Maremaruani Crymil. T.64, Ne2 Matematychni Studii. V.64, No.2

VIK 517.5
M. V. DMYTRYSHYN, C. CESARANO, O. KONDUR, [.-A. LUTSIV

ON THE NUMERICAL STABILITY OF THE BRANCHED CONTINUED
FRACTION EXPANSION OF THE RATIO
Hy(a,d+ 1;¢,d;z)/Hy(a,d + 2;¢,d + 1; z)

M. V. Dmytryshyn, C. Cesarano, O. Kondur, [.-A. Lutsiv. On the numerical stability of the
branched continued fraction expansion of the ratio Hy(a,d + 1;¢,d;2)/Hy(a,d + 2;¢,d + 1;2),
Mat. Stud. 64 (2025), 133-143.

Continued fractions and their generalization, branched continued fractions, are the effective
tools used to study special functions. In this aspect, an important problem of continued fracti-
ons and branched continued fractions is the study of their numerical stability. The backward
recurrence algorithm is one of the main tools for computing approximants of both continued
fraction and branched continued fractions. Like most recursive processes, it is prone to error
growth. Each cycle of the recursive process not only generates its own rounding errors but also
inherits the rounding errors made in all the previous cycles. This paper considers numerical
stability of branched continued fraction expansion of the one ratio of Horn’s hypergeometric
functions Hy in the special case, namely, Hy(a,d + 1;¢,d;2z)/Hs(a,d + 2;¢,d + 1;2). For this
purpose, the backward recurrence algorithm is investigated. It is proven that under certain
conditions on the parameters a, ¢, and d the some open bi-disc is the set of numerical stability
for branched continued fraction expansion, and it is found the estimate of relative rounding
error, produced by the backward recurrence algorithm in calculating an nth approximant of
this expansion.

The results of this paper provide a toolkit for analyzing the numerical stability of algorithms
that use branched continued fractions of the studied structure. Error estimates can be used
to choose computation parameters, control accuracy, and ensure the reliability of results in
applied problems that will use the aforementioned branched continued fractions.

1. Introduction. Functions of one or several variables play an important role in almost all
fields of science and engineering (see, for example, [16, 44, 55| and also books |8, 24, 58|).
Various aspects of their study are considered, in particular, their integral representations (|28,
29, 30]), approximations by trigonometric polynomials (|51, 56, 59]), symmetric polynomials
(|31, 42, 60]) and block-symmetric polynomials (|47, 48, 49]), linear summation methods of
Fourier series (in particular, Taylor-Abel-Poisson method, Zygmund method, Fourier method
[13, 14, 57]), generalized sampling series (|1, 2, 3]) and positive linear operators (|12, 45, 46]),
representations by power series (|25, 26, 27]), as well as representations by continued fractions
(see [4, 36, 54] and books [15, 43, 52|) and branched continued fractions (see, for example,
[17, 39, 53] and also books [10, 11, 50]) are considered. Branched continued fractions as a
special family of functions have proven to be one of the most effective tools for approximating
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the special functions (|5, 7, 41]). The vital problem here is the study of the convergence of
the constructed expansions (|9, 22, 34]). Another essential direction in the investigation
of branched continued fraction expansions of special functions, in particular hypergeometric
functions, is the study of their numerical stability (|20, 33, 35]) and stability to perturbations
(32, 37, 40]).

This paper considers numerical stability of branched continued fraction expansion of the
one ratio of Horn’s hypergeometric functions Hy in a special case constructed in [6].

