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Let H be a separable Hilbert space, and let H := Lo(R, H). In the space H, we consi-
der the self-adjoint Schrédinger operator of the form T, f = —f” + qf, where ¢ is a reflecti-
onless operator-valued potential. Let 7P, and P_ be the spectral projectors of the operator T,
corresponding to the positive half-line R, and the negative half-line R_, respectively. Define
Hy :="P+H, and let Tqi =Tyl

In this paper, we show that the operator T; has trivial kernel, and that the operator TqJr
is unitarily equivalent to the unperturbed operator Ty. Next, let B be an arbitrary bounded
negative operator in a separable Hilbert space H; (dim H; < dim H if dim H < o0). Then we
prove that there exists a reflectionless potential ¢ such that 7, is unitarily equivalent to the
operator B.

A key role in this work is played by solutions of the operator Riccati equation of the form

S'(x) = KS(z) + S(x)K — 28(x)KS(z), z €R,

where K € By (H)\ {0}, and S: R — B(H). Here, B(H) is the Banach algebra of all bounded
linear operators acting in H, and By (H) = {A € B(H) | A > 0}.

1. Introduction. This paper is devoted to the study of the spectral properties of the
Schrodinger operator with a reflectionless operator-valued potential. It continues the investi-
gation started in [1| and [2].

1.1. Reflectionless potentials of the Schrodinger operator. Let H be a separable
Hilbert space with the inner product (- | -) that is linear in the first argument. Denote by
B(H) the Banach algebra of all everywhere-defined linear continuous operators A: H — H,
and by B, (H) the group of all invertible operators in B(H). Also, let B, (H) be the cone
of nonnegative operators, and let I be the identity operator in B(H). The domain, range,
kernel, and the spectrum of a linear operator will be denoted by dom(-), ran(-), ker(-), and
o(+), respectively. For arbitrary operators A, B € B(H), we write A < B if A < B and
ker(B — A) = {0}. If a sequence (A, )nen in B(H) converges to an operator A in the strong

operator topology, we write A = s-lim A4,,.
n—oo

Denote by H := Ls(R, H) the Hilbert space of square integrable functions f : R — H
with the inner product

(f | 9w = / (f(z) | g@)dz,  f.gEeMH,
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and let Z be the identity operator in H.
To simplify notation, we will use the following abbreviations for a function

2 F(z) e B(H): (F(2))*=F*(2), (F(2))"! = F7(2).

Let C(R, B(H)) be the linear space of all continuous functions f: R — B(H), and set
Co(R,B(H)) :={f € CR,B(H)) | [[flloc <00} ([[flloc := Sup 1 (@)1)),
Cos(R,B(H)) :={q € Co(R,B(H)) |[Vz € R ¢"(z) = q(2)}.

We will associate every potential ¢ € Cy(R, B(H)) with the Schrédinger operator 7y :
‘H — H defined by

T f=—f"+4af (1)

on the domain dom7, := W (R, H), where WZ(R, H) is the Sobolev space of functions
f: R — H. If the potential ¢ € Cp, s(R, B(H)), then the operator T} is self-adjoint.

Throughout the paper, we denote by P, (P-) the spectral projector of the operator 7,
corresponding to the positive half-line R, (the negative half-line R_). We also set Hy :=
P+, and define T;" := Ty |y, .

Let ¢ € Cp (R, B(H)) and z € C. Consider the equation

-y +qy = zy. (2)

As shown in [3], for every z € C \ R, there exist the Weyl-Titchmarsh B(H )-valued right
f+(z,-) and left f_(z,-) normalized solutions of the equation (2), i.e., the solutions that
satisfy the condition f,(z,0) = f_(z,0) = I and for every h € H

/R | f(z, x)R||*dr < cc.

+
The functions m4(z) := f.(2,0), z € C\ R, are called the Weyl-Titchmarsh m-functions of
the equation (2) on the half-lines Ry. It is well-known (see [3]) that the equalities

ma(z) =mi(s), z€C\R 3)
hold, and the functions m, and —m_ are Herglotz functions in the upper half-plane, i.e.,
+Imma(z) >0, z € C4. (4)

Definition 1. Let ¢ € Cy, (R, B(H)) and let my be the Weyl-Titchmarsh functions of the
equation (2). We call the potential ¢ (the operator T,) reflectionless if the B(H)-valued

function 2 m.(A\2), ImA >0, Re\ # 0;
n =
! m_(A?), Im\ <0, Re)#0,
has an analytic continuation to the domain C \ ¢R. Denote by Q the set of all reflectionless

potentials g € Cy s(R, B(H)).
In the scalar case, Definition 1 is equivalent to the definitions given in [4] and [5].

1.2. Basic results from [1] and [2]. Hereafter, we assume that K is an arbitrary operator
in B, (H) \ {0}, and let P be the orthogonal projector that projects H onto the subspace
H, :=ran K, and P+ :=1 — P.
Our construction is based on the operator Riccati equation of the form
S'(x) = KS(x) + S(x)K — 25(z)KS(z), r € R, (5)
where S: R — B(H).
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Denote by .(K) the set of all solutions S of the equation (5) such that 0 < S(0) < I,
S’(0) > 0. A function S € (K) is called regular if the operators S(0) and I — S(0) belong
to Biny(H). The set of all regular functions S € .(K) is denoted by Zee(K).

It turns out that every solution S € .(K) generates a reflectionless potential g5 € Q.
Moreover, an explicit formula can be given for the mapping S +— ¢s.

Proposition 1 ([1]). Let S € ./ (K). Then for all x € R
S'(x) >0, 0<S(x)<I, (6)

S(z)P = PS(x), S'(z)P+ = P*+S'(z) =0,  S(z)P*+ = S(0)P*. (7)
Moreover, the function S has an analytic continuation in the strip
g :={z=z+iy|x,y eR, |yl < /2| K|}
This continuation is given by the formula
S(z) = e F(S7H0) — T + ) 1e*K | 2 e Tk,
and the following estimate holds
IS(2)]l < [cos (yIE )", 2 € Tk, y =Tmz.

