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Let H be a separable Hilbert space, and let H := L2(R, H). In the space H, we consi-
der the self-adjoint Schrödinger operator of the form Tqf = −f ′′ + qf, where q is a reflecti-
onless operator-valued potential. Let P+ and P− be the spectral projectors of the operator Tq

corresponding to the positive half-line R+ and the negative half-line R−, respectively. Define
H± := P±H, and let T±

q := Tq|H± .
In this paper, we show that the operator Tq has trivial kernel, and that the operator T+

q

is unitarily equivalent to the unperturbed operator T0. Next, let B be an arbitrary bounded
negative operator in a separable Hilbert space H1 (dimH1 ≤ dimH if dimH < ∞). Then we
prove that there exists a reflectionless potential q such that T−

q is unitarily equivalent to the
operator B.

A key role in this work is played by solutions of the operator Riccati equation of the form

S′(x) = KS(x) + S(x)K − 2S(x)KS(x), x ∈ R,

where K ∈ B+(H) \ {0}, and S : R → B(H). Here, B(H) is the Banach algebra of all bounded
linear operators acting in H, and B+(H) = {A ∈ B(H) | A ≥ 0}.

1. Introduction. This paper is devoted to the study of the spectral properties of the
Schrödinger operator with a reflectionless operator-valued potential. It continues the investi-
gation started in [1] and [2].

1.1. Reflectionless potentials of the Schrödinger operator. Let H be a separable
Hilbert space with the inner product (· | ·) that is linear in the first argument. Denote by
B(H) the Banach algebra of all everywhere-defined linear continuous operators A : H → H,
and by Binv(H) the group of all invertible operators in B(H). Also, let B+(H) be the cone
of nonnegative operators, and let I be the identity operator in B(H). The domain, range,
kernel, and the spectrum of a linear operator will be denoted by dom(·), ran(·), ker(·), and
σ(·), respectively. For arbitrary operators A,B ∈ B(H), we write A < B if A ≤ B and
ker(B − A) = {0}. If a sequence (An)n∈N in B(H) converges to an operator A in the strong
operator topology, we write A = s-lim

n→∞
An.

Denote by H := L2(R, H) the Hilbert space of square integrable functions f : R → H
with the inner product

(f | g)H :=

∫
R
(f(x) | g(x))dx, f, g ∈ H,
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and let I be the identity operator in H.
To simplify notation, we will use the following abbreviations for a function

z 7→ F (z) ∈ B(H) : (F (z))∗ = F ∗(z), (F (z))−1 = F−1(z).

Let C(R,B(H)) be the linear space of all continuous functions f : R → B(H), and set
Cb(R,B(H)) := {f ∈ C(R,B(H)) | ∥f∥∞ <∞} (∥f∥∞ := sup

x∈R
∥f(x)∥),

Cb,s(R,B(H)) := {q ∈ Cb(R,B(H)) | ∀x ∈ R q∗(x) = q(x)}.
We will associate every potential q ∈ Cb(R,B(H)) with the Schrödinger operator Tq :

H → H defined by
Tqf = −f ′′ + qf (1)

on the domain domTq := W 2
2 (R, H), where W 2

2 (R, H) is the Sobolev space of functions
f : R → H. If the potential q ∈ Cb,s(R,B(H)), then the operator Tq is self-adjoint.

Throughout the paper, we denote by P+ (P−) the spectral projector of the operator Tq
corresponding to the positive half-line R+ (the negative half-line R−). We also set H± :=
P±H, and define T±

q := Tq|H± .
Let q ∈ Cb,s(R,B(H)) and z ∈ C. Consider the equation

−y′′ + qy = zy. (2)

As shown in [3], for every z ∈ C \ R, there exist the Weyl–Titchmarsh B(H)-valued right
f+(z, ·) and left f−(z, ·) normalized solutions of the equation (2), i.e., the solutions that
satisfy the condition f+(z, 0) = f−(z, 0) = I and for every h ∈ H∫

R±

∥f±(z, x)h∥2dx <∞.

The functions m±(z) := f ′
±(z, 0), z ∈ C \R, are called the Weyl–Titchmarsh m-functions of

the equation (2) on the half-lines R±. It is well-known (see [3]) that the equalities

m±(z̄) = m∗
±(z), z ∈ C \ R, (3)

hold, and the functions m+ and −m− are Herglotz functions in the upper half-plane, i.e.,

± Imm±(z) ≥ 0, z ∈ C+. (4)

Definition 1. Let q ∈ Cb,s(R,B(H)) and let m± be the Weyl–Titchmarsh functions of the
equation (2). We call the potential q (the operator Tq) reflectionless if the B(H)-valued
function

nq(λ) :=

{
m+(λ

2), Imλ > 0, Reλ ̸= 0;
m−(λ

2), Imλ < 0, Reλ ̸= 0,
has an analytic continuation to the domain C \ iR. Denote by Q the set of all reflectionless
potentials q ∈ Cb,s(R,B(H)).

In the scalar case, Definition 1 is equivalent to the definitions given in [4] and [5].

1.2. Basic results from [1] and [2]. Hereafter, we assume that K is an arbitrary operator
in B+(H) \ {0}, and let P be the orthogonal projector that projects H onto the subspace
H1 := ranK, and P⊥ := I − P .

Our construction is based on the operator Riccati equation of the form
S ′(x) = KS(x) + S(x)K − 2S(x)KS(x), x ∈ R, (5)

where S : R → B(H).
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Denote by S (K) the set of all solutions S of the equation (5) such that 0 < S(0) < I,
S ′(0) ≥ 0. A function S ∈ S (K) is called regular if the operators S(0) and I − S(0) belong
to Binv(H). The set of all regular functions S ∈ S (K) is denoted by Sreg(K).

It turns out that every solution S ∈ S (K) generates a reflectionless potential qS ∈ Q.
Moreover, an explicit formula can be given for the mapping S 7→ qS.

Proposition 1 ([1]). Let S ∈ S (K). Then for all x ∈ R
S ′(x) ≥ 0, 0 < S(x) < I, (6)

S(x)P = PS(x), S ′(x)P⊥ = P⊥S ′(x) = 0, S(x)P⊥ = S(0)P⊥. (7)
Moreover, the function S has an analytic continuation in the strip

ΠK := {z = x+ iy | x, y ∈ R, |y| < π/(2∥K∥)}.
This continuation is given by the formula

S(z) = ezK(S−1(0)− I + e2zK)−1ezK , z ∈ ΠK ,
and the following estimate holds

∥S(z)∥ ≤ [cos (y∥K∥)]−1, z ∈ ΠK , y = Im z.

With every function S ∈ S (K), we associate the operators
Γ := ΓS := S−1(0)− I, R := RS := |S ′(0)|1/2S−1(0),

and construct the following analytic operator-valued functions in ΠK :

L(z) := LS(z) := ezK(I − S(z)) + e−zKS(z),

Ψ(z) := ΨS(z) := |S ′(0)|1/2L(z), q(z) := qS(z) := −4ΨS(z)KΨ∗
S(z̄). (8)

It follows from (7) that

PΓ = ΓP, R = PR = RP, Ψ(z) = PΨ(z) = Ψ(z)P, q(z) = Pq(z) = q(z)P (z ∈ ΠK). (9)

Theorem 1 ([1]). Let S ∈ S (K). Then qS is a reflectionless potential and

∥qS(z)∥ ≤ 2∥K∥2

cos2(y∥K∥)
, z ∈ ΠK , y = Im z.

We define the following subsets of the set Q of all reflectionless potentials:

Q(K) := {qS | S ∈ S (K)}, Qreg(K) := {qS | S ∈ Sreg(K)},

Qπ :=
⋃
K

Q(K), Qreg :=
⋃
K

Qreg(K).