Recall that the Horn’s hypergeometric function Hy is defined as (see [38])

A)orrs(b)s 27 25
Hiabieidin) = 30 A2 e < ) <4, m

[e.e]

r,s=0

where a,b,c,d € C; ¢,d ¢ {0,—1,—2,...}; p and ¢ are positive numbers such that 4p =
(g—1)*and ¢ # 1; (a)g =1 and (a), = ala+1)...(a+n—1), z= (21, 29) € C%
Theorem A ([6]). The ratio
H4(a'7d+ ]-;Ca da Z)
H4(a,d—|—2;c,d+1;z)

has formal branched continued fraction expansion

Vo 22

1+ T : (2)
1-— V129 — UaZ]
1— Vo229 —
where
a a 2(a+1)
= 7 4 =1- ; = 3
T ddry " a+r1 " c ()

(2c—a+k—3)(a+k)
(c+k—=2)(c+k—1)"

The problem of convergence of (2) is considered in [19, 21]. In [6], branched continued
fraction expansions for such ratios
Hi(a, b, b;2) Hiy(a,d+ 1;c,d;2)
Hy(a+1,b;c+1,b;2z)"  Hyla+1,d+ 1;¢,d+ 1;2)

are also constructed. The domains of analytical continuation of these ratios were discussed
in |6, 20, 23| and the truncation error bounds for their expansions were considered in [18].
Numerical aspects related to the backward recurrence algorithm for computing the appro-
ximants of branched continued fractions were considered in [20].

This paper proves that under certain conditions on the parameters of the function (1)
some open bi-disc is the set of numerical stability for branched continued fraction expansion
(2) and founds the estimate of relative rounding error, produced by the backward recurrence
algorithm in calculating an nth approximant of this expansion.

2. Auxiliary results. We recall the necessary notations and definitions (|20]). Let n be an
arbitrary natural number.
The backward recurrence algorithm for computing the nth approximant
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b2ty Cljn—1+ Con
of a branched continued fraction
Co,1
H 14 ey 4+ —02 ®)
c
M

consists of setting U™ =1 and successively computing

UM =14+ 2 n-12k>1,
Ui
for n > 2. And, therefore, f, = U™, where U™ =1+ ¢o,/U™.
For 1 <k <n, let ¢, ¢ox be the rounded values of ¢; i, ¢o of the branched continued

fraction (5), respectively, and

fo=1+ o
"o N C
146+ 02
7 1 + . /C\O n—1
’ +El’n72 + :

1+¢n1+Con
be the computed value of f,.

Definition 1. A numerical stability set ® is a set to which for any ¢ > 0 there exists
d > 0 depending only on ¢ and © such that |(f, — f.)/fn] < &, n > 1, for every branched
continued fraction (5) with ¢k, cox, Crk, Cox € ®, k > 1, such that (€1 x — c1)/c1i] < 0,
|(/C\0,k — CO,k)/CO,k| < 5, k> 1.

Now, for branched continued fraction (2) we need to set

n Uk
W,g )(z) =1—vp2ze — T :
1 — U120 —
1 - . Up—221
. —/l)n_ Z J——
2 1 —vp 120 —Up_121
where 1 < k <n —1 for n > 2. It gives us
Wi (2) =1 -z — — o 1<k<n—1, (6)
Wit (z)
forn > 2, and f,(z) = WO") (z), where
Wi (z) =1+ — 22— Wi(z) = 1. (7)
Wy (z)

Next, let aq, as, Y0, 71, and B, 1 < k < n, be the relative errors in the rounded values
21, 29, Vg, U1, U, 1 < k <mn, of z1, 29, vg, v1, and uy, 1 < k < n, respectively, so that

o~

Z=zn(1+a), z2=2(l+a), (8)
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60 = Uo(l +’}/0), {)\1 = ’Ul(l + "}/1), i[/\k‘ = Uk<1 + Bk), 1 S k S n. (9)

Similarly, for 0 < k < n, let £™ be the relative error in W\ (z) of computing W™ (z) using
21, 22, Uy, U1, and Uy, 1 < k < n. And, therefore,

W@ =W (@)1 +el"), 0<k<n, (10)
with initial conditions

WM @) =W(z) =1, ™ =o. (11)