With every function S € .¥(K), we associate the operators
I':=Tg:=510) -1, R:=Rg:=|5(0)|Y>57(0),
and construct the following analytic operator-valued functions in Ilk:

L(z) := Lg(2) := (I — S(2)) + e 5(2),
U(z) == Us(2) = |S"(0)"2L(2), q(2) = gs(z) = —4Us(2) K U3(2). (8)
It follows from (7) that
PT'=TP, R=PR=RP, V(z) =PY(2) =VY(2)P, q(z) = Pq(z) = q(2)P (z € Ilg). (9)
Theorem 1 ([1]|). Let S € .(K). Then qs is a reflectionless potential and

2| K|”
qs(2)|| < , z € Mg, y = Imz.
19500 = oy :
We define the following subsets of the set Q of all reflectionless potentials:
QK) :={qgs | § € Z(K)}, Qreg(K) :={gs | § € Feg(K)},
Qﬂ' = U Q(K), Qreg = U Qreg(K>~
K K

Remark 1. The mapping . (K) 3 S — qg € Q. is surjective. However, it is not injective.
Indeed, if 5,5 € #(K) and S(0)P = S(0)P, then Vg = ¥z and g5 = 3.

The case ¢ € Qg is technically more convenient to study. For this reason, most of the
results will first be established for ¢ € Q.. To extend them to the general case ¢ € Q,, we
pass to the limit and apply the following proposition.

Proposition 2 ([1]). Let S € . (K) and
S.(x) = ™ (B7 — I + 2 ) e, reR, e€(0,1/2),
where B, := el 4+ (1 — 2¢)5(0). Then S. € S, (K) for all € € (0,1/2). Moreover,
15(2) = S:(2)[| = o(1),  [[W(2) = ¥s.(2)[| = o(1), lg(2) = gs.(2)[| = o(1)  (10)

as € — 0 uniformly on compact sets in Ilg.
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The following proposition describes the properties of the function W, which, along with S,
plays a central role in this paper.

Proposition 3 ([1]). Let S € ¥ (K). Then

—U"(z2) 4+ q(2)V(z) = —¥(2)K? =z €R, (11)
S'(z) = V" (x)¥(x), x€R, (12)
|| K|
V(o) < TN ey, oy =TImz.
If, in addition, S € #e,(K), then R,T" € B(H) and
Kl +TK = R'R,  ¥(z) = Re*S(2) (2 €llk). (13)

1.3. Classes of operator-valued measures. Let B(R) be the o-algebra of all Borel subsets
of the real line R, and let B,(R) denote the ring of all bounded subsets in B(R).

Definition 2. A mapping p: B,(R) — B(H) is called an operator-valued measure on R if it
satisfies the following conditions

1) u(@) =0 and p(A) >0 for all A € B,(R);

2) the function p is strongly countably additive, i.e.,if A = [ |,y A4; is a disjoint decomposi-
tion of a set A € By(R) into subsets A; € By(R), then

f <|_| Aj) =slim) u(4)).
jEN =1

We denote by M; (My) the set of all operator-valued measures p: By(R) — B(H) for which

the integral
[ (o)

converges in the strong operator topology. Denote by M the set of all measures p € M,
with compact support.

We will prove the following theorem.

Theorem 2. Let ¢ € Q and let r := (||q||oo)'/?. Then there exists a unique measure v, € M

such that .y
nq()\):i)\f—i—/%, AeC\ iR

Moreover,
1
supp v, C [—r, 7], /dl/q(t) = —iq(()) and my(\?) = n,(£)), A€ Cy\iR. (14)

The mapping
Q3¢ y, eM (15)

is an analogue of the mapping constructed by V.A. Marchenko in the scalar case (see [4]).
This mapping, which we call the Marchenko parametrization, plays an important role in the
spectral theory of reflectionless potentials. The authors plan to devote a separate publication
to its detailed study. In particular, we expect that the mapping (15) will be used to prove
that Q, = Q.

1.4. The formulation of the main result. The main result of this paper is
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Theorem 3. Let S € .¥(K) and q = qs. Then

(I) H = H+ S¥ H_;

(I) the operator T, is unitarily equivalent to the operator —K7, where K, := K|p,;
(IIT) the operator T, is unitarily equivalent to the unperturbed operator Tj.

Interestingly, the results of this work imply the following fact: the operator 7, with
potential ¢ € Q is uniquely determined by its negative part, i.e., the operator T.". In
particular, the following proposition holds.

Proposition 4. Let ¢ € Cp (R, B(H)). Then

(I) the operator (—Tq*)l/ 2 js a continuous positive integral operator on H_, acting according
to the formula

(T, = slim [ A, seR pen,

where J#,: R* — B(H) is a continuous bounded function uniquely determined by the
operator T~ (by the potential q);

(II) if g € Qy, then q(v) = 4% (x,x), x€R.

Proposition 4 leads to the following question.

Question 1. Does the following equality hold
Q= {g € Chu(RB(H)) [¥z R q(z) = —4K;(x,2)}?

The structure of the paper is as follows. In Section 2, we prove Theorem 2. In Section 3,
we show that ker T, = {0} for any ¢ € Q. In Section 4, we study an isometric operator V'
that is closely related to the operator T.". In Section 5, we construct an analogue of the
classical transformation operator for T, with ¢ € Q. (K). In Section 6, we construct an
isometric operator 2 that realizes a unitary equivalence between the operators TqJr and Ty.
Finally, in Section 7, we complete the proof of Theorem 3 and prove Proposition 4. In the
Appendix, we prove a result concerning a certain special operator equation.

2. The proof of Theorem 2. Let ¢ € C, (R, B(H)), and let o = o* € B(H). We denote
by 7,.. the self-adjoint Schrodinger operator acting in the space Lo(R4, H) by the formula

Toof ==1"+4af

on the domain
dom Ty :={g € W3(Ry, H)|(cos a)g(0) + (sina)g'(0) = 0} .
According to the results of [3|, the Weyl-Titchmarsh function m,, of the operator 7, , admits

the representation 1 "
ma(A) = C, +/ [ ] dpa(t), AeCy, (16)
R

t—X 1+¢2
where C, = C € B(H) and p, € M,;. Moreover, the following theorem holds.

Theorem 4 ([3|). The operator T, is unitarily equivalent to the multiplication operator
by the independent variable in the space Ls(R, dps, H).

In particular, Theorem 4 implies the identity supp po = 0(Tg.q)-
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Lemma 1. Let ¢ € Cy,(R,B(H)) and let 7 := (||q||oo)/?. Then the functions m. admit
analytic continuation to the domain C\ [—r?, 00).