Remark 1. The mapping S (K) ∋ S 7→ qS ∈ Qπ is surjective. However, it is not injective.
Indeed, if S, S̃ ∈ S (K) and S(0)P = S̃(0)P , then ΨS = ΨS̃ and qS = qS̃.

The case q ∈ Qreg is technically more convenient to study. For this reason, most of the
results will first be established for q ∈ Qreg. To extend them to the general case q ∈ Qπ, we
pass to the limit and apply the following proposition.

Proposition 2 ([1]). Let S ∈ S (K) and

Sε(x) = exK(B−1
ε − I + e2xK)−1exK , x ∈ R, ε ∈ (0, 1/2),

where Bε := εI + (1− 2ε)S(0). Then Sε ∈ Sreg(K) for all ε ∈ (0, 1/2). Moreover,

∥S(z)− Sε(z)∥ = o(1), ∥Ψ(z)−ΨSε(z)∥ = o(1), ∥q(z)− qSε(z)∥ = o(1) (10)

as ε→ 0 uniformly on compact sets in ΠK .
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The following proposition describes the properties of the function Ψ, which, along with S,
plays a central role in this paper.

Proposition 3 ([1]). Let S ∈ S (K). Then

−Ψ′′(x) + q(x)Ψ(x) = −Ψ(x)K2, x ∈ R, (11)
S ′(x) = Ψ∗(x)Ψ(x), x ∈ R, (12)

∥Ψ(z)∥ ≤ π∥K∥1/2

2 cos(y∥K∥)
, z ∈ ΠK , y = Im z.

If, in addition, S ∈ Sreg(K), then R,Γ ∈ B(H) and

KΓ + ΓK = R∗R, Ψ(z) = Re−zKS(z) (z ∈ ΠK). (13)

1.3. Classes of operator-valued measures. Let B(R) be the σ-algebra of all Borel subsets
of the real line R, and let Bb(R) denote the ring of all bounded subsets in B(R).
Definition 2. A mapping µ : Bb(R) → B(H) is called an operator-valued measure on R if it
satisfies the following conditions

1) µ(∅) = 0 and µ(A) ≥ 0 for all A ∈ Bb(R);
2) the function µ is strongly countably additive, i.e., if A =

⊔
j∈NAj is a disjoint decomposi-

tion of a set A ∈ Bb(R) into subsets Aj ∈ Bb(R), then

µ

(⊔
j∈N

Aj

)
= s-lim

n→∞

n∑
j=1

µ(Aj).

We denote by Ml (Mb) the set of all operator-valued measures µ : Bb(R) → B(H) for which
the integral ∫

R

dµ(t)

1 + |t|

(∫
R
dµ(t)

)
converges in the strong operator topology. Denote by M the set of all measures µ ∈ Mb

with compact support.

We will prove the following theorem.

Theorem 2. Let q ∈ Q and let r := (∥q∥∞)1/2. Then there exists a unique measure νq ∈ M
such that

nq(λ) = iλI +

∫
dνq(t)

t− iλ
, λ ∈ C \ iR.

Moreover,

supp νq ⊂ [−r, r],
∫
dνq(t) = −1

2
q(0) and m±(λ

2) = nq(±λ), λ ∈ C+ \ iR. (14)

The mapping
Q ∋ q 7→ νq ∈ M (15)

is an analogue of the mapping constructed by V.A. Marchenko in the scalar case (see [4]).
This mapping, which we call the Marchenko parametrization, plays an important role in the
spectral theory of reflectionless potentials. The authors plan to devote a separate publication
to its detailed study. In particular, we expect that the mapping (15) will be used to prove
that Qπ = Q.

1.4. The formulation of the main result. The main result of this paper is
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Theorem 3. Let S ∈ S (K) and q = qS. Then

(I) H = H+ ⊕H−;

(II) the operator T−
q is unitarily equivalent to the operator −K2

1 , where K1 := K|H1 ;

(III) the operator T+
q is unitarily equivalent to the unperturbed operator T0.

Interestingly, the results of this work imply the following fact: the operator Tq with
potential q ∈ Qπ is uniquely determined by its negative part, i.e., the operator T−

q . In
particular, the following proposition holds.

Proposition 4. Let q ∈ Cb,s(R,B(H)). Then

(I) the operator (−T−
q )1/2 is a continuous positive integral operator on H−, acting according

to the formula

[(−T−
q )1/2φ](x) = s-lim

a→+∞

∫ a

−a

Kq(x, t)φ(t)dt, x ∈ R, φ ∈ H−,

where Kq : R2 → B(H) is a continuous bounded function uniquely determined by the
operator T−

q (by the potential q);

(II) if q ∈ Qπ, then q(x) = −4Kq(x, x), x ∈ R.

Proposition 4 leads to the following question.

Question 1. Does the following equality hold

Q = {q ∈ Cb,s(R,B(H)) | ∀x ∈ R q(x) = −4Kq(x, x)}?

The structure of the paper is as follows. In Section 2, we prove Theorem 2. In Section 3,
we show that kerTq = {0} for any q ∈ Q. In Section 4, we study an isometric operator V
that is closely related to the operator T−

q . In Section 5, we construct an analogue of the
classical transformation operator for Tq with q ∈ Qreg(K). In Section 6, we construct an
isometric operator A that realizes a unitary equivalence between the operators T+

q and T0.
Finally, in Section 7, we complete the proof of Theorem 3 and prove Proposition 4. In the
Appendix, we prove a result concerning a certain special operator equation.

2. The proof of Theorem 2. Let q ∈ Cb,s(R,B(H)), and let α = α∗ ∈ B(H). We denote
by Tq,α the self-adjoint Schrödinger operator acting in the space L2(R+, H) by the formula

Tq,αf = −f ′′ + qf
on the domain

dom Tq,α :=
{
g ∈ W 2

2 (R+, H)
∣∣(cosα)g(0) + (sinα)g′(0) = 0

}
.

According to the results of [3], the Weyl–Titchmarsh function mα of the operator Tq,α admits
the representation

mα(λ) = Cα +

∫
R

[
1

t− λ
− t

1 + t2

]
dρα(t), λ ∈ C+, (16)

where Cα = C∗
α ∈ B(H) and ρα ∈ Ml. Moreover, the following theorem holds.

Theorem 4 ([3]). The operator Tq,α is unitarily equivalent to the multiplication operator Υ
by the independent variable in the space L2(R, dρα, H).

In particular, Theorem 4 implies the identity supp ρα = σ(Tq,α).
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Lemma 1. Let q ∈ Cb,s(R,B(H)) and let r := (∥q∥∞)1/2. Then the functions m± admit
analytic continuation to the domain C \ [−r2,∞).

Proof. Note that m+ is the Weyl–Titchmarsh m-function of Tq,0, i.e., m+ = m0. Hence,

m+(z) = C +

∫
R

(
1

t− z
− t

1 + t2

)
dρ(t), z ∈ C \ σ(Tq,0), (17)

where ρ ∈ Ml, C ∈ B(H) with C = C∗, and supp ρ = σ(Tq,0). It is clear that σ(Tq,0) ⊂
[−r2,+∞). Therefore, supp ρ ⊂ [−r2,+∞). It follows from (17) that m+ admits an analytic
continuation to the domain C \ [−r2,∞).

It is easy to verify that the function −m− is the Weyl–Titchmarsh m-function for the
operator Tq̃,0 with the potential q̃(x) := q(−x), x ∈ R. Thus, from the above proof, it follows
that m− also admits an analytic continuation to the domain C \ [−r2,∞).

