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The work is devoted to the study of algebraic bases of algebras of continuous polynomials
on real and complex Banach spaces. A subset of an algebra is called an algebraic basis if every
element of the algebra can be uniquely represented as a linear combination of products of
powers of elements of the subset. Algebras of symmetric continuous polynomials on Banach
spaces with some symmetric structure are typically equipped with finite or countable algebraic
bases, which is important in the investigations of the respective algebras of symmetric analytic
functions. Explicit constructions of such algebraic bases are often available when the Banach
spaces are complex. In this work, we develop a method for extending these results to the case of
real versions of such spaces. We also apply this method to the algebra of symmetric continuous
polynomials on the Cartesian product of real Banach spaces of absolutely Lebesgue integrable
in some powers functions on [0, 1].

Introduction. Algebras of symmetric polynomials on Banach spaces have numerous appli-
cations in both theoretical and applied research, particularly in cryptography ([6]), machine
learning (|22]) and statistical quantum physics ([4, 10]). More general algebras of block-
symmetric (|9, 11, 17]), weakly symmetric (|2, 21]) and supersymmetric ([5]) polynomials also
play an important role in applications. In many cases such algebras have finite or countable
algebraic bases (see definition below). First, the existence of such an algebraic basis in an
algebra allows one to explicitly determine the structure of its elements. Second, algebras
of analytic functions that contain such an algebra as a dense subalgebra are finitely or
countably generated, which significantly simplifies the description of their spectra (|14, 16]).
Historically, the first algebraic bases to be described were those of the algebras of continuous
symmetric polynomials on certain classical real separable Banach spaces (|8]). However, for
more complicated cases, such as algebras of symmetric polynomials on some nonseparable
Banach spaces (|7]) or on Cartesian products of Banach spaces ([1]), the problem of descri-
bing an algebraic basis in the complex setting is simpler than in the real one. A natural
problem arises: to obtain a description of the algebraic basis of the algebra of symmetric
polynomials on a real Banach space using the known description for its complex version. For
some partial cases, this approach has been successfully implemented (|18, 19, 20]). In this
paper, we realise this approach in the general case, even for algebras of polynomials that
are not necessarily symmetric. We also apply this result to obtain the algebraic basis of the

2020 Mathematics Subject Classification: 46G25.

Keywords: algebraic basis; polynomial on Banach space; symmetric function; complexification of real Banach
space; space of Lebesgue integrable functions.

doi:10.30970/ms.64.1.81-91

(©R. V. Ponomarov, T. V. Vasylyshyn, 2025



82 R. V. PONOMAROV, T. V. VASYLYSHYN

algebra of all symmetric continuous polynomials on the Cartesian product of real Banach
spaces of absolutely Lebesgue integrable in some powers functions on [0, 1].

1. Preliminaries.

Polynomials. We denote by N the set of all positive integers and by Z, the set of all
nonnegative integers. Let X and Y be Banach spaces with norms || - ||x and || - ||y resp.
A mapping A: X™ — Y, where m € N, is said to be m-[linear if it is linear in each argument
separately, when all other m — 1 arguments are fixed. Let the norm of an m-linear mapping
A: X™ = Y be defined by

IAlF = sup [A(@1 s am) [y (1)

lz1]lx <1, om I x <1

It is known that A is continuous if and only if its norm is finite. An m-linear mapping
A: X™ = Y is called symmetric, if A(zsqy,...,2Tem)) = A(x1,...,2,) for every bijection
o:{1;...;m} = {1;...;m} and for every xy,...,2,, € X.

A mapping P: X — Y is called an m-homogeneous polynomial with m € N, if there
exists an m-linear mapping Ap: X™ — Y such that P(z) = Ap (ac, . ,x) for every z € X.

