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We generalized some criteria of boundedness of L-index in joint variables for analytic functi-

ons in a complete multiple circular domain, where L(z) = (I1(z1, 22, ..., 2n), l2(21,22, ..., 25),
ooy (21,22, ..., 20)), [;: G — Ry is a continuous function, G is the n-dimensional complete
multiple circular domain in C", i.e. for every point (z1,...,z,) from this domain G and for

eachr; € [0,1], 0 € [0,27], j € {1,2,...,n}, the point-wise product (r121,...,7,2,) belongs to
the same domain G and the component-wise rotation (z1€"1, ..., z,e"") falls into this domain
G. The propositions describe a behavior of multiple power series expansion on a skeleton of a
polydisc. There are presented estimation of power series expansion modulus by a dominating
homogeneous polynomial with the degree that does not exceed some number depending only
from radii of polydisc. Changing the center of the polydisc, we cover the whole domain G.
Replacing universal quantifier by existential quantifier for radii of bidisc, we also proved suffi-
cient conditions of boundedness of L-index in joint variables for analytic functions which are
weaker than necessary conditions.

1. Introduction. The complete Reinhardt domain is natural holomoprhy domain of mul-
tiple power series in n-dimensional complex space. Given this, it has attracted the attention
of many investigators ([11-13]) in multidimensional complex analysis. This interest is gen-
erated by its geometric and analytical properties and its universality because it overlaps the
balls ([1,3,9]), the polydiscs ([6,7]), as the partial cases. Moreover, these cases are not
biholomorphic equivalent. The study of the Reinhardt domain allows us to discover a deep
connection between them. An increasing number of papers on various types of Reinhardt
domains, on the Schwarz lemma ([32]), on Bergman kernels ([11]), and on the bounds of
all the coefficients of homogeneous expansions ([30]) for the domain show the importance of
this topic.

The present paper is addendum to papers [4,8,22]. There was introduced a notion of
bounded L-index in joint variables for analytic functions in a complete Reinhardt domain.
For this class of functions there were proved different characteristic local properties. In
this paper, we present analog of results which were early obtained for analytic functions in
bidisc ([6]), for entire multivariate functions ([5]) and for analytic vector-valued functions in
two-dimensional unit ball ([2]). Interest to study these functions is generated by application
of this notion in analytic theory of ordinary ([25,26]) and directional differential equations
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([10]). It is quite often, the investigation of boundedness of /-index of analytic solutions is
combined with the investigation of their geometric properties such as starlikeness, convexity
([27-29]).

We will need the following standard notations from the theory of holomorphic multivari-
ate functions (see, for example, [4,19,20]). In particular, R, = [0,+00), 0 = (0,...,0),
1 =(1,...,1). For A = (a1,...,a,) € R", B = (b1,...,b,) € R", we define AB =
(arby, -+ anby), A/B = (a1 /by, ... an/bn), AP = aa%-. . -abr, A+ B = (a1+by,. .., ap+by),
kA = (kay,... ka,), rA = (ray,...,ra,), Al = 375 a; and Al = a;!...a,!, if each
a; € Zy. And all vector inequalities are understood as coordinate inequalities. This con-
cerns the inequalities A < B, A < B, and so on. Denote D"(2% R) = {z € C": |z; — 2| <
ri g €{l,...,n}}, T"2°,R) = {z € C*: |z =2 =r;, j € {1,...,n}}, D"[2°,R] =
{z € C": |z =29 < r;, j =1,...,n}.The domain G C C”" is called the complete
Reinhardt domain ([17,18]), if: Vz € G VR € [0,1]" one has Rz € G and for all angles
(01,...,0,) €10,27]") (216, ... 2,¢%") € G. Denote by dG the boundary of the domain G.

For J € Z" we will denote H)(2) = BLJZ‘LH(Z) = %(2172% .+, zn). Suppose that
the function L: G — R is continuous and for any j € {1,2,...,n} and 8 > 1 one has
s
li(2) > - , (1)
’ infp co, (712]) — 12
r>1

where fij =(1,...,1, _r ,1...,1). Denote B = (0,4], B" = (0, 3]". Below we suppose
j-th item

everywhere that G C C" is the complete Reinhardt domain.
An analytic function H: G — C is called a function with bounded L-index (in joint
variables) if Ing € Z, VJ € 27y V2 € G:

) (2 (K) (5
—|ﬁLJ(<Z)>| < max {% Kezl, |K| < n} | @)

The least corresponding number N(H,L,G) = ng is the L-index in joint variables. If
G = C™, L = 1, then it is a definition of an entire multivariate function of a bounded
index ([20,21]). One should note that the notion of bounded [ — M-index for entire functions
([23,24]) is not yet considered in multidimensional case. Denote

li(z) r)
Li(w) min{l(z), l(w)

The class of these mapping L: G — R for which (1) is true and A;(R) is finite for any
R e B"and j € {1,2,...,n} is denoted by Q(G). Although all elementary functions and
their compositions belong to the class Q(C), it is known ([14]) that if I: Ry — Ry is
continuous and rl(r) — 400 as r = |z| — 400, then there exists an entire function of single
variable having bounded [-index. We will need the recent result, which is analog of Hayman’s
theorem ([15]) for this class of functions.