Lemma 2. Let q ∈ Q and let r := (∥q∥∞)1/2. Then the function nq has a unique represen-
tation of the form

nq(λ) = C + iλD +

∫
R

dρ(t)

t− iλ
, λ ∈ C \ iR, Reλ ̸= 0, (18)

where ρ ∈ M, C,D ∈ B(H) with C∗ = C, D ≥ 0, and supp ρ ⊂ [−r, r].

Proof. It follows from Definition 1 and the equalities (14) that for all λ ∈ C+ \ iR,

m±(λ
2) = nq(±λ), n∗

q(λ̄) = m∗
∓(λ̄

2) = nq(−λ). (19)

Moreover, from (4) and (3), we have

Imnq(λ) = Imm+(λ
2) ≥ 0, if 0 < arg λ < π/2,

Imnq(λ) = Imm−(λ
2) ≥ 0, if 3π/2 < arg λ < 2π.

Hence,
Imnq(λ) ≥ 0, if Reλ > 0, Imλ ̸= 0. (20)

In view of Definition 1 and Lemma 1, we have that the function nq admits an analytic
continuation to the domain C \ [−ir, ir]. Therefore, the function L(λ) := nq(−iλ) is analytic
in the domain C \ [−r, r]. From (19) and (20), we obtain

L(λ) = L∗(λ̄), ImL(λ) ≥ 0, λ ∈ C+ \ [−r, r]. (21)

Thus, L is a Herglotz function. Therefore, it has a unique representation (see [3]) of the form

L(λ) = B + λD +

∫
R

(
1

t− λ
− t

1 + t2

)
dρ(t), λ ∈ C \ R, (22)

where B,D ∈ B(H), ρ ∈ Ml, with B = B∗ andD ≥ 0. From (21), we have L(ξ) = L∗(ξ), ξ ∈
R\ [−r, r]. According to the Stieltjes inversion formula (see [3]), for any interval [a, b] disjoint
from [−r, r], we find

ρ((a, b]) = π−1 lim
δ→0+

lim
ε→0+

∫ b+δ

a+δ

ImL(ξ + iε)dξ = π−1

∫ b

a

ImL(ξ)dξ = 0.
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Therefore, ρ ∈ M and supp ρ ⊂ [−r, r]. Consequently, the representation (22) can be rewri-
tten as

L(λ) = C + λD +

∫
R

dρ(t)

t− λ
, λ ∈ C \ R,

where C = B −
∫
R

t
1+t2

dρ(t).

Proof of Theorem 2. In view of Lemma 2, it remains to prove that C = 0 and D = I in the
formula (18), and

∫
dρ(t) = −1

2
q(0). Fix a function φ ∈ C(R) with support in (−1, 0) such

that φ ≥ 0,
∫
R φ(t)dt = 1. Denote by Aε the operator from H to H acting according to the

formula [Aεh](x) := ε−1φ(x/ε)h, x ∈ R, h ∈ H.

As shown in [3], the resolvent of the operator Tq has the form
[(Tq − zI)−1g](x) =

=

∫ x

−∞
f+(z, x)W

−1(z)[f−(z̄, t)]
∗g(t)dt+

∫ ∞

x

f−(z, x)W
−1(z)[f+(z̄, t)]

∗g(t)dt, (23)

where z ∈ C \ R, x ∈ R, g ∈ H, and the operator
W (z) := m−(z)−m+(z), z ∈ C \ R, (24)

is invertible in B(H). Set
Tq,λ := (Tq − λ2I)−1, λ ∈ C+ \ iR.

Using (23), we obtain that for all λ ∈ C+ \ iR, h ∈ H and x ≥ 0 the following limit exists
lim
ε→+0

[Tq,λAεh](x) = f+(λ
2, x)W−1(λ2)h. (25)

From (23), we also have

(T0,λf)(x) =
i

2λ

∫
R
eiλ|x−t|f(t)dt, x ∈ R, f ∈ H, λ ∈ C+. (26)

Denote by Q the multiplication operator by the function q, i.e., Qf := qf, f ∈ H. Put
ξ(q) := 1 + 2∥Q∥ and Ω(q) := {z ∈ C+ | Re z < Im z, Im z > ξ(q)}.

It is easy to check the identity

Tq,λ = T0,λ − T0,λXq(λ)T0,λ, λ ∈ Ω(q), (27)

where Xq(λ) := Q(I + T0,λQ)−1. Since ∥T0,λ∥ ≤ | Imλ|−1, we have

∥Xq(λ)∥ ≤ ξ(q) if λ ∈ Ω(q). (28)

Define the operators Bj(λ) : H → H for λ ∈ Ω(q) (j ∈ {0, 1}) by
B0(λ)g := (T0,λg)(0), B1(λ)g := (T0,λg)

′(0), g ∈ H.
From (26), we obtain

B0(λ)g =
i

2λ

∫
R
eiλ|t|g(t)dt, B1(λ)g =

1

2

∫
R
(sign t)eiλ|t|g(t)dt, g ∈ H.

Using the Cauchy-Schwarz inequality, we get

∥B0(λ)∥ = O(λ−3/2), ∥B1(λ)∥ = O(λ−1/2), Ω(q) ∋ λ→ ∞. (29)

It follows from (26) that for all λ ∈ Ω(q) and h ∈ H

lim
ε→+0

[T0,λAεh](x) =
i

2λ
lim
ε→+0

∫
R
ε−1φ(t/ε)eiλ|x−t|hdt =

i

2λ
eiλ|x|h = [B0(−λ̄)∗h](x).
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Hence, using (27), we obtain

lim
ε→+0

[Tq,λAεh](x) =
i

2λ
eiλ|x|h− [T0,λXq(λ)[B0(−λ̄)]∗h](x), λ ∈ Ω(q).

Taking into account (25), we conclude that for all λ ∈ Ω(q), x ≥ 0, h ∈ H

f+(λ
2, x)W−1(λ2)h =

i

2λ
eiλxh− [T0,λXq(λ)[B0(−λ̄)]∗h](x).

Since f+(λ2, 0) = I and f ′
+(λ

2, 0) = m+(λ
2), we get

W−1(λ2) =
i

2λ
I −B0(λ)Xq(λ)[B0(−λ̄)]∗, (30)

m+(λ
2)W−1(λ2) = −1

2
I −B1(λ)Xq(λ)[B0(−λ̄)]∗.

The estimates (28) and (29) imply that

∥2iλW−1(λ2) + I∥ = O(λ−2), Ω(q) ∋ λ→ ∞,

∥2iλm+(λ
2)W−1(λ2) + iλI∥ = O(λ−1), Ω(q) ∋ λ→ ∞.

From these estimates, it follows that

∥W (λ2) + 2iλI∥ = O(λ−1), Ω(q) ∋ λ→ ∞, (31)
∥m+(λ

2)− iλI∥ = O(λ−1), Ω(q) ∋ λ→ ∞. (32)

Applying (18) and (19), we find

W (λ2) = m−(λ
2)−m+(λ

2) = −nq(λ)− nq(−λ) = −2iλ

(
D +

∫
R

dρ(t)

t2 + λ2

)
. (33)

In view of (31), we conclude that D = I. Then, it follows from (18) and (32) that C = 0.
It remains to prove the equality

∫
dρ(t) = −1

2
q(0). Taking into account (33) and the fact

that D = I, we obtain

W−1((iξ)2) =
1

2ξ

(
I +

∫
R

dρ(t)

t2 − ξ2

)−1

=
1

2ξ

(
I + ξ−2

∫
R
dρ(t) + Y (ξ)

)
,

where ∥Y (ξ)∥ = O(ξ−4), ξ → +∞. Hence, in view of (30), we have∫
R
dρ(t) = − lim

ξ→+∞
2ξB0(iξ)Xq(iξ)[B0(iξ)]

∗.