Note that Ap is called an m-linear mapping associated with the polgfnnomial P. One should
observe that the existence of such an m-linear mapping guarantees the existence of the
symmetric m-linear mapping associated with P (see |12, Proposition 1.6]). Note that for an
m-homogeneous polynomial P the symmetric m-linear mapping associated with P can be
recovered with the aid of the following formula (see [12, Theorem 1.10]):

1 . . . .
A}(a:l,...,xm):m Z jl'...'jmp(jll’l—i‘...‘i‘]mxm)a (2>
Cke{-11}

where k € {1;...;m}.
A mapping P: X — Y is called a 0-homogeneous polynomial, if it is a constant mapping.
A mapping P: X — Y is called a polynomial of degree at most IV, if it can be represented
in the form
P=PFP+P +...+ Py, (3)

where P;: X — Y is a j-homogeneous polynomial for every j € {0,1,..., N}. It is known
that a polynomial P: X — Y is continuous if and only if ||P|| < 400, where
|Pll = sup [[P(z)]ly.
[zl x <1
By [12, Theorem 2.2], for a continuous m-homogeneous polynomial P and the symmetric

m-linear form Ap associated with P, .
m
1Pl < 146l < =P (W

Lemma 1. (See [19, Proposition 1]) Let P: X — Y, where X and Y are Banach spaces over
a field K € {R, C}, be the polynomial of degree at most N. Let A, ..., Ay be distinct nonzero
real numbers. Then P; defined by (3), is given by the equation Pj(z) = Y N w;sP(\s),
for every j € {0,..., N} and x € X, where wj, are elements of the matrix W = (wjs); 5%
which is the inverse of the Vandermonde matrix Vi, .\, = ()\j)j’s:m.

Let P,(*X;Y) be the vector space of k-homogeneous polynomials acting from X to Y
and P(*X;Y) be the subspace of continuous k-homogeneous polynomials acting from X
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to Y. Let P(X;Y) be the space of continuous polynomials acting from X to Y. Note that if
Y is a unital commutative algebra, then P(X;Y’) is also a unital commutative algebra.

Complexification of a real Banach space. If F is a real Banach space, we can associate
a complex vector space E with E (sce [13, p. 1]). Let E be the Cartesian product E x E,
then E can be transformed into a complex space by defining the following two operations:

L. (z;y) + (u;v) = (x + u;y + v) for every z,y,u,v € E,

2. (a +iB)(z;y) = (ax — By; Pz + ay) for every z,y € E and o, f € R.

From now on, let us refer to E as the complezification of E. If we identify (x;0) € E
with z, then FE is the real kernel of E. This identification allows us to use familiar notation
z = x+iy instead of z = (z;y), and the elements x = Re z, y = Im z are uniquely determined.
Ifz=x+1iye E, then we define the conjugate of z by z = = — iy.

According to [13, p. 4], if || - || g is a norm on a real Banach space E and || - || 5 is any norm
defined on the complexification E of the space E, then we say that || - || 7 is a reasonable
complezification norm if the following two conditions are satisfied:

L. [[Rez||z = |Rez||g for every z € E,

2. ||z]|z = ||Z]| 5 for every z € E.

By [13, Proposition 3] such a norm always exists.

Theorem 1. (See [3, Theorem 3]) Let k € N. Let E be a Banach space over R. Given
P € P,(*E;R), there exists exactly one element P € P,(*E;C) such that the restriction of

f to E is equal to P. The polynomial P is continuous if and only if the polynomial P is
continuous.

We will call the polynomial P the complex extension of the polynomial P.

Theorem 2. (See [13, p. 16]) Let E be a Banach space over R. Let P: E — R be an m-
homogeneous continuous polynomial. Then its complex extension P is given by the formula

ﬁ(x) =Ap (x, e ,x), where x € E and Ap is given by the formula
N——
A];(xgo) + mgl)’ . ,xﬁ,?) + m%)) = Z i g=1 Ja Ap (xgjl), o ,x%’”))
Moreover, by (1), 31yeerdm€{0;1}
45l < 2714l 5

Let E be a Banach space over R. For every polynomial P: £ — R such that P =
Py+ P+ ...+ P, where P;, j € {0;...;m}, is j-homogeneous, we will define its complex

extension P as ~ — _
P=F+P+...4+ Py, (6)

where P , j € {1;...;m}, are defined by Theorem 1 and 733 =D

Proposition 1. Let E be a Banach space over R. For every polynomial P: E — R there
exists a unique polynomial P: E — C, where E is the complexification of F, such that
the restriction of P to the space E is equal to P. This polynomial is given by (6). The
polynomial P is continuous if and only if the polynomial P is continuous.