Theorem 1 ([22]). Let L € Q(G). An analytic function F' in G has bounded L-index in
joint variables if and only if there exist p € Z, and ¢ € R, such that for each z € G

FOG (IR
max{ L) HJH—p-l-l}S { LiG) HKHSP}. (4)

e — wi] <

y @) = sup {

z,weG

},ke{l,...,n}}. (3)
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2. Main results. Let 2° € G. We develop an analytic function F': G — C in the power
series written in a diagonal form

Zpkz—z ZZsz—z (5)
k=0 ||J||=k

FO)(=0)

where pp are homogeneous polynomials of k-th degree, b; = — - A polynomial py,, ko €
Z,, is called a dominating polynomial in the power series expansion (5) on T"(z°, R) if for
every z € T"(2%, R) the next inequality holds

Zpk z— 2"

kKO

1
< ~max{|by|R’: | J|| = k°}.

[\

Recently, there was obtained another estimate in [16] decribing behavior of maximum mod-
ulus of homogeneous polynomial in a bounded complete multiple-circular domain. These
polynomials are contained in some gap power series representations for entire functions (see

also [31]).

Theorem 2. Let L € Q(G). If an analytic function F' in G has bounded L-index in joint
variables then there exists p € Z, that for all d € (0, ] there exists n(d) € (0,d) such that
for each 2° € G and some r = r(d, 2°) € (n(d),d), k° = k°(d, 2°) < p the polynomial pyo is a

dominating polynomial in the series (5) on T"(2°, L7(nz10))'

Proof. Let F' be an analytic function of bounded L-index in joint variables with N =
N(F,L,G) < 400 and ng be the L-index in joint variables at a point 20 ¢ D?,
no is the least number, for which inequality (2) holds at the point 2°. Then for each

. )
22e G ng < N. We put aJ = LLb(‘;|0) = ELJ((ZO))', arp = max{ah: ||J|| = k}, ¢ =
2{(N+n+Dln+ 1)+ (N+1)CN y_1}. Let d € (0,5] be an arbitrary number We
also denote 7, = m, pm = max{apr® : k € Z.}, s, = min{k: apr* = p,,} for

m € Zy.

Since 2° € G is a fixed point the inequality af < max{a%: |J|| < ne} is valid for all
K € Z%. Then a;, < ayp, for all k € Z,. Hence, for all & > ng, in view of ry < 1, we have
akrlg < Ap,ry°. This implies sg < ng. Since cr,, = 7,1, we obtain that for each k > s,
(Tm—l < 1)

S 1 Sm—1 _—8m—1 k S 1 k k—sSm—_1 k
As,, ot =qa,,  r eI > gy e = gy FTIN > cagry (6)

It yields that s,, < s,,_1 for all m € N. Thus, we can rewrite
o = max{akro kE<ng}, pm= max{akr k<Sn1}, meN.
Let us introduce additional notations for m € N
po = max {aprg: so #k < no}, sg=min{k: k # so, arry = pg},
wh o= max{agrt : s, Ak < spo1}, s =min{k: k # sy, aprt = ).
We will show that there exists my € Z, such that
1

Homg
< - (7)
Hmo €
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Suppose that for all m € Z, the next inequality holds

* 1
Fm 2 (8)

ftm €

If ¥, < Sy (S5, # sm in view of definition) then we have

*

Sm * S Sm
a Ts;*n _ sy, T'm _ Hon Hom _ Qs Ty _ Asm "' m+1 . 7°m
* = = = = .
Sm' m+1 S S cSmtl St CSmtl—sm — Sm' m+1

Besides, for every k > s}, k # sp,, (. e., k —1 > sf,) it can be deduced similarly that

*

k k

S
* Qsx Tm" _ Qgr agTy,
s Sp ' m k k
Asp Ty = —— 2 —— - > — b = = carrF ;.
c’m c’m c
sy k *
Hence, ag ;7 > agry, o for all k > sy . Then
Sma1 < 85 < Sy — 1. 9)

On the contrary, if s, < s}, < s,,-1, then the equality s,,+1 = s, may holds. Indeed, by
definition s,,11 < s,,. It means that the specified equality is possible. But if s,,,1 < s,,, then
Smi1 < Sy — 1 (they are natural numbers!). Hence, we obtain (9).