Since ∥Xq(iξ)−Q∥ = O(ξ−1), ξ → +∞, we get∫
R
dρ(t) = − lim

ξ→+∞

ξ

2

∫
R
e−2ξ|t|q(t)dt = −1

2
lim

ξ→+∞

∫
R
e−2|y|q(y/ξ)dy = −1

2
q(0).

Theorem 2 and the equalities (33) imply the following corollary.

Corollary 1. The equalities

W (λ2) = m−(λ
2)−m+(λ

2) = −2iλ

(
I +

∫
R

dνq(t)

t2 + λ2

)
, λ ∈ C+ \ iR, (34)

hold.
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3. The absence of the zero eigenvalue. The main result of this section is the following
theorem.

Theorem 5. Let q ∈ Q. Then kerTq = {0}.

Before starting the proof, we make some preparatory steps.
It is well-known ([3]) that for any pair of self-adjoint operators α, β ∈ B(H) the functions

mα and mβ are connected by the relation
mα(λ) = (A21 + A22mβ(λ))(A11 + A12mβ(λ))

−1, λ ∈ C \ R,
where the operators Aij ∈ B(H) are determined by the equality(

A11 A12

A21 A22

)
=

(
cosα sinα
− sinα cosα

)(
cos β − sin β
sin β cos β

)
.

In particular, if β = 0, then

mα(λ) = (− sinα + (cosα)m0(λ))(cosα + (sinα)m0(λ))
−1, λ ∈ C \ R. (35)

Lemma 3. Let α = α∗ ∈ B(H). Then ker Tq,α = {0}.

Proof. Note that m0 coincides with the function m+. Thus, in view of Theorem 2,

m0(λ
2) = nq(λ) = iλI +

∫
dνq(t)

t− iλ
, λ ∈ C+ \ iR. (36)

Obviously, the function

r(λ) := nq(−iλ) = λI +

∫
dνq(t)

t− λ
, λ ∈ C+,

is a Herglotz function. Let us consider the function

rα(λ) := (− sinα + (cosα)r(λ))(cosα + (sinα)r(λ))−1, λ ∈ C \ R. (37)

Note that for the operator A ∈ B(H ⊕H) defined by

A :=

(
cosα sinα
− sinα cosα

)
,

the equality A∗JA = J holds with J :=

(
0 −I
I 0

)
. Therefore, according to results of Krein

and Shmuljan ([7]), rα is also a Herglotz function. In particular, we have

∥rα(z)∥ = O(1/ Im z), z ∈ C+, z → 0. (38)

On the other hand, taking into account the equalities (35), (36) and (37), we obtain

mα(λ
2) = rα(iλ), λ ∈ C+ \ iR. (39)

It follows from (38) and (39) that
∥mα(2iξ

2)∥ = ∥rα(ξ + iξ)∥ = O(ξ−1), ξ ∈ R+, ξ → 0,

thus, ∥mα(iξ)∥ = O(ξ−1/2), ξ ∈ R+, ξ → 0. From this, in view of (17), we have that
ρα({0}) = 0. This means that the point λ = 0 cannot be an eigenvalue of the multiplication
operator Υ by the independent variable in the space L2(R, dρα, H). According to Theorem 4,
the operators Υ and Tq,α are unitarily equivalent, and hence λ = 0 cannot be an eigenvalue
of the operator Tq,α.
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Proof of Theorem 5. Assume that φ ∈ kerTq \ {0}. It suffices to show that there exists
a self-adjoint operator α ∈ B(H) such that ker Tq,α ̸= {0}. Indeed, in this case, we get
a contradiction with Lemma 3, and hence kerTq = {0}.

If φ(0) = 0, then obviously the restriction of φ to [0,∞) is a nonzero function belonging
to ker Tq,0.

Let φ(0) ̸= 0. From the equality −φ′′ + qφ = 0 we have∫ ∞

0

(q(x)φ(x) | φ(x))dx =

∫ ∞

0

(φ′′(x) | φ(x))dx =

=

∫ ∞

0

[(φ′(x) | φ(x))]′dx−
∫ ∞

0

∥φ′(x)∥2dx = −(φ′(0) | φ(0))−
∫ ∞

0

∥φ′(x)∥2dx.

From this, it follows that the number (φ′(0) | φ(0)) is real. Denote by P0 the orthoprojec-
tor onto the subspace {cφ(0) | c ∈ C} and set α := aP0, where

a := arcctg

(
−(φ′(0) | φ(0))

∥φ(0)∥2

)
.

Since

cosα = I − P0 + (cos a)P0, sinα = (sin a)P0, P0 =
(· | φ(0))
∥φ(0)∥2

φ(0),

we have
(cosα)φ(0) + (sinα)φ′(0) = (cos a)φ(0) + (sin a)P0φ

′(0) = 0.

Hence, the restriction of φ to [0,∞) is a nonzero function belonging to ker Tq,α.

From Theorem 5, we get the following corollary.

Corollary 2. The equalities H = H+ ⊕H− and P+ + P− = I hold.

4. The operator V . The main result of this section is

Theorem 6. Let S ∈ S (K) and let q := qS, Ψ := ΨS. Then the formula

(V h)(x) := Ψ(x)h, x ∈ R, h ∈ H, (40)

defines a partial isometry. Moreover, the operator V mapsH into the Sobolev spaceW 2
2 (R, H)

and satisfies
TqV = −V K2, V ∗V = P. (41)

Here, P is the orthogonal projector from H onto the subspace H1.

First, we prove the following lemma.

Lemma 4. Let S ∈ S (K). Then the limits S(±∞) := s-lim
x→±∞

S(x) exist, moreover,

S(−∞)P = 0 and S(+∞)P = P .

Proof. It follows from (6) that the limits S(+∞) and S(−∞) exist and

0 ≤ S(−∞) ≤ S(0) ≤ S(+∞) ≤ I. (42)

Taking into account that (see (5))

S ′(x) = KS(x) + S(x)K − 2S(x)KS(x), x ∈ R, (43)
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we obtain the existence of the limits
S ′(+∞) = s-lim

x→+∞
S ′(x), S ′(−∞) = s-lim

x→−∞
S ′(x).

Let E± := S(±∞). For an arbitrary h ∈ H,∫
R
(S ′(x)h | h)dx = (E+h | h)− (E−h | h) ≤ ∥h∥2. (44)

Using the equalities lim
x→±∞

(S ′(x)h | h) = (S ′(±∞)h | h) and the convergence of the integral

in (44), we conclude (S ′(±∞)h | h) = 0, h ∈ H. Thus S ′(±∞) = 0. Passing to the limit in
(43) as x→ ±∞, we get

KE± + E±K − 2E±KE± = 0.
Multiplying the last equality on both sides by P , we obtain

KPE±P + PE±PK − 2PE±PKPE±P = 0.

Let Ẽ± be the restrictions of the operators PE±P on the subspace H1 = PH, and let K1 be
the restriction of the operator K on H1. Then

K1Ẽ± + Ẽ±K1 − 2Ẽ±K1Ẽ± = 0.
From this, in view of Lemma 10, we conclude that the operators Ẽ+ and Ẽ− are orthogonal
projections.

From (42), it follows that for all h ∈ H1

(Ẽ−h | h) ≤ (S(0)h | h) ≤ (Ẽ+h | h).
Since 0 < S(0) < I, we get Ẽ− = 0 and Ẽ+ = P , thus S(−∞)P = 0, S(+∞)P = P .

Proof of Theorem 6. Using (12) and (7), we get
∥Ψ(x)h∥2 = (S ′(x)h | h) = (S ′(x)Ph | Ph), x ∈ R, h ∈ H.