Proof. Suppose that there exists another polynomial @: E — C such that the restriction
of @) to the space E is equal to P. Let G = Q — P. Since G is a polynomial, there exists
n € N such that G = Gy + Gy + ... + G,,, where G;,5 € {0;...;n}, is j-homogeneous.



84 R. V. PONOMAROV, T. V. VASYLYSHYN

The restriction of G to £ is the sum of restrictions of G;, where every restriction of G is
j-homogeneous. Note that the restriction of G to E is equal to 0. Therefore, taking into
account Lemma 1, restrictions of all G; are 0. Therefore, by Theorem 1, G; = 0 for every
j €{0;...;n}. Consequently, G = 0. Hence, Q) = P. This contradicts the initial assumption.
Thus, there exists only one complex-valued polynomial on E the restriction of which to E
is equal to P.

Note that Lemma 1 guarantees that homogeneous components of a continuous polynomi-
al are continuous, and Theorem 2 guarantees that complex extensions of a homogeneous
continuous polynomials are continuous. Therefore, the complex extension of a continuous
polynomial is continuous.

Let P: E — R be such that the complex extension P is continuous. Then ||ﬁ|| < 00. Thus,
| P|| < oo. Therefore P is a continuous polynomial. Thus, the polynomial P is continuous if
and only if the polynomial P is continuous. O]

Algebraic basis. Let K € {R;C}. Let A be a unital commutative algebra over the field K.
For every polynomial ): K" — K of the form
Q(z1,. -y 2n) = Z Uy )21 2,
(k1o kin ) EQ
where o, x,) € K and (2 is some nonempty finite subset of Z7, let us define the mapping
Qa: A" — A by

QA(ala o aan) - Z Oé(kj,...,kn)alfl T a:{n, (7)
(kflv---akn)eﬂ
where ay,...,a, € A (we consider the zero power a? of an element a; to be the unit element
of A).
Let a,aq,...,a, € A. The element a is called an algebraic combination of ay,...,a,, if

there exists a polynomial ): K" — K such that a = Q(aq, ..., ay).

A nonempty set B C A is called a generating system of A, if every element of A can be
represented as an algebraic combination of some elements of B.

A nonempty set B C A is called an algebraic basis of A if every element of A can be
uniquely represented as an algebraic combination of some elements of B.

A finite nonempty set {a1;...;a,} C A is called algebraically independent, if the equality
Qalay,...,a,) = 0ispossible only if the polynomial @ is identically equal to 0. An infinite set
Ay C A is called algebraically independent, if its each finite nonempty subset is algebraically
independent.

Evidently, every algebraic basis is algebraically independent. Furthermore, every algebrai-
cally independent generating system is an algebraic basis.

Lemma 2. (See [18, Lemma 3.1]) Let X be a vector space over a field K € {R;C}. Let
n € N and a set of polynomials {P;;...; P,} C P(X;K) is such that following conditions
are satisfied:
1) for every j € {l;...;n} there exists m; € Z, such that the polynomial P; is
mj-homogeneous;
2) for every polynomial ): K" — K of the form
Q(z1, ... 2n) = Z a(kl;,,_;kn)zfl e z,’j",

k1;..;kn€Z+
kimi+..+kpmp=l

with | € Zy and o,;. i) € K, the equality Qpxx) (P, ..., P,) = 0 holds if and only if
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@ = 0, where the polynomial Qp(x.x) is defined by (7).
Then the set { P, ..., P,} is algebraically independent.