Proof. Note that m, is the Weyl-Titchmarsh m-function of 7, i.e., my = my. Hence,

t—2 141¢2

@)=+ [ (72 - i) b0, 2€Cha(Tha), (1)

where p € M;, C € B(H) with C = C*, and suppp = o(T,0). It is clear that o(7,0) C
[—r%, 4+00). Therefore, supp p C [—7?, +00). It follows from (17) that m admits an analytic
continuation to the domain C \ [—7?, 00).

It is easy to verify that the function —m_ is the Weyl-Titchmarsh m-function for the
operator Tz, with the potential g(x) := ¢(—=z), x € R. Thus, from the above proof, it follows
that m_ also admits an analytic continuation to the domain C \ [—r?, 00). O

Lemma 2. Let ¢ € Q and let 7 := (||q||oo)"/2. Then the function n, has a unique represen-
tation of the form
dp(t)

where p € M, C, D € B(H) with C* =C, D >0, and suppp C [—r,1].

Proof. 1t follows from Definition 1 and the equalities (14) that for all A € C, \ iR,

my(A\?) = ng(£N), ni(A) = mi(A?) = ng(—A). (19)

q

Imn,(A) = Imm,(A*) >0, if 0 <arg) <m7/2,
Imn,(\) = Imm_(\?) >0, if 37/2 <arg\ < 2.
Hence,
Imng(\) >0, ifReA>0, ImA20. (20)

In view of Definition 1 and Lemma 1, we have that the function n, admits an analytic
continuation to the domain C\ [—ir,ir]. Therefore, the function L(X) := n,(—i) is analytic
in the domain C\ [—r,7]. From (19) and (20), we obtain

L) =L*()), ImL(\) >0, AeCy\[-r7]. (21)

Thus, L is a Herglotz function. Therefore, it has a unique representation (see [3|) of the form

L(A) =B+ D+ /

R
where B, D € B(H), p € M;, with B = B*and D > 0. From (21), we have L(§) = L*(§), € €
R\ [—7,7]. According to the Stieltjes inversion formula (see [3|), for any interval [a, b] disjoint
from [—r, 7], we find

t— X 1+¢2

( ! t )dp(t), AeC\R, (22)

b+4d b
p((a,b]) =7 lim lim Im L(€ 4 ig)dé = ! / Im L(&)d¢ = 0.

6—0t e—07+ a+é a
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Therefore, p € M and supp p C [—r,r|. Consequently, the representation (22) can be rewri-
tten as

L()\):O+/\D+/dp—(t), A€ C\R,

rt—A
where C' = B — [ 15=dp(t). O
Proof of Theorem 2. In view of Lemma 2, it remains to prove that C' =0 and D = [ in the
formula (18), and [ dp(t) = —3¢(0). Fix a function ¢ € C(R) with support in (—1,0) such
that ¢ > 0, fR @(t)dt = 1. Denote by A. the operator from H to H acting according to the
formula [A.h)(z) := e Yp(z/e)h, z € R, h € H.
As shown in [3], the resolvent of the operator T has the form
(T, — 2Z) g)(x) =
— [ oW G e o) gld: + / Fo W QLG O e(0d, (23)

where z € C\ R, z € R, g € H, and the operator
W(z):=m_(2) —my(z), ze€C\R, (24)
is invertible in B(H). Set
Tox = (T, — NI)™", e C_ \iR
Using (23), we obtain that for all A € C; \ iR, h € H and = > 0 the following limit exists
al—iffo[Tq’AAEh] (z) = fo (N2, 2)WH(A*)h. (25)

From (23), we also have

(Toxf)(x) = QZA / eNetftydt, xeR, feH, AeCy. (26)
Denote by £ the multiplication operator by the function ¢, i.e., Qf :=qf, f € H. Put

€(g) :=1+2||Q| and Q(¢q) :={2 € CL |Rez <Imz, Imz > ¢{(q)}.
It is easy to check the identity

Ty = Tox — ToaXq(A)To, A€ Q(qg), (27)
where X, (\) := Q(I + Tp,Q)~*. Since ||Tp|] < |Im A|™!, we have
XM <&lg) i AeQ(g). (28)
Define the operators B;(\): H — H for A € Q(q) (j € {0,1}) by
Bo(AN)g == (Tong)(0), Bi(N)g = (Toxg)'(0), g € H.
From (26), we obtain
, 1 .
By(\)g = i/ Mlgt)dt, Bi(\)g = —/(signt)e”"tlg(t)dt, g€ H.
2\ R 2 R
Using the Cauchy-Schwarz inequality, we get
1Bo(N)[I = OM2), [ BiM] = OA2), Qq) 3 A — oo (29)
It follows from (26) that for all A € Q(¢q) and h € H

lim [Ty, A.H)(x) = - Tim [ < tt/2)e e = %e“'“'h — [Bo(=N)*h] ().

e—+0 2)\ e—+0
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Hence, using (27), we obtain

Tim [Ty Achl(@) = e — [T, X, [Bo(- D H(), A€ o).

Taking into account (25), we conclude that for all A € Q(¢), © >0, h € H
- Z l €T

PO )W () = oD — [T, X, () [Bo(~ D] K@)

Since f4(A2,0) = I and f, (A%, 0) = my(\?), we get

W) = 51 Bo(A) Xy (M) [Bo(=A)]", (30)
1

my (W)W N) = =51 = Bi(A) Xo(A)[Bo(= )"
The estimates (28) and (29) imply that

12IAW LA + 1] = O(A72), Q(q) 2 A — o,
120 Am (AW (A2) + M| = O(A7Y), Q) 2 X — 0.

From these estimates, it follows that

[W(A?) +2iM|| = O(A7Y), Q(q) 2 A — oo, (31)
[m(A2) —iX|| = O(A7Y), Q(g) 3 X — oo. (32)

Applying (18) and (19), we find

W) = m_ () = ms(\) = —ng(A) — ng(—A) = —2i\ (D + /R tf’f;) o 33)

In view of (31), we conclude that D = I. Then, it follows from (18) and (32) that C' = 0.
It remains to prove the equality [ dp(t) = —1¢(0). Taking into account (33) and the fact
that D = I, we obtain

i) = g (14 [ m0) = L (e [ant +v(@).

where |[Y(£)]| = O(6™%), € — +o00. Hence, in view of (30), we have

[ o) = = tim_2Bo(i6) X, (i) BoCie )

Since || X, (i€) = Q] = O(€™), & — 4o, we get

/R dp(t) = — lm / e gyt =~ Tim_ [ e Mg(y/€)dy = —4(0).