Therefore, for an arbitrary a > 0,∫ a

−a

∥Ψ(x)h∥2dx = (S(a)Ph | Ph)− (S(−a)Ph | Ph).

In view of Lemma 4, we obtain that the operator V is bounded and

∥V h∥2 =
∫
R
∥Ψ(x)h∥2dx = ∥Ph∥2,

thus, (V ∗V h | h) = (Ph | h), h ∈ H. Therefore, the operator V is a partial isometry and
V ∗V = P .

Next, we show that ranV ⊂ W 2
2 (R, H) and that (41) holds. Let h ∈ H. By the analyticity

of the function Ψ, it follows that V h belongs locally to the Sobolev space W 2
2 (R, H). Using

the equality (11), we obtain

(V h)′′(x) = q(x)(V h)(x) + (V K2h)(x), x ∈ R. (45)

Since the function q is bounded on the real axis, the right-hand side of (45) belongs to
the space H. Hence, we conclude that V h belongs to the Sobolev space W 2

2 (R, H) and the
equality (41) holds.

From Theorem 6, we obtain the following corollary.

Corollary 3. The space H− := ranV is an invariant subspace of the operator Tq, and the
operator Tq|H− is unitarily equivalent to the operator −K2

1 . Moreover, H− ⊂ H−.
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Proof. Consider the operator V1 : H1 → H− defined by the formula V1h := V Ph, h ∈ H1. It
follows from (41) that TqH− ⊂ H− and the operator V1 maps H1 unitarily onto H−, moreover,
V ∗
1 TqV1 = −K2

1 , i.e., the operator Tq|H− is unitarily equivalent to the operator −K2
1 . From

this, in particular, it follows that Tq|H− < 0, and thus H− ⊂ H−.

5. Classical transformation operators. In this subsection, we construct analogs of the
classical transformation operators for the operator Tq with q ∈ Qreg. The main result of this
subsection is

Theorem 7. Let S ∈ Sreg(K), and let q := qS, Ψ := ΨS. Then the formula

(Uf)(x) := f(x)− s-lim
a→+∞

∫ a

x

Ψ(x)S−1(t)Ψ∗(t)f(t)dt, x ∈ R, (46)

defines an isometric operator in the space H. Moreover, the operator U maps the Sobolev
space W 2

2 (R, H) into itself and satisfies

TqU = UT0, (47)
UU∗ + V V ∗ = I. (48)

First, we prove two auxiliary lemmas.

Lemma 5. Let S ∈ Sreg(K) and Ψ := ΨS. Then the formula

(Nf)(x) :=

∫ ∞

x

Ψ(x)S−1(t)Ψ∗(t)f(t)dt, x ∈ R, f ∈ domN := C0(R, H), (49)

defines a bounded operator N : H → H, and

∥Nf∥2H = (Nf | f)H + (f | Nf)H, f ∈ domN. (50)

Here, C0(R, H) denotes the linear space of all continuous functions f : R → H with compact
support in R.

Proof. In view of (7), (9), and (12), we have

S ′(x) = Ψ∗(x)Ψ(x), S(x)P = PS(x), PΨ(x) = Ψ(x)P = Ψ(x), x ∈ R. (51)

Therefore, for arbitrary h1, h2 ∈ H,∫ b

a

(Ψ(x)h1 | Ψ(x)h2)dx =

∫ b

a

(Ψ(x)Ph1 | Ψ(x)Ph2)dx =

=

∫ b

a

(S ′(x)Ph1 | Ph2)dx = (S(b)Ph1 | Ph2)− (S(a)Ph1 | Ph2) (a < b).

Hence, by Lemma 4, it follows that∫ t

−∞
(Ψ(x)h1 | Ψ(x)h2)dx = (S(t)Ph1 | Ph2), h1, h2 ∈ H, t ∈ R. (52)
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Let f ∈ C0(R, H) and set f̃(t) := S−1(t)Ψ∗(t)f(t). From the definition of the operator N,
we have

∥Nf∥2H =

∫∫∫
x≤t≤τ

(Ψ(x)f̃(t) | Ψ(x)f̃(τ))dxdtdτ +

∫∫∫
x≤τ≤t

(Ψ(x)f̃(t) | Ψ(x)f̃(τ))dxdtdτ.

Thus, taking into account (52) and (51), we get

∥Nf∥2H =

∫∫
t≤τ

(S(t)P f̃(t) | P f̃(τ))dtdτ +
∫∫
τ≤t

(S(τ)P f̃(t) | P f̃(τ))dtdτ =

=

∫∫
t≤τ

(Ψ∗(t)f(t) | S−1(τ)Ψ∗(τ)f(τ))dtdτ +

∫∫
τ≤t

(S−1(t)Ψ∗(t)f(t) | Ψ∗(τ)f(τ))dtdτ =

=

∫
R
(f(t) | (Nf)(t))dt+

∫
R
((Nf)(τ) | f(τ))dτ.

The function R ∋ t 7→ ((Nf)(t) | f(t)) ∈ C is continuous with compact support, and hence
∥Nf∥2H <∞ and the identity (50) holds. It follows from (50) that ∥Nf∥2H ≤ 2∥f∥H∥Nf∥H.
Therefore, the operator N is bounded, and ∥N∥H→H ≤ 2.

Corollary 4. The formula (46) defines an isometric operator U : H → H.

Proof. It follows from (50) that for all f ∈ C0(R, H)

∥Uf∥2H = ∥(I −N)f∥2H = ∥f∥2H + ∥Nf∥2H − (Nf | f)H − (f | Nf)H = ∥f∥2H.

Since C0(R, H) is everywhere dense in H, the formula (46) defines an isometric operator
U : H → H.

Lemma 6. For all f ∈ C0(R, H) the following equality holds

∥N∗f∥2H = (Nf | f)H + (f | Nf)H − ∥V ∗f∥2H. (53)

Proof. Using (51), we obtain that for arbitrary h1, h2 ∈ H∫ b

a

(Ψ(x)S−1(x)h1 | Ψ(x)S−1(x)h2)dx =

∫ b

a

(Ψ(x)S−1(x)Ph1 | Ψ(x)S−1(x)Ph2)dx =

=

∫ b

a

(S−1(x)S ′(x)S−1(x)Ph1 | Ph2)dx = −
∫ b

a

([S−1(x)]′(x)Ph1 | Ph2)dx =

= (S−1(a)Ph1 | Ph2)− (S−1(b)Ph1 | Ph2) (a < b).

Thus, by Lemma 4, we get that for all t ∈ R∫ +∞

t

(Ψ(x)S−1(x)h1 | Ψ(x)S−1(x)h2)dx = (S−1(t)Ph1 | Ph2)− (Ph1 | Ph2). (54)

Let f ∈ C0(R, H) and set f̃(t) := Ψ∗(t)f(t). From the definition of N, we have

(N∗f)(x) =

∫ x

−∞
Ψ(x)S−1(x)Ψ∗(t)f(t)dt, x ∈ R.
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Hence,

∥N∗f∥2H =

∫∫∫
t≤τ≤x

(Ψ(x)S−1(x)f̃(t) | Ψ(x)S−1(x)f̃(τ))dxdtdτ+

+

∫∫∫
τ≤t≤x

(Ψ(x)S−1(x)f̃(t) | Ψ(x)S−1(x)f̃(τ))dxdtdτ.