Also, let ay, as, 7o, 71, Bk, 1 <k<n,and 556"), 0 < k < n, be the relative errors defined by
21 :/Z'\l(l+&1), Z9 :22(1+&2), Uozi)\o(l "—;}/\0), U1 :61<1+:Y\1),
wp =1+ B), 1<k<n, W@ =W"@)1+"), 0<k<n,

respectively.
In what follows, we will establish the recurrence relations for 5,&"), 0<k<n-—1. For
k = 0 we have

o @ W) 1y, Ty
0o n - n T35 (n) /~ -
Wy (z) w2\ W @)
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W (Z) Wi (Z)(l +& ) W (Z> W (Z)Wl (Z)
Since = 1- ™ oz OPRS then
W (Z> W (Z)Wl (Z>
(n) V022 ~(n)
& = ——((1+7)1+a)(1+8")-1)=
Wy (2) Wi (z)
Voz2 Voz2 ~(n)
= — (Y + a2 +Ya) + — e (12)
Wy (2) W™ () W (2) W)™ (z)
For k = 1 we obtain
o T@) W) (1-5% - 1) 1=
W (z) W (z) Wy (2)
1 ui (1l + 21(1 + «
:T<1—Ul(1+%)22(1+0¢2)_ ! (n) Pl (n) 1)> T
Wi (Z) W, (Z)(l + &9 )
_ 1 _ U1(1+’}/1)22(1+042) _ U1<1+ﬁ1>21<1+061)(1+§§n)) .
W (z) W (z) Wi (z)W3" (z)
Since )
V12 Uz
T =t e t
Wy (Z) Wy (Z) Wy (Z)WQ (Z>
then
(n) _ V122 U1z

L w2 et mez) - Wi (z) Wy (z) (L4 B +a)(1+8") - 1) =
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_ _71122(71 + g + 11002) B urz1(f1 + a1 + frag) B U1215§n) (13)
Wi () @@ W W)
Similarly,
o) _ 0B+ @ 0E)  BEGE A+ hE)  DiEey” (14)
1 T17(n) ~ T (n) 1~ n 1) 11 r(n)
" (@) W @w" @) W@ @)
For k, 2 <k <n —1, and for n > 3, we have
o W@ W@ 1 (1-%- o )-1-
ko n - n () i~ -
Wi (2) Wi (2) Wi (@)
1 1 1
= (1- a1 oy - Bl Ol a)y
W, " (2) Wi (z)(1+e,)))
1 m(tay) w4+ B)a(+a)(1+ET)
wW(z) W () W ()W) (2)
: 1 _ 22 Uk 21
Since T 1+ o + T W) then
1 n
W, (2) W, " (z) W, (z)W, (2)
EH1e%) Ugz1 Uz, ~(n)
= (Bt + fru) — — n) Gkt (15)
W@ W @)W @) W ()W (2)
Similarly, for 55;1), 2 <k<n-—1,and for n > 3, we obtain
() Zy0ly U1 =~ o~ BA U2y (n)
€ T = T =i n (B + a1+ Brdi1) — = ——=o0 —Cki1- (16)
W@ W @W () W @)W @)
Now, from (12)-(16) for n > 3 we get the following
P (O vo22(70 + a2 + Y002) UOZQé\gn) ~ voz2(0 + g + Y002)
n— =0 n Tir(n) i~ n n o n Tir(n) i~
W @W@) W (@) W@ @)
PPN —~ —~ U2 + o + b Ty (Z n () i~ (n
+<Ule(% + 8y + F1dn) + — 5 (n)1 - 1)> /\On)(J — " ()" (@)
Wy (2) Wi (z2)

and
" (2)7 @)e =
_ W(()") (Z)%YL) (/Z\) (Z n U221 (ﬁQ + oy + ﬁ2&1)> i ’U,Qzlﬂ-(g") (Z)%YL)
wy" () Wi @) WL @)Wy ()
_ W(()n)<z)ﬂn) (z) uz21 (B2 + aq + Pacry)
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() (1) 2y, (n) N R~ N IS
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()"