£—+o0 2 2 é—+o0 Jp

Theorem 2 and the equalities (33) imply the following corollary.
Corollary 1. The equalities

WA =m_(\?) —my(\?) = —2i) (I + /R gl’jr—(’;) : M€ C, \ iR, (34)

hold.
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3. The absence of the zero eigenvalue. The main result of this section is the following
theorem.
Theorem 5. Let ¢ € Q. Then ker T, = {0}.

Before starting the proof, we make some preparatory steps.
It is well-known ([3]) that for any pair of self-adjoint operators «, 8 € B(H) the functions
m, and mg are connected by the relation

Ma(N) = (Ag1 + Agemp(N) (A1 + Aamp(N) ™, A € C\ R,
where the operators A;; € B(H) are determined by the equality

A A\ [ cosa sina cosf —sinf
Asr Asy)  \—sina cosa) \sinf cosfB |-
In particular, if g = 0, then
Ma(N) = (—sina + (cos a)mg(A))(cos a + (sin a)mg(N)) ™, AeC\R. (35)
Lemma 3. Let a = o* € B(H). Then ker 7, , = {0}.

Proof. Note that m coincides with the function m,. Thus, in view of Theorem 2,

dry(1)

mo(A?) = ny(N) = iA + / N A e Cy\iR. (36)
Obviously, the function
r(A) == ng(—i\) = /\]+/cjy+(zf/\)’ re Cy,
is a Herglotz function. Let us consider the function
To()) := (—sina + (cosa)r(A))(cos a + (sina)r(A))~?, AeC\R. (37)

Note that for the operator A € B(H @& H) defined by

e ( cos s1na> 7
—sina cosa

0 —I

I

and Shmuljan ([7]), r, is also a Herglotz function. In particular, we have

the equality A*JA = J holds with J := . Therefore, according to results of Krein

Ira(2)] = O(1/Im 2), z2eCy, z—0. (38)
On the other hand, taking into account the equalities (35), (36) and (37), we obtain
Ma(A?) = 14(i)), A€ C, \iR. (39)

It follows from (38) and (39) that

Ima(2i€%)[| = lIra(€ +i€)ll = O(E™), £ €Ry, €0,
thus, ||[ma(i€)]| = OE1?), ¢ € Ry, & — 0. From this, in view of (17), we have that
pa({0}) = 0. This means that the point A = 0 cannot be an eigenvalue of the multiplication
operator T by the independent variable in the space Lo(R, dp,, H). According to Theorem 4,
the operators T and 7, are unitarily equivalent, and hence A = 0 cannot be an eigenvalue
of the operator 7, 4. O
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Proof of Theorem 5. Assume that ¢ € kerT, \ {0}. It suffices to show that there exists
a self-adjoint operator o« € B(H) such that ker7,, # {0}. Indeed, in this case, we get
a contradiction with Lemma 3, and hence ker T, = {0}.

If ©(0) = 0, then obviously the restriction of ¢ to [0, 00) is a nonzero function belonging
to ker Tgo.

Let ©(0) # 0. From the equality —¢” + gp = 0 we have

/OOO(Q<CE)S0($) | QD(ﬁ))dx = /000(90//(%) | 90($))d$ _

_ / 1) | ple))dr — / @) e = —(£(0) | 9(0)) — / I (@) 2 d.

From this, it follows that the number (¢'(0) | ¢(0)) is real. Denote by Py the orthoprojec-
tor onto the subspace {cp(0) | ¢ € C} and set a := aFp, where

(£'(0) | ¢(0))
oom et (- E )
Since
cosaw=1—Py+ (cosa)Py, sina= (sina)By, F= %@(O),
we have 7
(cos a)p(0) + (sina)y’(0) = (cosa)p(0) + (sina) Py’ (0) = 0.
Hence, the restriction of ¢ to [0, 00) is a nonzero function belonging to ker 7, 4. O

From Theorem 5, we get the following corollary.
Corollary 2. The equalities H = Hy ® H_ and Py +P_ =1 hold.
4. The operator V. The main result of this section is
Theorem 6. Let S € .Y (K) and let q :== qg, V := V. Then the formula
(Vh)(z) := ¥(z)h, re€R, heH, (40)

defines a partial isometry. Moreover, the operator V maps H into the Sobolev space WZ(R, H)
and satisfies
T,V =-VK*  V*V=P (41)

Here, P is the orthogonal projector from H onto the subspace H;.
First, we prove the following lemma.

Lemma 4. Let S € .(K). Then the limits S(+oo) := S—liim S(x) exist, moreover,
T—>T 00
S(—o0)P = 0 and S(+o00)P = P.

Proof. 1t follows from (6) that the limits S(400) and S(—o00) exist and
0 < S(—00) <5(0) < S(+o0) < I. (42)
Taking into account that (see (5))

S'(x) = KS(z) + S(z)K —25(z)KS(z), r € R, (43)
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we obtain the existence of the limits
/ BT / 1 — ol ’
S'(400) = gjir?os (), S'(—o00) xs_}l_rgos ().
Let Fy := S(+00). For an arbitrary h € H,

/R(S'(x)h | )da = (Ech | h) = (E-h | h) <[] (44)

Using the equalities lirf (S(x)h | h) = (S'(£o0)h | h) and the convergence of the integral
T—> 00

in (44), we conclude (S’(£o0)h | h) =0, h € H. Thus S’(+o0) = 0. Passing to the limit in
(43) as x — +oo, we get
KE,+F.K-2E.KE. =0.
Multiplying the last equality on both sides by P, we obtain
KPE.P+ PE.PK —2PE.PKPE.P =0.
Let Ei be the restrictions of the operators PE P on the subspace H; = PH, and let K be
the restriction of the operator K on H;. Then
KBy + EoK, — 2B, K\ BEL =0. B
From this, in view of Lemma 10, we conclude that the operators E, and E_ are orthogonal

projections.
From (42), it follows that for all h € H;

(E_h|h) < (SO)h|h) < (Eih|h).
Since 0 < S(0) < I, we get E_ =0 and E, = P, thus S(—o0)P = 0, S(+00)P = P. [
Proof of Theorem 6. Using (12) and (7), we get
W (z)h||? = (S"(z)h | h) = (S'(z)Ph | Ph), z €R, h € H.
Therefore, for an arbigrary a >0,
/ W (2)h||*dr = (S(a)Ph | Ph) — (S(—a)Ph | Ph).