Using (54), we find

∥N∗f∥2H =

∫∫
t≤τ

(S−1(t)f̃(t) | f̃(τ))dtdτ +
∫∫

τ≤t

(S−1(t)f̃(t) | f̃(τ))dtdτ−

−
∫∫

t≤τ

(f̃(t) | f̃(τ))dtdτ −
∫∫

τ≤t

(f̃(t) | f̃(τ))dtdτ =

=

∫∫
t≤τ

(S−1(t)Ψ∗(t)f(t) | Ψ∗(τ)f(τ))dtdτ +

∫∫
τ≤t

(S−1(t)Ψ∗(t)f(t) | Ψ∗(τ)f(τ))dtdτ−

−
∫∫

R2

(Ψ∗(t)f(t) | Ψ∗(τ)f(τ))dtdτ = (f | Nf)H + (Nf | f)H − ∥V ∗f∥2H.

Corollary 5. The equality UU∗ + V V ∗ = I holds.

Proof. The equality (53) implies that for all f ∈ C0(R, H)

∥U∗f∥2H = ∥(I −N∗)f∥2H = ∥f∥2H + ∥N∗f∥2H − (f | Nf)H − (Nf | f)H = ∥f∥2H − ∥V ∗f∥2H.

Hence,
((UU∗ + V V ∗)f | f)H = (f | f)H, f ∈ C0(R, H).

Since C0(R, H) is everywhere dense in H, we get UU∗ + V V ∗ = I.

Proof of Theorem 7. Assume that the conditions of the theorem are satisfied. In view of
Corollaries 4 and 5, it remains to show that the operator U maps the Sobolev spaceW 2

2 (R, H)
into itself and the equality (47) holds. Put

Φ(x) := Re−xK , x ∈ R.
Then (see (13))

Ψ(x) = Φ(x)S(x), x ∈ R. (55)

Let f ∈ W 2
2 (R, H) and set

g(x) := f(x)− (Uf)(x) =

∫ ∞

x

Ψ(x)Φ∗(t)f(t)dt, x ∈ R.

The functions Ψ and Φ are analytic in the strip | Im z| < δ for some δ > 0, and hence
g ∈ W 2

2,loc(R, H). Note that by Corollary 4, we also have g ∈ H. Direct calculations yield

g′′(x) = Ψ′′(x)

∫ ∞

x

Φ∗(t)f(t)dt− 2(Ψ′Φ∗f)(x)− [Ψ(Φ∗f)′](x).

Since (see (11)) Ψ′′(x) = q(x)Ψ(x) + Ψ(x)K2, (Φ∗)′′(x) = K2Φ∗(x), we get

g′′(x) = q(x)g(x) + Ψ(x)

∫ ∞

x

(Φ∗)′′(t)f(t)dt− 2(Ψ′Φ∗f)(x)− [Ψ(Φ∗f)′](x).
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Integrating by parts, we get∫ ∞

x

(Φ∗)′′(t)f(t)dt = [−(Φ∗)′f + Φ∗f ′](x) +

∫ ∞

x

Φ∗(t)f ′′(t)dt.

Thus,

g′′(x) = q(x)g(x) + Ψ(x)

∫ ∞

x

Φ∗(t)f ′′(t)dt− 2(ΨΦ∗)′(x)f(x).

Using (5), we obtain

2(ΨΦ∗)′ = 2(ΦSΦ∗)′ = 2Φ(−KS − SK + S ′)Φ∗ = −4ΦSKSΦ∗ = −4ΨKΨ∗ = q,

and hence,

g′′(x) = q(x)g(x) + Ψ(x)

∫ ∞

x

Φ∗(t)f ′′(t)dt− q(x)f(x) = (qg + f ′′ − Uf ′′ − qf)(x). (56)

It follows that g′′ ∈ H, which implies that g ∈ W 2
2 (R, H), and therefore Uf ∈ W 2

2 (R, H).
From (56), it also follows that

(TqUf)(x) = (Tqf − Tqg)(x) = (−f ′′ + qf + g′′ − qg)(x) = −(Uf ′′)(x) = (UT0f)(x).

Corollary 6. Let q ∈ Qreg(K). Then

(I) H+ = ranU ;
(II) UU∗ = P+, V V ∗ = P−;

(III) the operator T+
q is unitarily equivalent to the operator T0.

Proof. Let H+ := ranU . Consider the operator U1 : H → H+ defined by the formula

U1g := Ug, g ∈ H.

Since the operator U is isometric, the operator U1 maps H unitarily onto H+.
From Theorem 7, it follows that the linear space W 2

2 (R, H) ∩ H+ is ewerywhere dense
in H+ and TqH+ ⊂ H+, U

∗
1TqU1 = T0. Threfore, the operator Tq|H+ is unitarily equivalent

to the operator T0. In particular, this implies that Tq|H+ > 0. Hence, H+ ⊂ H+. Moreover,
from (48), it follows that H = H+ + H−, where H− = ranV . Since (see Corollaries 2 and
3) H = H+ ⊕ H−, H− ⊂ H−, we conclude that H+ = H+ and H− = H−. From this, the
corollary follows.

Let us show that the operator U is an analog of the classical transformation operator.
Denote by L2,loc(R, H) the set of all functions f : R → H that belong locally to L2(R, H),
and equip the linear space

L+ :=
{
f ∈ L2,loc(R, H) | ∀n ∈ N

∫ ∞

−n

∥f(x)∥2dx <∞
}

with the locally convex topology generated by the seminorms

ρn(f) :=

(∫ ∞

−n

∥f(x)∥2dx
)1/2

, f ∈ L+, n ∈ N.
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Denote by eλ the operator-valued function acting from R to B(H) defined by
eλ(x) := eiλxI, x ∈ R.

Let S ∈ Sreg(K) and set q := qS, Ψ := ΨS. Note that, according to Theorem 7, for an
arbitrary f ∈ L+ the formula

(Uf)(x) = f(x)− s-lim
a→+∞

∫ a

x

Ψ(x)S−1(t)Ψ∗(t)f(t)dt, x ∈ R, (57)

defines a function Uf ∈ L+. Moreover, the extended operator U : L+ → L+ is continuous.
In view of (55), the formula (57) can be rewritten as

(Uf)(x) = f(x)− s-lim
a→+∞

∫ a

x

Ψ(x)Φ∗(t)f(t)dt, x ∈ R. (58)

Let us fix λ ∈ C+ and h ∈ H. Then∫ a

x

eiλtΦ∗(t)hdt =

∫ a

x

e−t(K−iλI)R∗hdt = e−x(K−iλI)KλR
∗h− e−a(K−iλI)KλR

∗h =

= e−x(K−iλI)PKλR
∗h− e−a(K−iλI)PKλR

∗h.

Since s-lim
a→+∞

e−aKPh = 0, the integral
∫∞
x
e−t(K−iλI)R∗dt converges in the strong operator

topology and (see (9))∫ ∞

x

eiλtΦ∗(t)dx = e−x(K−iλI)PKλR
∗ = eiλxe−xKKλR

∗.

Therefore,

U(eλ(·)h)(x) = eiλx
(
I −Ψ(x)e−xKKλR

∗)h, x ∈ R, λ ∈ C+, h ∈ H. (59)

In [2], it was proven that the formula

e(λ, x) = eiλx
[
I −Ψ(x)e−xKKλR

∗] , x ∈ R, λ ∈ C+ \ {0},

defines the right Jost solution of the equation −y′′+qy = λ2y. Thus, the equality (59) means
that the operator U maps the right B(H)-valued Jost solution of the equation −y′′ = λ2y
with λ ∈ C+ into the right B(H)-valued Jost solution of the equation −y′′ + qy = λ2y. It is
well-known [6] that this is a characteristic property of the classical transformation operator
for the Schrödinger operator.

Another property of the classical transformation operator is its triangularity (see [8])
with respect to the chain E := {Eξ | ξ ∈ R} of orthoprojectors Eξ ∈ B(H) defined by

(Eξf)(x) := χξ(x)f(x), x ∈ R, f ∈ L+,

where χξ is the characteristic function of the half-line (−∞, ξ). The transformation operator
U is lower-triangular with respect to the chain E, i.e., (I − Eξ)UEξ = 0, ξ ∈ R.