Symmetric mappings. Let A, B be arbitrary nonempty sets. Let S be an arbitrary fixed
set of mappings that act from A to itself. A mapping f: A — B is called S-symmetric if
f(s(a)) = f(a) for every a € A and s € S.

Spaces of Lebesgue-measurable functions. Let K € {R;C}. Let LSK), where p €
[1;4+00), be the Banach space of measurable functions z: [0;1] — K for which the pth
power of the absolute value is Lebesgue integrable, i.e. the integral fol |z(t)|P dt is finite,

with norm 1

1 1
lellygo = ([ lotop )" ()

Let us define the norm on the Cartesian product Lgf) X L,()Hf) X ... X Lgf), where p1, po, .. .,
Pn € [1;+00) as

Izl g pgo .. xng = max sl oo (9)

for every = (z15...;2,) € Ly x LS x ... x L§Y.
Let us refer to LSC) and L;(E) X L;(,E) X ... X L,(,S) as L, and L, X Ly, x...x L, respectively.
Symmetric functions on Lglf) X ... X Lgf). Let p1,...,p, € [1;400). Let Zp,y be the

set of all bijections o: [0;1] — [0; 1] such that both ¢ and ™! are measurable and preserve
Lebesgue measure, i.e. u(o(E)) = pu(oc™'(E)) = u(E) for every Lebesgue measurable set

E C [0;1], where 41 is Lebesgue measure. For o € Zpp.q) and & = (21;...52,) € L% <L
let oo = (x100;...;2, 00). For 0 € Zjgy), let the operator g((,K) be defined by
g8 2 e LI x . x LI s 200 e LIY x .. x L.

Let G,()Hf;)_,;pn = {gg—K): o € Zjp11}- It can be verified that Gﬁf},_;pn is a group of continuous
operators on Lgf) X oo X Léﬂf). In the following work, let us refer to a G;(,Hf;),,,;pn—symmetric
function f: L}(,Hf) X ... X L;(;Hf) — K as symmetric, i.e. a function f: L,()Hf) X ... X Lgf) —- Kis
called symmetric if f(x) = f(x o o) for every x € Lgf) X ... X Lgf) and o € Z,).

Symmetric polynomials on Lgf) X ... X L;()Hf). Let p1,...,pn € [1;+00). Let

Ny = {a = (k1;.. .5 kn) € ZEN\A{(0;...50)}: ki/pr+ ...+ kn/py < 1}. (10)

(K) (&)
For every a = (ki3 ko;.. .5 ky) € N, 0, let RC(,LP1 <ty L % x LY 5 K be

defined by

(Lglf) x...xLéﬂfL

Ra )((xl; e Ty)) = /o ah(t) - ake(t) de, (11)

where z; € L,(E) for j € {1;...;n}. In the case k; = 0 and z; = 0 we will consider :E?j to be

(Lgf)x...ngfL))

equal to 1. Note that Rq is a (k1 + ...+ k,)-homogeneous polynomial.

Lemma 3. (See [15, Theorems 3 and 4]) The polynomial R o) gefined by (11) is
. . (Lpy X...XLp,)
continuous and symmetric. Moreover ||Ra ™ | = 1.

Lp, X..XLyp,)

Theorem 3. (See [15, Theorem 11]) Let py,...,pn € [1;4+00). The set {R((l fa €

Np,,..pn |+ Where R ) g defined by (11) and X, is defined by (10), is an algebraic
basis of the algebra of all symmetric continuous complex-valued polynomials on L,, X ... X
L

Pn-
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2. The main result.

Lemma 4. Let E be a real Banach space. Let P,Q): E — R be polynomials and let P Q PQ
be defined by (6). Then PQ = PQ

Proof. The restrictions of both polynomials ﬁ@ and J/DZQ to the space E are equal to PQ. By
Proposition 1, every real-valued polynomial on F including P@) has the unique polynomial
complex extension. Consequently, the equality PQ PQ holds. O

Theorem 4. Let E be a real Banach space. Let I' be a set of indices. For every v € T’
let P,: E — R be some m,-homogeneous continuous polynomial, where m., € Z... Suppose

the set {l/D; v € T'} is algebraically independent, where l/D; are the complex extensions of
polynomials P.. Then the set {P,: v € I'} is algebraically independent.