138 M. V. DMYTRYSHYN, C. CESARANO, O. KONDUR, I.-A. LUTSIV

—_

k—1

3

= Wf()i)((z)) (ZQ K2 T+ akzlk(gk ‘1;621,)1: * Ekal’k)> 1:[ %,(.n)a
= W Wi r=1
where
z., if k even; a,., if k even; ~ B, if k even;
Zrk = § ~ . Ork = § ~ . r:1727 ﬁk’: S .
’ Zq, if k odd, ’ a,, if k odd, B, if k odd,
_ uy, if k even; ~(n) 7T](€n) (z), if k even; =~ (n) W,ﬁn) (z), if k even;
U, = T, = =
"7 )4, if k odd, k 7M(2), if k odd, k W (), if k odd,
(n) Voz2
T (2) = ——4 PN (17)
Wy (@)W1 (=)
(n) Ugk21 ~(n) o~ Ugk—121 n—1
Tor (2) = — ” " ’ Wzk—1(z):_/\n () 1§k§[ }a (18)
Wi (@)W, (2) Wyl @Wy (@) 2

(here [¢] is the integer part of the number &).
Thus, for n > 3,

B vo22(Y0 + a2 + Yoa2)

—~ S~ ~ (n)
~ ~ ~ (%4 + o1 + Do o (z
+ (11122(71+042+71042)+ 1215 1+ b 1)> 0 ( )

@ @) W, (2) Wi (@)
+ nzl i(fj) (2002 + ez By AL 5’60‘1% T o) (19)
= Wi Wi r=1
2. Main results. The following theorem holds.
Theorem 1. Let there exists a constant o, 0 < a < 1, such that
al<a Jazl<a hol<a nl<a, [Bl<a k>, (20)

where oy, as, Yo, 11, Bk, k > 1, are relative errors of z1, 29, vo, V1, Ug, k > 1, respectively,
herewith vy, v1, ug, k > 1, are defined in (3) and (4), z € Dy, -,

9 (1 —17) 1—7
= . _— 21
Our = {2 € Jul <« T2 jay < 17 1)
u:max{sup|uk|, sup|ilk|}, v=max{vy, 1}, 7€ (0,1)\{1/3}, (22)
keN keN

Uy, k > 1, are defined in (9), and |vy| < v, v1 > 0. Then the set (21) forms the numerical
stability set of the branched continued fraction (2), and, in addition, if €,, denotes the relative
errors of nth approximant of (2), then, for n > 3,

6] < 2|vo|(1 — ) <2+a 41 —1) "
" 1+7+|1=37\v—|v| ov(d+74+]1—-37|)—2v|(1—7)
47(2 . — n—1
X(3+a+ (2 + ) >7] n- ), (23)
2 1+7+[1=-37]/ 1—n,
where
) 2r/(1—1), if 0<7<1/3; (24)
T la-mn)/@2r), if 1/3<7<l1.
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Note that that for complex constants a, ¢, and d such that
lug| — Re(ug) <rs(l—s), k>1, v >0,

the branched continued fraction (2) converges uniformly on every compact subset of the
domain (21), where ug, k > 1, vy are defined in (3) and (4) herewith ¢,d ¢ {0, —1,—2,...},
and r > 0, 0 < s < 1, (see [19, Theorem 3]).

Proof of Theorem 1. In [20] the continued fraction

1—7)/2
(1+7)/2~ u :2{_7)/2 (25)
1 2 —
e ey
is considered and it is shown that (25) converges to
1+74+|1-37
R (26)

for 0 < 7 < 1 (here the elements of the continued fraction (25) satisfy the Theorem 3.2
in [43]). It is also noted that its approximants f,, n > 1, forms a monotonically decreasing
sequence (which is easy to verify).

