e,e>7'{ﬁji’ k](x;y; a; \;u) =
um )

r=0 j=

n o r B A —l.a—
= k! (Z) (r> (;) Hmrl’k](o; a,e;0; u)cf](k) (_—um; Lye, 6) Hﬁki]ac k}(% Y a; A u).

r=0 j=

>
a3

<

Combining (30) and (32) with (34), we obtain the statement of Theorem 13.
Theorem 13. Let ( [m Lal (z;y; q; /\;u)) be the sequence of biparametric Apostol-type

Frobenius—FEuler po]ynom1als, wits parameters \,u € C and a € Ry, of order « € C and
level m. Then for n,m,k € N, n > k the following identities hold:

e (0 (Tt e B A m—la—kl, .\
ZZ(T‘><>Hn_T (0’a76707u)Bj (um’1’67€)HT—j,C (fE,y,CL,)\,U)—

J

1 ~\ n r m—L1k k A m—1,a—k
EE 2 <r><'>H£L—T1 (0:0,¢:0,0)G; )(W;Le,e)HL 2 @y x ),

m A m—1,a—
, Hg_le](O a,e;0; u)B](k)(u—m;l,e, e)HL_j;’ k](x;y;a;)\; u) =

2 ()0)
B\ S I glm—1K] 0; 0; g(k) A 1 plm—ta—kl
- (_2)k k Z r . n—r ( a, €; u) j (_um7 7676) r—k—j,s (x,y,a, ,u),

, Hk”rlk](o a, e; 0; u)gk(%,l,e e)H[m L k](l‘ ysa; A\ u) =

r—3,8

N A N A W R N fn—ta—kl, .
_k!<k: » 0(7") <J.>Hn—r (05 a,e;0;u)E; <_7um»1,€,6)7‘(7~—k—j,8 (5955 A5 u).
r=0 j=
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