In view of Lemma 4,_3\76 obtain that the operator V' is bounded and
VA = [ 1w@hiFds = [P

thus, (V*Vh | h) = (Ph | h), h € H. Therefore, the operator V' is a partial isometry and
V*V =P.

Next, we show that ran V' C W2(R, H) and that (41) holds. Let h € H. By the analyticity
of the function ¥, it follows that Vi belongs locally to the Sobolev space Wi (R, H). Using
the equality (11), we obtain

(Vh)'(z) = q(z)(Vh)(z) + (VK?h)(z), =z €R. (45)

Since the function ¢ is bounded on the real axis, the right-hand side of (45) belongs to
the space H. Hence, we conclude that VI belongs to the Sobolev space W2 (R, H) and the
equality (41) holds. O

From Theorem 6, we obtain the following corollary.

Corollary 3. The space $_ :=ranV is an invariant subspace of the operator T, and the
operator T,|s  Is unitarily equivalent to the operator —K?. Moreover, $_ C H._.
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Proof. Consider the operator V;: H; — $_ defined by the formula Vih := V Ph, h € H;. It
follows from (41) that 7,$_ C $_ and the operator V; maps H; unitarily onto $)_, moreover,
Vi*T,Vi = —K3, i.e., the operator T,|s is unitarily equivalent to the operator —K7. From
this, in particular, it follows that Tj|s < 0, and thus H_ C H_. O

5. Classical transformation operators. In this subsection, we construct analogs of the
classical transformation operators for the operator 7T, with ¢ € Q.. The main result of this
subsection is

Theorem 7. Let S € ., (K), and let ¢ := qg, ¥ := Vg. Then the formula

a

U @) = f(x) - slim [ WSOV @O f @), zeR (46)

defines an isometric operator in the space H. Moreover, the operator U maps the Sobolev
space W3(R, H) into itself and satisfies

T,U = UT,, (47)
UU* +VV*=T. (48)

First, we prove two auxiliary lemmas.
Lemma 5. Let S € ¢,(K) and V := Wg. Then the formula

(0Nf) () = / T W@ S W () (), w R, fcdom i Co(R,H),  (49)

defines a bounded operator M: H — H, and

1913 = | N+ (FINf)w,  f € dom. (50)

Here, Cy(R, H) denotes the linear space of all continuous functions f: R — H with compact
support in R.

Proof. In view of (7), (9), and (12), we have
S'(z) =" (x)V(x), S(z)P=PS(x), PY(x)=V(x)P=V(z), z € R. (51)
Therefore, for arbitrary hy, hy € H,
/ (W(2)hy | U(x)ha)dz = / (W (2) Phy | () Phs)dz =
= /b(S’(x)Phl | Phy)dx = (S(b)Phy | Phy) — (S(a)Phy | Phy) (a <b).

Hence, by Lemma 4, it follows that

/t (\IJ(ZL')hl | \I/(l')hQ)d$ = (S(t)Phl | Phg), hl,hg €eH tekR (52)

—00
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Let f € Co(R, H) and set f(t) := S=(¢)U*(¢) f(t). From the definition of the operator 1,
we have

||‘ﬁf||H—/// (2) f( dxdtd7+/// U(x)f(7))dxdtdr.

rx<t<T <1<t

Thus, taking into account (52) and (51), we get

||‘ﬁf||H—// HPF(t) | Pf(r dtd7+// t)| Pf(7))dtdr =
- //@*(t)f(t)l () (7)) + // F0) | () ()

_ / () | )0t + / (NF)(7) | £(r))dr

The function R 5 ¢ — ((Mf)(¢) | f(t)) € C is continuous with compact support, and hence
|91f]|3, < oo and the identity (50) holds. It follows from (50) that ||9Vf]3, < 2||f17|/9Vf |-
Therefore, the operator 91 is bounded, and |||y _x < 2. O

Corollary 4. The formula (46) defines an isometric operator U: H — H.
Proof. 1t follows from (50) that for all f € Cy(R, H)

U 13 = 1T = W) f13 = 113 + 1915 = O [ e — (F [ 90 ) = I I3

Since Cy(R, H) is everywhere dense in #, the formula (46) defines an isometric operator
U:H—H. O

Lemma 6. For all f € Cy(R, H) the following equality holds
19V FllFe = O | Fae+ (F I ) = IV £l (53)
Proof. Using (51), we obtain that for arbitrary hy, hy € H

/ (U(2) S~ (2)hy | ©(2)S (2)he)dz — / (U(2) S~ () Phy | U(2)S~ () Pha)dz —
_ / (S~1(2)S'(2)S~ () Phy | Phy)dz — — / (1S~1(@)] (2) Phy | Phy)dz —

= (S7*(a)Phy | Phy) — (S7'(b)Phy | Phy) (a < ).

Thus, by Lemma 4, we get that for all £ € R
+oo
/ (U(z)S™Hx)hy | O (2)S™ (z)he)dx = (S~ (t)Phy | Phy) — (Phy | Phy). (54)
t

Let f € Co(R, H) and set f(t) := U*(¢)f(t). From the definition of 91, we have

(O f)(2) = / W@ @)W f(Ddt, € R.

—00
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Hence,

sl = [ / Ft) | () S~ (@) F(r))dadtar+

///T<t<z V() | U(2)S~ (x) f(7))dxdtdr.

Using (54), we find

190 £113 —// t) ] flr dtdr+//<t F(r))dtdr—
//<T )| f(r) dth—// ))dtdr =
- [ wvero v [ s owon v

// (W () F(2) | O (7) f(r))dtdr = (F | R+ N | Fae — [V FI2

Corollary 5. The equality UU* 4+ VV* =7 holds.
Proof. The equality (53) implies that for all f € Cy(R, H)

1O 15 = 1T = ) fll3 = £ 15+ 19T F 15 = (F L0 ) = UF | o = I f 15 = IV F Il

Hence,

(U +VVIF | Dn= (| D e Co(R, H).
Since Cy(R, H) is everywhere dense in H, we get UU* + VV* =T. O

Proof of Theorem 7. Assume that the conditions of the theorem are satisfied. In view of
Corollaries 4 and 5, it remains to show that the operator U maps the Sobolev space W (R, H)
into itself and the equality (47) holds. Put
®(z) .= Re ™™ z € R.
Then (see (13))
U(z) = o(x)S(z), r €R. (55)

Let f € W2(R, H) and set

g(x) = fz) = (Uf)(x) = /Oo U(x)@*(t)f(t)dt, = eR.