Let n be an arbitrary natural number such that n > 3. In what follows, we will prove
that

W @) > fop, 1<k<n—1, (27)

where Wé") (z), 1 <k <n-—1, are defined in (6) and (7).
For k =n — 1 we have

1+7 7(1—

2 2

T(1—-7)/2
e

Let (27) holds for £ = s+ 1 < n — 1. Then, using the induction assumption, for k = s
from (6) we obtain

n T
(W (2)] > 1 — vaa|2a] = [unil]z1] > Sy

& 21_U5|22|— |U5HZ'1| (1+T) _7_(1_7_)/2

(Wi (2)] = |1 = vyz0 — — - >
W (z) W (z)] 2 Faot

= fn—87

which proves (27).
Since the sequence {f,} is monotonically decreasing, then f,, > f, n > 1, and, therefore,
|W,§n> (z)| > f, 1 <k <n-—1, where f is defined by (26). Now, we estimate the following

Vo22 ‘ lvo||22| 2(1—1) |vol

(1) ()] — —.
Wi (2) \1+an)(2) (28)

R e

Next, we estimate the values 7\ (z), 7{{(z), 1 < k < [(n — 1)/2], which are defined in
(17) and (18). We have

|vo] |22
- V0% _ ") 2Jvo|(1 — 7)
W WM (z)| o lwllzl T w47+ 1= 37]) = 2Jul(1 = 7)’
Wi (z)]

7" (2) (29)
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and for any k, 1 <k < [(n —1)/2], we get

|uar |21
W (z
o — T
Wy, (2) W41 (2) 1 — vop|2o| — %
‘W2k+1(z)|
T(1—17)
< =7, (30)
1 1-3
(14+7) +T+4| Tl—T(l—T)
where 7, is defined by (24). Now, since z € ©,,, -, where ©,,,, ; is defined by (21), then
W@ > fok, 1<k<n-—1, (31)
and, therefore,
R @) <n 1<k <[(n—1)/2), (32)

where W(2), 1 <k <n—1, and 75} (Z), 1 < k < [(n — 1)/2], are defined in (10) and
(18). In addition, from the conditions of this theorem it follows

1-— 1— _
ﬁ——2’|ﬁﬂ< d lug| <u, 1<k<n.
2u ’ 2v

|Zl,k| <

Now, from (19) we have

| | < ’UOHZ2‘

nl < - — (10| + |az| + |[v0l|az|)+
W ()| | (@)

S S B 15 4 1B N5 (n)
~ 1 (I ~ ~ i~ u||z + |aq| + « Ty (Z
(B2 (] + 1] + )y + LI o a0l T ()
Wy (2)] (W™ (2)]
(n) _
N Uug||z + oy k| + o ~
E:’ hE (,M%M+|M’Mmm|llﬂ W”lm)fhﬁm-
| |Wk+1| r=1
Using (20)—(22) and (26)—(32), we get
2 1-—
|5n|< ’UQ’( T)Oé
147+ |1— 37|
n—1
2+« 4(1 — 3+« 47(2 4+ «)
(i S ) )
v—|v]  v(l4+74+1=37]) =2ve|(1 —7)\ 2 L+7+[1-37) &

n 2

Applying the equality ZZ;; ntl=n. , n # 1, we obtain (23).
Let 7 € (0,1) \ {1/3}. Then we con81der the function p(«) defined by the right side of
(23). Since lim () = 0, then for any € > 0 there exists d. > 0 such that for any 0 < o < 4,
a—0

o(a) < e. Thus, if
|051|§05<567 |O./2|§(1/<56, |70|§a<567 |’71|§OZ<567 |ﬂk|§a<5e k:Z]-v

then |e,| < ¢(a) < €, n > 3, proving numerical stability of branched continued fraction (2).
]

Remark 1. If 7 = 1/3 in (22), then from (30) it follows that 7, = 1 and then e depends
on n, which contradicts Definition 1.
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