In this respect, the following question arises.

Question 2. For which potentials q ∈ Qπ do there exist lower-triangular isometric operators
U : H → H that for all λ ∈ C+ map the functions eλ to the Jost solution of the equation
−y′′ + qy = λ2y?
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6. The operator A. Let q ∈ Q(K). Consider the function

f(λ, x) := eiλx[I −Ψ(x)D(λ, x)Ψ∗(0)]M−1(λ), λ ∈ OM(K),

where
D(λ, x) := Kλe

−xK +K−λe
xK , Kλ := (K − iλI)−1,

M(λ) := I − 2Ψ(0)K(K2 + λ2I)−1Ψ∗(0), λ ∈ O(K),

and O(K) := {λ ∈ C | ±iλ /∈ σ(K)}, QM(K) := {λ ∈ O(K) |M(λ) ∈ Binv(H)}.
As shown in [1], the set C \ OM(K) is a compact subset of the imaginary axis and

f(λ, ·) =

{
f+(λ

2, ·), λ ∈ C+ \ iR;
f−(λ

2, ·), λ ∈ C− \ iR.
(60)

Denote by T the self-adjoint operator in H defined by the formula

(T g)(x) := x2g(x), x ∈ R, g ∈ domT :=
{
φ ∈ H |

∫
R
x2∥φ(x)∥2dx <∞

}
. (61)

The main result of this section is

Theorem 8. Let q ∈ Q(K) and T = Tq. Then the formula

(Aφ)(x) := lim
a→+∞

1√
2π

∫ a

−a

f(ξ, x)M1/2(ξ)φ(ξ)dξ, x ∈ R, (62)

defines an isometric operator A : H → H for which the following equalities hold
TA = AT , AA∗ = P+.

First, we prove the following lemma.

Lemma 7. Let q ∈ Q(K). Then

m−(λ
2)−m+(λ

2) = −2iλM−1(λ), λ ∈ C+ \ iR. (63)

Proof. By definition, m±(λ
2) = f ′

±(λ
2, 0), λ ∈ C+ \ iR. Therefore, in view of (60), we have

m−(λ
2)−m+(λ

2) = f ′(−λ, 0)− f ′(λ, 0), λ ∈ C+ \ iR.

Since f(λ, 0) = I, D′(λ, 0) = −iλD(λ, 0), we obtain

f ′(λ, 0) = iλI − [Ψ′(0)D(λ, 0) + Ψ(0)D′(λ, 0)]Ψ∗(0)M−1(λ) =

= iλI − [Ψ′(0)D(λ, 0)− iλΨ(0)D(λ, 0)]Ψ∗(0)M−1(λ).

Taking into account that D(λ, 0) = D(−λ, 0), we get

f ′(−λ, 0)− f ′(λ, 0) = −2iλI − 2iλΨ(0)D(λ, 0)Ψ∗(0)M−1(λ) =

= −2iλI + 2iλ[M(λ)− I]M−1(λ) = −2iλM−1(λ), (64)

and hence, m−(λ
2)−m+(λ

2) = −2iλM−1(λ).
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Remark 2. It follows from (63) and (34) that

−2iλW−1(λ2) =M(λ) =

(
I +

∫
R

dνq(t)

t2 + λ2

)−1

, λ ∈ QM(K). (65)

Proof of Theorem 8. In view of the equalities (60) and (65), the formula (23) for the resolvent
of the operator T can be rewritten as follows

[(T − λ2I)−1g](x) =

= − 1

2iλ

(∫ x

−∞
f(λ, x)M(λ)[f(λ̄, t)]∗g(t)dt+

∫ ∞

x

f(−λ, x)M(λ)[f(−λ̄, t)]∗g(t)dt
)
. (66)

Let us consider the B(H)-valued function

γ(λ, x, t) := f(λ, x)M(λ)[f(λ̄, t)]∗, x, t ∈ R, λ ∈ OM(K).

It is clear that this function depends continuously on the variables λ, x, t. Note also that
γ(λ, x, t) = γ∗(λ̄, t, x), M(λ) =M(−λ). Let φ ∈ C0(R \ {0}, H). Then (66) implies

((T − λ2I)−1φ | φ)H =

= − 1

2iλ

(∫∫
t≤x

(γ(λ, x, t)φ(t) | φ(x))Hdtdx+
∫∫

t≥x

(γ(−λ, x, t)φ(t) | φ(x))Hdtdx
)
. (67)

Since the right-hand side of (67) is continuous in the domain OM(K), for an arbitrary ξ ∈ R+

the following limits exist
((T − (ξ2 ± i0)I)−1φ | φ)H = lim

ε→+0
((T − (±ξ + iε)2I)−1φ | φ)H =

= ∓ 1

2iξ

(∫∫
t≤x

(γ(±ξ, x, t)φ(t) | φ(x))Hdtdx+
∫∫

t≥x

(γ(∓ξ, x, t)φ(t) | φ(x))Hdtdx
)
.

Hence,

((T − (ξ2 + i0)I)−1φ | φ)H − ((T − (ξ2 − i0)I)−1φ | φ)H =

= − 1

2iξ

(∫∫
R2

(γ(ξ, x, t)φ(t) | φ(x))Hdtdx+
∫∫

R2

(γ(−ξ, x, t)φ(t) | φ(x))Hdtdx
)
. (68)

Put
δ(ξ, φ) :=

1

2πi

[
((T − (ξ + i0)I)−1φ | φ)H − ((T − (ξ − i0)I)−1φ | φ)H

]
, ξ > 0.

According to Stone’s formula (see [9]),
(P+φ | φ)H =

∫
R+

δ(ξ, φ)dξ =

∫
R+

2ξδ(ξ2, φ)dξ.

It follows from (68) that

2ξδ(ξ2, φ) =
1

2π

(∫∫
R2

(γ(ξ, x, t)φ(t) | φ(x))Hdtdx+
∫∫

R2

(γ(−ξ, x, t)φ(t) | φ(x))Hdtdx
)
.

Thus,
(P+φ | φ)H =

1

2π

∫∫∫
R3

(γ(ξ, x, t)φ(t) | φ(x))Hdtdxdξ. (69)

Consider the auxiliary operator

(Dφ)(ξ) :=
1√
2π

∫
R
M1/2(ξ)f ∗(ξ, x)φ(x)dx, ξ ∈ R \ {0}, φ ∈ C0(R \ {0}, H),
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on the domain domD := C0(R \ {0}, H). By (69), we obtain

∥Dφ∥2 = 1

2π

∫∫∫
R3

(γ(ξ, x, t)φ(t) | φ(x))Hdtdxdξ = (P+φ | φ)H ≤ ∥φ∥2,

which means that the operator D is densely defined and bounded, moreover ∥D∥ ≤ 1. It is
easy to see that

(Aφ | ψ)H = (φ | Dψ)H = (D∗φ | ψ)H, φ, ψ ∈ C0(R \ {0}, H).

Hence, the formula (62) defines a bounded operator A = D∗, and
(AA∗φ | φ) = ∥Dφ∥2 = (P+φ | φ)H, φ ∈ C0(R \ {0}, H).

Therefore,
AA∗ = P+, A∗ = A∗P+, A = P+A. (70)

As shown in [1], −f ′′(λ, x) + q(x)f(λ, x) = λ2f(λ, x), x ∈ R, for all λ ∈ OM(K), hence
Aφ ∈ domT for all φ ∈ C0(R \ {0}, H) and TAφ = AT φ. From this and the closedness of
the operators T and T , we obtain

TAφ = AT φ, φ ∈ domT . (71)
Thus, it remains to prove the isometricity of the operator A.