Proof. Let I'y be an arbitrary finite subset of I'. Let n be the cardinality of 'y, i.e. I'y =
{71,..., 7} for some vy, ...,7v, € I'. Let us check the conditions of Lemma 2 for the space F
and the set {P,: v € I'1}. The first condition holds by the definition of the polynomials P, .
Let us show that the second condition holds. Let @): R™ — R, defined by

Q(z1,..-y2n) = Z ks ..., kn)Zi€1 ez,

k1,.es kn6Z+
kimi+...+knmn=I

with [ € Z; and oy, k) € R, be such that R = 0, where R = Qppr)(Py,, ..., P,,) (see
(7) for the definition of Qp(gwr)). Note that R is a continuous [-homogeneous polynomial
on the space £ and, by Lemma 4 and the fact that the complex extension of some sum
of polynomials is equal to the sum of their complex extensions, R = QP( E;(C)(Pvn P
Let Ar be the multilinear symmetric mapping associated with R and A be the multilinear
symmetric mapping associated with R (see Theorem 2). By (4) and (2), HEH < Az <
21 Ag|l < (zl—l,)lHRH Therefore, since R = 0, it follows that R = 0. Consequently, since the

set {P,,,..., P, } is algebraically independent, () = 0. So, the second condition of Lemma 2
is satisfied. Consequently, the set {P,: vy € I'1} is algebraically independent for every finite
set Iy C I'. Thus, the set {P,: v € I'} is algebraically independent. O

Theorem 5. Let E be a real Banach space and E be the complexification of E. Let Abea
subalgebra of P(E;C) and A be a subalgebra of P(E;R). Let I' be some set of indices. Let
H ={R,: v €I'} C A be some set of homogeneous (potentially, with different degrees of
homogeneity) po]ynomia]s If two following conditions are satisfied:
1. the algebra A ‘contains complex extensions of all elements of the algebra A,
2. the set H = {R v € I'}, where R are the complex extensions of R, is an algebraic
basis of A,
then H is an algebraic basis of A.

Proof. It is enough to show that H is an algebraically independent generating system. In view
of algebraic independence of H, by Theorem 4 the set H is also algebraically independent.
Let us show that H is a generating system. It is enough to show that an arbitrary P € A
is an algebraic combination of elements of H with real coefficients. Let P € A. Since H is
an algebraic basis of Aand P € A it follows that P is an algebraic combination of some
clements of H. Consequently, tk;)e(re exist m.€ N, 71, comsYp € 'and @Q: C* — C such th?{2

(R%(z) Ry, (Z))
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for every z € E. Taking into account that @): C* — C is a polynomial, there exist N € N,
c1,...,cy € Cand {k,;} C Z+, Wherej €{l;...;N} and s € {1;...;n}, such that

Z ;R (2) - ... R (2) (13)

for every z € E.
For every x € F and G: F — R such that G € A,

G(z) =Gz +0-19). (14)

Let us substitute z =2 +0 -4 into the formula (13). Then, taking into account (14),
Z cJR’““ Coe R];ZU' (x) (15)

for every x € E. To show that the polynomlal P is an algebraic combination of R, ..., R,,,
it is enough to show that c¢; € R for every j € {1;...; N}. Since P(z), R,,(z) € R for every
r € E, it follows that P(x) = P(z) and R,,(z) = R,,(z) for every x € E. Consequently,
by (15)7 N

P(z) = Zc—ijw( )+ REmi(z). (16)

By subtracting (16) from (15) we get 2@(2 (Im CJ)RA, (z)-...- RE" (x)) = 0 for every
x € E. Taking into account that the set H is algebraically independent, it follows that
Imc; = 0 for every j € {1;...; N}. Thus, ci,...,cn € R. Consequently, P is an algebraic
combination of R, ,..., R,, . Therefore, H is a generating system in A.