Thus, the inequalities s;,,; < s, and s}, # s,,41 imply that s} ., < s,,41. As above
instead of (9) we have

Sm+2 < Si:n_t,_l < Sm+1 — 1=s,—-1

Therefore, if for all m € Z, (8) holds, then for every m € Z, either s,,40 < $py1 < Sp—1

or Spao < S, — 1 holds, that is s;,40 < s, — 1, because s,,19 < Spa1- It follows that
Sm<Sm—2 — 1 < ... < Spopmya) — [M/2] < s — [m/2] <ng— [m/2] < N — [m/2].
In other words, s, < 0 for m > 2N + 1, which is impossible. Therefore, there exists
mo < 2N + 1 such that (7) holds. We put r = r,,,, n(d) = (d+1);+“”1>’ p= N and kg = Sp,.
Then for all [|J]| # ko = s, in T"(2%, gkey), in view (6) and (7) we obtain
0T _ e Il el w1

bsl|(z = 27)"| = afr' < ayr'! < s, JTmg = L 0,

Thus, for z € T"(z" LO))

» L(z
o0
Z by(z—2°)7] < Z a}‘r”‘]” < Z axCl _r" =
I 711#ko Il 711#ko k=0,
k#ko
Smg—1
:Z arC a7 + Z ™. (10)
k=0, k= Smg— 1+1
k;ésmo

We will estimate two sums in (10). From (7) it follows that i, < i, or max{arrk, : k #
Smgy K < Smg-1} < %max{akrfm: k% Smgrk < Smo_1}, 1. €. apr® < %akorko. Taking into
account (9), it can be deduced that

Smg—1

ako
E akc+k17"< E +k1—

k=0,
k;ésmo

ko
(N+1DCYn (11)
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rk
agT mo—1 < Hmo 1
ck

For all k > sp,1 + 1 apr®
(7) we deduce

. In view of

< fimg—1 holds. Then ayrf, =

mo—1

(e 9]

oo
1
k
Z akC+k1r < Pmo—1 Z C+klck§

k:5m071+1 k= Smofl“l‘l

1 1
<asm0 lrmoo cSmo 1 Z <k+1)(k+2)(k+n)c_k S

k:5m0—1+1
k() S 1t (n)
o QT cSmo- romo
c 11—z

Smq o (’VZ)
S a’SmOT Csm0_1( E xk+n) —
C
k= +1

—Smo -1

=1 z=1
c c

ko
QT )
_ Sk’ smolzoj n_,])(Smo 1+n+1) (sm0_1+n—j+2)><
c =
msmofﬁ-l-ﬁ-n—j

Wi (1/c)pro-rtiins _
(T=ay71],

k. n
< W g =1y (N 1)! =
< c n(N +n+1) (1= 1/

_1 c .
e J=0

k‘o n k()
QT 1 QT
=nl(N+n+1)! . g c 1y < (n+1)!(N+n+1)!—c ) (12)

[e=]

because ¢ > 2. Hence, from (10)—(12) it follows that

Z by(z — 2°)7 S((N+1>C+N1+(”+1)(N+n+1))akok 1,

< QT 0
2 0
1110 ¢
So, Py, is the dominating polynomial in the series (5) on skeleton T"(z°, %) O

Theorem 3. Let L € Q(G). If there exist p € Z, d € (0,1], n € (0,d) such that for each
2% € G and some R = (rq,...,r,) with r; = r;(d,2°) € (n,d), j € {1,...,n}, and certain
k® = k°d,2°) < p the polynomial pyo is the dominating polynomial in the series (5) on
T?(2°, R/L(z°)) then the analytic in G function F has bounded L-index in joint variables.

Proof. Suppose that there exist p € Z,, d < 1 and n € (0,d) such that for each 2° € G and
some R = (rq,...,r,) with r; = r;(d, 2°) € (n,d), 7 € {1,...,n}, and ko = ko(1, 2") < p the
polynomial Py, is a dominating polynomial in the series (5) on T"(2°, %) Let us denote
ro = MaXj<;<p 7j. Then

Z by(z —2°)7

I 71l#ko I /1I=Fko

Il
(=l
<
—
N
|
N
N
S
X
S
<
o

a 'I"ko
Using Cauchy’s inequality we have |b;(z — 2°)/| = af R’ < =% for all J € Z7}, ||.J|| # ko,

that is for all ||J|| = k # ko

ko
ko To

2
Suppose that F'is not a function of bounded L-index in joint variables. Then in view of
Theorem 1 for all p; € Z, and ¢ > 1 there exists z° € G such that the next inequality

FO(0)] PO,
maX{W’|J‘|:pl+1 > cmax W”K”Spl

ap R’ < (13)
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holds. We put p; =p and ¢ = <(£:+11)'>n Then for this z°(py, c)

FOE) 1 PO

1
pHL ) GkgTh

that is a,41 > T;)% Hence, apiarq > =5 = a0, The last inequality contradicts (13).
Therefore, F' is of bounded L-index in joint variables. O]
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