The functions ¥ and & are analytic in the strip |Imz| < ¢ for some 6 > 0, and hence
g€ W22,loc (R, H). Note that by Corollary 4, we also have g € H. Direct calculations yield

/@) = V@) [ 000 - 2 @) - [0 ) )0)
Since (see (11)) ¥"(x) = q(z)¥(x) + ¥(z)K?, (9*)"(x) = K*®*(x), we get

9" () = q(z)g(x) + ¥(z) /OO(@*)”(t)f(t)dt — 2V f)(x) — [W("f)] ().
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Integrating by parts, we get

[ @ s =@y e @+ [ ewroar
Thus,
o) = alalgle) + Vla) [ @O Wt - 208 (0)f(a).
Using (5), we obtain
2TP*) = 2(0SD*) = 20(—KS — SK + §)0* = —4BSKSP* = —AVKT* = g,

and hence,
9" (x) = q(z)g(x) + ¥(z) /OO O (t) f(t)dt — q(z) f(x) = (a9 + f" = Uf" —qf)(x). (56)

It follows that ¢” € H, which implies that g € W3 (R, H), and therefore Uf € W(R, H).
From (56), it also follows that

(TLU ) (@) = (Tof = Tyg) () = (=" +af + 9" —a9)(x) = =(Uf")(x) = (UTp f)(2).

Corollary 6. Let ¢ € Q,eo(K). Then
(I) Hy =ranU;
(II) UU* =Py, VV*=P_;
(IIT) the operator T, is unitarily equivalent to the operator Tj.
Proof. Let $, :=ranU. Consider the operator U; : H — $, defined by the formula

Uyg:=Ug, geH.

Since the operator U is isometric, the operator U; maps H unitarily onto £ .

From Theorem 7, it follows that the linear space WZ(R, H) N $, is ewerywhere dense
in 4 and 1,94 C Hy, UST, Uy = Tp. Threfore, the operator T}, is unitarily equivalent
to the operator Tj. In particular, this implies that T}|s, > 0. Hence, $; C H.. Moreover,
from (48), it follows that H = $H4 + $H_, where $_ = ran V. Since (see Corollaries 2 and
)Y H=H,  dH_, H_ C H_, we conclude that H, = $, and H_ = $H_. From this, the
corollary follows. O]

Let us show that the operator U is an analog of the classical transformation operator.
Denote by Lgjoc(R, H) the set of all functions f: R — H that belong locally to Ls(R, H),
and equip the linear space

L= {re b ) [¥neN [ 7)) < o)

with the locally convex topology generated by the seminorms

() 1/2
mU%=<[ wumwa . feLls neN.
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Denote by e, the operator-valued function acting from R to B(H) defined by
ex(z) = eI, z € R.
Let S € See(K) and set ¢ := gg, ¥V := W¥g. Note that, according to Theorem 7, for an
arbitrary f € £, the formula

a

UN@) = f(e) = slim [ W@ OV @S 0Od @R (57)

defines a function Uf € L. Moreover, the extended operator U: £, — L is continuous.
In view of (55), the formula (57) can be rewritten as

a

(Uf)(x) = f(x) — slim [ W(x)®*(¢)f(t)dt, =z e€R. (58)

a——+00 x

Let us fix A € C, and h € H. Then

/ eiAtq)*(t)hdt _ / e HE=A) prp 1 — e—ac(K—i)\I)KAR*h . e—a(K—m)K/\R*h =

T T

_ e—x(K—i)\I)PK)\R*h _ G_G(K_i)\I)PK)\R*h.

Since s-lim e"** Ph = 0, the integral f;o e UK=A) R*dt converges in the strong operator
a—+00

topology and (see (9))

/ ei/\tq)*(t)dl‘ _ e—x(K—i)\I)PK)\R* — ei)\are—:cKK/\R*‘

x

Therefore,
Ulea(-)h)(z) = €™ (I — V(z)e K \R*)h, z€R, NeC;, heH. (59)
In [2], it was proven that the formula
e(\z) = ™[I —U(x)e "MK R*], z€R, XeCy)\ {0},

defines the right Jost solution of the equation —y” 4+ qy = A\?y. Thus, the equality (59) means
that the operator U maps the right B(H)-valued Jost solution of the equation —y” = Ay
with A € C, into the right B(H )-valued Jost solution of the equation —y” + qy = A\?y. It is
well-known [6] that this is a characteristic property of the classical transformation operator
for the Schrédinger operator.

Another property of the classical transformation operator is its triangularity (see [8])
with respect to the chain € := {E¢ | £ € R} of orthoprojectors Ee € B(H) defined by

(Eef)(2) = xe(@)f(x), weR, [fely,

where x¢ is the characteristic function of the half-line (—o0, £). The transformation operator
U is lower-triangular with respect to the chain €, ie., (Z — E)UE; =0, £ € R.
In this respect, the following question arises.

Question 2. For which potentials ¢ € Q, do there exist lower-triangular isometric operators
U:H — H that for all A\ € C, map the functions e, to the Jost solution of the equation
—y" +qy =Ny’
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6. The operator 2. Let ¢ € Q(K). Consider the function
FOva) = eI = (@)D, 2) T (O)IM ' (N), A€ Ou(K),
where

D\, x) := Kye ™ + K_,e™F, Ky = (K —i\)™!
M(A) =1 —=20(0)K(K?*+ XN I)7'0*(0), € O(K),

and O(K) := {)\ € C | £i) ¢ o(K)}, Qu(K) = {\ € OK) | M()\) € B (H)}.

As shown in [1], the set C\ Oy (K) is a compact subset of the imaginary axis and

_ f-&-()‘Qv')? A€C+\iR;
JA) = {f_(v, ), AeC_\iR. (60)

Denote by .7 the self-adjoint operator in H defined by the formula

(79)(z) :=2%g(x), v€R, ge&dom.T := {go eH | /Rx2||<p(x)||2dx < oo} (61)

The main result of this section is

Theorem 8. Let ¢ € Q(K) and T = T,. Then the formula

@)(x) = lim —— [ fer)M(©)p()de, zeR, (62)

defines an isometric operator 2: H — H for which the following equalities hold
TA =AT, AA* =P,

First, we prove the following lemma.