Thus, H is an algebraic basis in A. m

Theorem 5 implies the following corollary.

Corollary 1. Let E be a real Banach space and E be the complexification of E. Let S be
some set of operators acting from E to E and S be some set of operators acting from E to
E. Let A be the algebra of all §-symmetr1'c continuous complex-valued polynomials on E
and A be the algebra of all S-symmetric continuous real-valued polynomials on E. Let " be
some set of indices. Let H = {P,: v € I'} C A be some set of homogeneous (potentially,
with different degrees of homogeneity) polynomials. If two following conditions are satisfied:
1. sets S and S are such that the complex extension of every S-symmetric continuous
real-valued polynomial is a S -symmetric continuous complex-valued polynomial,
2. the set H = {f’; v € T'}, where l/D: are the complex extensions of polynomials P,
is an algebraic basis of 121\,
then H is an algebraic basis of A.

Proof. We apply Theorem 5 to the space E, the algebras A, A and the set H. Both conditions
of the corollary match with the conditions of Theorem 5. O

Let p1,...,pn € [1;400). Let us apply Corollary 1 to the algebra of all symmetric conti-

(R)

nuous real-valued polynomials on Lp,” X ... X Lgf). First we establish some auxiliary results.

Lemma 5. The complexification of the space L( %X L,(JH};) is equal to Ly, X ... X Ly,
and the norm || - ||z, x..xL,, is a reasonable complex1ﬁcat1'on norm with respect to the norm
| - HL;(;Df)x...xLéﬂfL)’ where || - ||, x..xL,, and || - ||L;§>X...XL$> are defined by (9).
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Proof. Let us show that there exists a linear bijection between the complexification (LS;R) X

S X LSE)) X (LS}}) X L% LSE)) of the space LU x ... x LI and L, x...x L, . Let

f((z;y)) = « + iy, where z,y € Lgf) X ... X Lgf). Then f is an injective linear function

acting from (Lgf) X ... X LSS)) X (ngﬂf) X ... X Lg};)) to L,, X ...x L, . Let us show that f
is surjective. Let z = (21;...;2,) € Ly, X ... X Ly, . Let us construct z,y € Lglf) X ... X LSE)

such that f((x;y)) = z. Let x = (Rezy;...;Rez,) and y = (Im z1;...;Im 2,). Then z,y €
Li(,ﬂf) X ... X LI(,R). Note that f((x;y)) = z. Thus, f is a surjection. Therefore, f is a linear

bijection between (Lgf) X ..o X LI(,IS)) X (Lglf) X oo X LI(,IS)) and L, X ...x L, . One can
verify that two conditions required by the definition of complexification are satisfied. Then,
L, x...x L, isthe complexification of L,(,Hf) X ..o X Lgf).

Let us show that the norm || - || Ly, x..xLy, 18 a reasonable complexification norm with
respect to the norm || - ||, @, @ . For every z = (21;...52,) € Lp, X ... X Ly,
P1 Pn
Rez = max ||Rez; = max ||Rez;||,® = | Rez|, = R).

H HLP1><...><Lpn je{l; ) H ]Hij j cim} H JHL;J.> H HL;,1)><...><L;”)
Therefore, the first condition required by the definition of a reasonable norm has been establi-
shed. For every z = (215...;2,) € Ly, X ... X Ly,

1 1 1 1
-\ P _ -\ pj _
ol rty = e ([ 150P)7 = max (7 E0F)7 = [l e
Pl v J€{1;..sn} \ Jo JE{L5m} \ Jg P P
Thus, the second condition required by the definition of a reasonable norm has been establi-
shed. So, the norm | - ||z, x...xz,, is a reasonable complexification norm with respect to the
norm H ’ HLgf)x...ngi)' H

By Theorem 2, for the complex extension P: L, x...x L, — C of an m-homogeneous
polynomial P: Lgf) X ... X Lgf) — R, its associated m-linear symmetric mapping As: (L,, X

... % L, )™ — Cis given by the followinlg formula:

Ap(@r,eeyam) =3 itetima, (wjl (1), .. ,wjm(xm)) (17)

Jj1=0 Jm=0

for z1,...,2m € Ly, X ... X L, , where Ap is the symmetric m-linear mapping associated
with P,
wo(z) = (Rexpy;...;Rewg,) and wy(zg) = (Imagy;...;Imag,) (18)
for op = (Tg1;. . ;Thm), K € {1;...;m}. Then
P(z) = Ap(z,...,2) (19)

for every z € L,y x ... X L, .

Lemma 6. Let P: Ll(;ﬂf) X ... X Lglf) — R be a symmetric m-homogeneous polynomial.

Then for the symmetric associated with P m-linear mapping Ap: (L,(gﬂf) X ... X Lg};))m — R
the formula Ap(z1,...,2m) = Ap(z100,...,2y, 0 0) holds for every o € Zjpq) and z; €

L;ﬂf) X ... X Lglf), where j € {1;...;m}.

Proof. Let 0 € Eg;1) and @1,..., 2, € Lglf) X .. X Lz(,ﬂf). For every ji,...,Jjm € {—1;1},
(171 + .. A JmTm) 00 = Ji(z100) + ...+ jm(Tm 0 0).

Then, taking into account that P is symmetric,
P(jizi+ ...+ jmm) = P(i(z100) + ...+ jm(2m 0 0)) (20)

for every ji,...,jm € {—1;1}. By (2) and (20), Ap(z1,...,2y) = Ap(z100,...,200). O
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Lemma 7. For every continuous polynomial R: L, x ... x L, — C its restriction to
LE « x LY is continuous
pl DY pn .

Proof. Let R: L,, x ...x L, — C be a continuous polynomial. Then ||R|| < co. Then, the

(R)

norm of the restriction of R to L, . X Lz(,ﬂf) is also finite. Therefore the restriction of R

to Lé,ﬂf s X Ll(,n) is continuous. O

Lemma 8. For every symmetric mapping @): L, x ... x L, — C its restriction to L](,Hf) X

. X LSS) is symmetric.

Proof. Let QQ: L,, x ... x L, — C be symmetric. Let us show that the restriction of @
to LS}}) X ... X L;(,ﬂf) is symmetric. Let o € Z,y). For every z € L, x ... x L, , since @ is
symmetric, Q(z) = Q(z 0 0), i.e.

QRez+ilmz) = Q((Rez +ilmz) o 0). (21)
Let € LYY x ... x LY. Let z = z +1i- 0. By (21),

Qz) = Q(Rez +iImz) = Q((Re (z1) +ilmz) o0) = Q(z 0 0).

R) . X L](,Hf) is symmetric. [

Lemma 9. For every symmetric continuous polynomial P: Lz(,ﬂf) X ... X Li(,ﬂf) — R, its complex

extension P: L, x ...x L, — C is symmetric and continuous.

Thus, the restriction of @ to L,

Proof. By Proposition 1, the complex extension of every continuous polynomial is continuous,
thus, P is continuous. Let us show that the complex extension of every symmetric continuous
polynomial P that acts from L( V% % L;(,H};) to R is symmetric. By the definition of the
complex extension of a polynomlal (see (6)), it is enough to show this fact for every its
homogeneous component. By Lemma 1, every homogeneous component of P is symmetric.
Let m € Z and P, be an arbitrary m-homogeneous symmetric continuous polynomial acting
from Ly x ... x Ly to R. Let o € Ejg.). For every z; € Ly,, Re (z;(a(t))) = (Re;)(a(t))
and Im (z;(o(t))) = (Imz;)(o(t)) for every t € [0;1]. Thus, for every x € L, X ... x Ly, ,

wo(x 0 0) =wp(x) oo and wy(x o 0o) = wi(x) oo, (22)

where wy and w; are defined by (18). Let z € L,, x ... x L, . By (22) and Lemma 6,
Ap, (wj (z00),...,w;,(z00)) = Ap, (w;,(2),...,w;,(z)) for every ji,...,jm € {0,1}.
Consequently, by (19) and (17), b, (zo0) = P (2), i.e. Py, is symmetric. Therefore the
complex extension of every symmetric continuous polynomial acting from L( ) x % Lgf)
to R is symmetric. O]