Lemma 7. Let ¢ € Q(K). Then
m_(A2) —my (A2) = —2IAM'(\), A€ C, \iR. (63)
Proof. By definition, m.(\?) = fL.(A\%,0), XA € C, \ iR. Therefore, in view of (60), we have
(%) = m, (%) = f(-\,0)— F(00), AeC, \iR
Since f(A,0) =1, D'(X,0) = —iAD(A,0), we obtain

f'(X\,0) =i\ — [¥'(0)D(A,0) + ¥(0)D'(A, 0)]¥*(0) M1 (\) =
=i\ — [U/(0)D(A, 0) — AT (0)D(X, 0)]¥*(0) M~ *(N).

Taking into account that D(\,0) = D(—A\,0), we get

F(=X,0) = f/(X,0) = —2iA] — 2IAT(0)D(X, 0)T*(0)M~1(N) =
= —20\ + 2IN[M(\) — IIM (X)) = —2iAM ~1(N), (64)

and hence, m_(A\?) — m,(A?) = —2IAM (). O
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Remark 2. It follows from (63) and (34) that

2T (M) = M()) = (I+/ dry(t) >_1, A€ Qu(K). (65)

g 12 4+ A2

Proof of Theorem 8. In view of the equalities (60) and (65), the formula (23) for the resolvent
of the operator T' can be rewritten as follows

(T = NT) " g](x) =

o ([ o gat+ [ FADMOA O ) (66)

Let us consider the B(H)-valued function
YN 2, t) = FOL )M [fFO )], z,teR, Xe Oy(K).

It is clear that this function depends continuously on the variables A, z,?. Note also that
YAz, t) = (N t,x), M(XN) = M(=)\). Let ¢ € Co(R\ {0}, H). Then (66) implies

(T =NI) "¢ | o)

:m(// Oz, )0(t) | oz Hdtder// ) |¢())Hdtdx>.(67)

Since the right-hand side of (67) is continuous in the domain O, (K), for an arbitrary £ € R
the followmg hrmts exist

— (€ £i0)I) e | )u = Jim (T = (£ +i2)°T) o | 9)u

—$ﬂ(// (&€, 7,0 0(t) | ol Hdtder// V(FE, 2, ) |¢())Hdtdx).

Hence,
— (€ +i0) ) ¢ | ) — (T = (€ —i0)T) ¢ | )n
= 52 (//R &2, 0)0(t) | oz Hdtdaz+// —ta ) (:r))Hdtd:v). (68)
T S(60) = 5 (T = €+ 0D 6 | o)~ (T~ (€~ 0)D) ¢ | )], €0

According to Stone’s formula (see [9])
(Pepl@hu= [ 0(&p)de= [ 265(6 p)d¢.
Ry Ry
It follows from (68) that

(68
265(£2, ) = ZL(//R (& 2, )0(t) | p(x Hdtder//RQ —&, 1, ) (x))Hdtdx>.

Thus,
(Pos | ol = % [ o€ atiot®) | otopnitdnas (69)

Consider the auxiliary operator

_ \/%/RMl/?(f)f*(é,w)go(x)dx, R\ {0}, ¢eC(R\ {0}, H),
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on the domain dom@ = Co(R\ {0}, H). By (69), we obtain
1941 = 5= [[ [ (6..06(0) | ola)ndidade = (Prp | 01 < eI,

which means that the operator ® is densely defined and bounded, moreover ||| < 1. It is
easy to see that

e [ V)u = (¢ [ DY) = (D ¢ [ V), . ¥ € Co(R\ {0}, H).
Hence, the formula (62) defines a bounded operator 2 = ©*, and
A0 | @) = D] = (Pro | @)u: ¢ € Co(R\ {0}, H).

Therefore,

AA* =P, A = AP, A =P, A (70)
As shown in [1], —f"(\,z) + q(x)f(\, z) = N f(\ ), x € R, for all A € Oy(K), hence
Ap € dom T for all ¢ € Cy(R\ {0}, H) and TRo¢ = AT ¢. From this and the closedness of
the operators T" and .7, we obtain

TAp = AT p, v € dom 7. (71)

Thus, it remains to prove the isometricity of the operator 2.

Let the function F': [0,00) — C be continuous with compact support in R,. We show

that the equality
F(TA=AF(T) (72)

holds. Let us consider the operators

By = (TP, +I)", By =(7+1)!
and the continuous function F;: [0,1] — C defined by
F(z='=1), z€(0,1];

F =
(@) 0, xz =0.
From (70) and (71), it follows that (TP, +Z)A = 2A(7 + Z), and hence, (TP, +Z) ' =
-1
AT + 7). So, BB, 73)

It is clear that the operators B; (j € {1,2}) are self-adjoint, and their spectrum lies in
the interval [0, 1]. From the equality (73), it follows that &(B;) = AL (B,) for arbitrary
polynomials 2 (x) = 3" a;z’. Hence, F1(B1)2 = AF1(By). Tt is easy to see that

Fi(By) = F(T), Fi(Bz) = F(T).
Thus, the equality (72) is proved.

Now we prove the isometricity of the operator 2. To do this, it suffices to show that
ker20 = {0}. Assume that g € ker®, and let F': [0,00) — C be an arbitrary continuous
function with compact support in R, . In view of (72), we have

0=F(T)Ag=AF(T)g.
Note that
[F(T)g)(€) = F(€)9(¢), € €R,
and thus

/R F(€2)£(6,2) MY2(€)g(€)de = 0.

for almost every x € R. From the continuity of the function R, x R 5 (§,x) — f(§,x) €
B(H), it follows that for all z € R

| e onr aterds = . (74)
Since the function £ — M (€) is even and f(&,0) = I, by setting = 0 in (74), we obtain
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o=Agwemwﬂ £)de = /‘ €)MV (€) (9(€) + g(—))de. (75)

The equality (75) holds for an arbitrary continuous functions F': [0,00) — C with compact
support in R . This implies that M/2(£)(g(€¢) + g(—¢)) = 0 for almost every ¢ € R,. Since
M(&) > 0 for all £ € Ry, it follows that g must be an odd function. In view of the oddness
of g, the formula (74) can be rewritten as

AwF@%ugao—ﬂ—@wmw”@mgmgza v e Ty,

It is easy to see that the left-hand side of the equality can be differentiated with respect to
the variable x. Hence,

Amﬂfxmam—f«@®MfWam@%=o
Since (see (64)) f/(£,0) — f/(=€,0) = 2i€M~1(£), we obtain

| eren @i o (76)
From the arbitrariness of the function F it follows that éM~'/2(£)g(€) = 0 almost every-
where on R, and therefore g = 0, i.e., ker 2 = {0}. ]

7. Completion of the proof of Theorem 3. In this section, we complete the proof of
Theorem 3 and prove Proposition 4.

Lemma 8. Let S € S (K), q := qs, and let V be the operator defined by the formula (40).
Then VV* =P_.