. L(]R)x XL(R))
Lemma 10. Let o € N, where X, . is defined by (10). Let Ra 1

(e o) b defined by (11). Then

and

L®x. xL®)

Pn X. XLPn)

1. the complex extension of the polynomial R is equal to R(Lpl ;

R) XL(Hi))

2. the polynomial R(L is symmetric and continuous;

3 ||

L()>< ><L() H:l
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py XX Lpy)

Proof. Let us prove the first part. The restriction of the polynomial R&L to the

(R) (R)

space Liy) x ... x L) is equal to Ry
(R) (R)

R((XLpl X)) an be extended uniquely to a polynomial acting from the space L,, x...x L,,

to C. So, its complex extension is equal to RnglX'”XLP")-

Let us prove the second part. The polynomial R,(ILP 1) So continuous and symmetric

by Lemma 3. So, the second part of the lemma immediately follows from Lemmas 7 and 8

), By Theorem 1, the homogeneous polynomial

for RnglX'“XLpn).
Let us prove the third part. By Lemma 3, HR&LNX"'XLP”)H = 1. Since HR&L;D?XWXLIS% H <
[ RS it follows that HR&“’D?X“'XLQ)\\ < 1. Since (L1 Dl o, @ =1

(®) - ><...><L§,Di)

(R) (R)
and Ry (1,1:. 1)) = 1, it follows that ||RY™

)H Z 1 SO, HR&Lgf)x...XLgi))”
=1. [l

><...><L§,Hi))

(®)
Theorem 6. Let pi;...;p, € [1;4+00). The set {R((XL”1

L;ﬂf)x...xL(R

)
R »+) are defined by (11) and N,
the algebra of all symmetric continuous real-valued polynomials on Lglf) X ... X Lglf).

ta € Ny, .}, where

is defined by (10), is an algebraic basis of

n

Proof. Let us check the conditions of Corollary 1, where E = L;()ﬂf) X ... X L;(,ﬂf;), S = G;(,Hf),,,,pn,

1111

Lgf) X ... X Ll()ﬂf), A is the algebra of all symmetric continuous complex-valued polynomials
(®) (R)
on the complexification of Lglf) X ... X LI(,HS) and H = {R((XL]”1 xled) . e Npl,...,pn}- By

Lemma 5, the complexification of Lgf) X ... X Lg};) is equal to Ly, x ... X L, .

Let us show that H is a subset of A. It is enough to show that for an arbitrary o € X, .
Lgf)x...xL(m)

the polynomial R((y Pn7 is symmetric and continuous. It immediately follows from

Lemma 10, part 2.

By Lemma 9, the complex extensions of symmetric continuous real-valued polynomials on
Li(,ﬂf) X ... X Lg};) are symmetric continuous complex-valued polynomials on Ly, X ... X L, .
Thus, the first condition of Corollary 1 is satisfied. By Lemma 10, part 1, the set H of
complex extensions of elements of the set H is equal to {R((IL’”1 ) e Np,,..pn }» Which,
by Theorem 3, is an algebraic basis of A. <IR?[)‘hus, t(ge second condition of Corollary 1 is satisfied.
(Lpy XX Lp,)

Therefore, by Corollary 1, the set {Ra Ta € Nplym,pn} is an algebraic basis of the

algebra of all symmetric continuous real-valued polynomials on L,(gﬂf) X ... X Lgf). O]
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