Proof. Let S € ./ (K), and let S, € .#s(K) be as in Proposition 2. Define V; := Vg_. Let

us show that s-limV, =V, s-lim V> = V™.
e—+0 e—+0
From (40) and (10), it follows that for all h € H and ¢ € Cy(R, H),
dim (Voh | )y = lim / z)h | p(x))dr = /(‘I’(ﬂf)h | p(a))de = (Vh | @),
R

ie., V — V in the Weak operator topology as ¢ — +0. It follows from Theorem 6 that for
all e € (0,1/2), h € H we get
Vo(I=P)h=0=V(I—P)h, |V-Phl|=|Ph|=|VPh.

Hence, lim V_.h = Vh, i.e., s-lim V. = V. Moreover, in view of Proposition 2, we have that

e—+40 e—+40
61_1>rJrr10V w= 6111110 Ut (z)p(z)de = /R\IJ (x)p(x)dx = V™
for an arbitrary p € Cy(R, H). Smce Co(R, H) is everywhere dense in H and sup ||[V|| <1,

£€(0,1/2)

we conclude that s-lim V = V*.
e—=+0

According to Corollary 6, for all € € (0,1/2), the operator V.V_* is the spectral projection
of the operator T;_ corresponding to the negative half-line R_. Therefore,

(T.(Z-VV)gl9u >0, e€(0,1/2), geW;(R,H). (77)
In view of Proposition 2, we can pass to the limit as ¢ — +0 in (77). As a result, we obtain
(T(Z-VV)g|gn>0, geWFR H). (78)

Since V is a partial isometry, the operator V'V* is the orthogonal projection onto the subspace
ranV. By Corollary 3, VV* < P_. Suppose that VV* # P_. Then there exists a nonzero
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element gy € H such that P_gy = go, VV*go = 0. From this, using (78) and the fact that
P_H C Wi(R, H), we get that (T,go | go)» > 0. This leads to a contradiction, since T, < 0.
Hence, VV* ="P_. O

Proof of Theorem 3. (I) In view of Corollary 2, we have H =H, ®H_, P, + P_ =T.

(IT) From Corollary 3 and Lemma 8, it follows that the operator T, is unitarily equivalent
to the operator —K?.

(III) Let F denote the Fourier transform in H defined by

(FN@) = fla) = lim —— [ ef(t)dt, v€R, feH,

—a
where the limit is understood in the topology of H. Note that the operator F is unitary and
(see (61)) Ty = F* T F. According to Theorem 8, the operator B: H — H . defined by

Bf =AFf, feH,
is also unitary and satisfies
1,8 =TAF =BF T F =*B1,.

Thus, the operator T; is unitarily equivalent to the operator Tj. O

Proof of Proposition 4. Let q € Cy4(R,B(H)). Consider the operator L := (=T,P_)}/*. Tt is
nonnegative and continuous (|| L] < ||q||<l>é4) From the obvious equality
(Le)" = a(Ly) — Ty(Ly) = q(Lp) + L°p, ¢ € W3(R, H),

it follows that ||(Ly)"|| < 2||q||2é4||g0||. Hence, the operator L acts continuously from  into

W3(R, H). For each z € R, we define the operator 3(x): H — H by B(x)p = (Lp)(x),
¢ € H. From the above, the operators 3(x) are continuous and the operator-valued function
R > z — B(z) € B(H, H) is continuous and bounded. Since the operator L: H — H is
self-adjoint, we can easy verify that

Lo = / B (b()dt, b eH,

R
where the integral converges in the strong operator topology. Combining the above, we obtain

[(—Tq_)l/Qcp}( ) = (L*p)(x) = hm / 6 e(t)dt, zeR, peH_.
It is easy to see that the function .7, (x t) ( ) is the unique function for which the
equality

[(—T‘)I/Qgp} () = lim ji/(x Het)dt, zeR, @eH_,

holds.
Next, let ¢ € Q. From the equalities (41) and (8), it follows that T,P_ = —VK?*V*, and
hence, (=T,P_)"/? = VKV*. From this, we get

[(—Tq’)l/2 () = hm/ Het)dt, zeR, peH_.
)

Therefore, H# (x,t) = V(z)KU*(t), z,t € R, and (see (8)) —4.7, (v, z) = =4V (z) KU*(x) =
q(z), x € R. O

Appendix. Some special operator equations. From the results of [10], we have the
following lemma.

Lemma 9. Let K, M € B(H), K >0 and KM + MK = 0. Then M = 0.

Using Lemma 9, we can prove the following lemma.
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Lemma 10. Let K,B € B(H), K >0, B > 0, and

KB+ BK —2BKB =0. (79)
Then the operator B is an orthogonal projection that commutes with K.

Proof. Assume that B # 0. For an arbitrary ¢ > 0, denote by P. the spectral projection
of the operator B corresponding to the half-line (¢,00). Suppose P. # 0 for some ¢ > 0.
Put H. := P.H, and let us consider the auxiliary operators K. := P.KP.|y., B. :== B|y..
Clearly, K. > 0, and the operator B. is invertible in the algebra B(H.). Multiplying the
equation (79) on both sides by P., we get
K.B. + B.K. —2B.K.B. = 0.

Then, multiplying this equation on both sides by B-!, we obtain

K.(B:'-L)+(B'-L)K.=0,
where I, is the identity operator in the algebra B(H.). Using this equation and Lemma 9,
we conclude that B! — I. = 0, i.e., B. = I. for all € > 0. This implies that BP. = P. for all
e > 0. Hence, B = P, where F, is the spectral projection of the operator B corresponding
to the set (0, 00). Consequently, applying (79), we get

(I - B)KB=—(I — B)(BK —2BKB) =0, BK(I—B)=—(KB-2BKB)(I — B) =0,
and therefore, KB = (I — B+ B)KB = BKB = BK(I — B + B) = BK. 0
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