Let the function F : [0,∞) → C be continuous with compact support in R+. We show
that the equality

F (T )A = AF (T ) (72)
holds. Let us consider the operators

B1 := (TP+ + I)−1, B2 := (T + I)−1

and the continuous function F1 : [0, 1] → C defined by

F1(x) :=

{
F (x−1 − 1), x ∈ (0, 1];
0, x = 0.

From (70) and (71), it follows that (TP+ + I)A = A(T + I), and hence, (TP+ + I)−1A =
A(T + I)−1. So,

B1A = AB2. (73)
It is clear that the operators Bj (j ∈ {1, 2}) are self-adjoint, and their spectrum lies in

the interval [0, 1]. From the equality (73), it follows that P(B1)A = AP(B2) for arbitrary
polynomials P(x) =

∑n
j=0 ajx

j. Hence, F1(B1)A = AF1(B2). It is easy to see that
F1(B1) = F (T ), F1(B2) = F (T ).

Thus, the equality (72) is proved.
Now we prove the isometricity of the operator A. To do this, it suffices to show that

kerA = {0}. Assume that g ∈ kerA, and let F : [0,∞) → C be an arbitrary continuous
function with compact support in R+. In view of (72), we have

0 = F (T )Ag = AF (T )g.
Note that

[F (T )g](ξ) = F (ξ2)g(ξ), ξ ∈ R,
and thus ∫

R
F (ξ2)f(ξ, x)M1/2(ξ)g(ξ)dξ = 0.

for almost every x ∈ R. From the continuity of the function R+ × R ∋ (ξ, x) 7→ f(ξ, x) ∈
B(H), it follows that for all x ∈ R∫

R
F (ξ2)f(ξ, x)M1/2(ξ)g(ξ)dξ = 0. (74)

Since the function ξ 7→M(ξ) is even and f(ξ, 0) = I, by setting x = 0 in (74), we obtain
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0 =

∫
R
F (ξ2)M1/2(ξ)g(ξ)dξ =

∫ ∞

0

F (ξ2)M1/2(ξ)
(
g(ξ) + g(−ξ)

)
dξ. (75)

The equality (75) holds for an arbitrary continuous functions F : [0,∞) → C with compact
support in R+. This implies that M1/2(ξ)(g(ξ) + g(−ξ)) = 0 for almost every ξ ∈ R+. Since
M(ξ) > 0 for all ξ ∈ R+, it follows that g must be an odd function. In view of the oddness
of g, the formula (74) can be rewritten as∫ ∞

0

F (ξ2)(f(ξ, x)− f(−ξ, x))M1/2(ξ)g(ξ)dξ = 0, x ∈ ΠK .

It is easy to see that the left-hand side of the equality can be differentiated with respect to
the variable x. Hence,∫ ∞

0

F (ξ2)(f ′(ξ, 0)− f ′(−ξ, 0))M1/2(ξ)g(ξ)dξ = 0.

Since (see (64)) f ′(ξ, 0)− f ′(−ξ, 0) = 2iξM−1(ξ), we obtain∫ ∞

0

ξF (ξ2)M−1/2(ξ)g(ξ)dξ = 0. (76)

From the arbitrariness of the function F , it follows that ξM−1/2(ξ)g(ξ) = 0 almost every-
where on R+, and therefore g = 0, i.e., kerA = {0}.

7. Completion of the proof of Theorem 3. In this section, we complete the proof of
Theorem 3 and prove Proposition 4.

Lemma 8. Let S ∈ S (K), q := qS, and let V be the operator defined by the formula (40).
Then V V ∗ = P−.

Proof. Let S ∈ S (K), and let Sε ∈ Sreg(K) be as in Proposition 2. Define Vε := VSε . Let
us show that s-lim

ε→+0
Vε = V, s-lim

ε→+0
V ∗
ε = V ∗.

From (40) and (10), it follows that for all h ∈ H and φ ∈ C0(R, H),

lim
ε→+0

(Vεh | φ)H = lim
ε→+0

∫
R
(Ψε(x)h | φ(x))dx =

∫
R
(Ψ(x)h | φ(x))dx = (V h | φ)H,

i.e., Vε → V in the weak operator topology as ε → +0. It follows from Theorem 6 that for
all ε ∈ (0, 1/2), h ∈ H we get

Vε(I − P )h = 0 = V (I − P )h, ∥VεPh∥ = ∥Ph∥ = ∥V Ph∥.
Hence, lim

ε→+0
Vεh = V h, i.e., s-lim

ε→+0
Vε = V. Moreover, in view of Proposition 2, we have that

lim
ε→+0

V ∗
ε φ = lim

ε→+0

∫
R
Ψ∗

ε(x)φ(x)dx =

∫
R
Ψ∗(x)φ(x)dx = V ∗φ

for an arbitrary φ ∈ C0(R, H). Since C0(R, H) is everywhere dense in H and sup
ε∈(0,1/2)

∥Vε∥ ≤ 1,

we conclude that s-lim
ε→+0

V ∗
ε = V ∗.

According to Corollary 6, for all ε ∈ (0, 1/2), the operator VεV ∗
ε is the spectral projection

of the operator Tqε corresponding to the negative half-line R−. Therefore,
(Tqε(I − VεV

∗
ε )g | g)H ≥ 0, ε ∈ (0, 1/2), g ∈ W 2

2 (R, H). (77)
In view of Proposition 2, we can pass to the limit as ε→ +0 in (77). As a result, we obtain

(Tq(I − V V ∗)g | g)H ≥ 0, g ∈ W 2
2 (R, H). (78)

Since V is a partial isometry, the operator V V ∗ is the orthogonal projection onto the subspace
ranV . By Corollary 3, V V ∗ ≤ P−. Suppose that V V ∗ ̸= P−. Then there exists a nonzero
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element g0 ∈ H such that P−g0 = g0, V V
∗g0 = 0. From this, using (78) and the fact that

P−H ⊂ W 2
2 (R, H), we get that (Tqg0 | g0)H ≥ 0. This leads to a contradiction, since T−

q < 0.
Hence, V V ∗ = P−.

Proof of Theorem 3. (I) In view of Corollary 2, we have H = H+ ⊕H−, P+ + P− = I.
(II) From Corollary 3 and Lemma 8, it follows that the operator T−

q is unitarily equivalent
to the operator −K2

1 .
(III) Let F denote the Fourier transform in H defined by

(Ff)(x) := f̂(x) = lim
a→+∞

1√
2π

∫ a

−a

eixtf(t)dt, x ∈ R, f ∈ H,

where the limit is understood in the topology of H. Note that the operator F is unitary and
(see (61)) T0 = F∗T F . According to Theorem 8, the operator B : H → H+ defined by

Bf := AFf, f ∈ H,
is also unitary and satisfies

TqB = TqAF = BF∗T F = BT0.
Thus, the operator T+

q is unitarily equivalent to the operator T0.

Proof of Proposition 4. Let q ∈ Cb,s(R,B(H)). Consider the operator L := (−TqP−)
1/4. It is

nonnegative and continuous (∥L∥ ≤ ∥q∥1/4∞ ). From the obvious equality
(Lφ)′′ = q(Lφ)− Tq(Lφ) = q(Lφ) + L5φ, φ ∈ W 2

2 (R, H),

it follows that ∥(Lφ)′′∥ ≤ 2∥q∥5/4∞ ∥φ∥. Hence, the operator L acts continuously from H into
W 2

2 (R, H). For each x ∈ R, we define the operator β(x) : H → H by β(x)φ := (Lφ)(x),
φ ∈ H. From the above, the operators β(x) are continuous and the operator-valued function
R ∋ x 7→ β(x) ∈ B(H, H) is continuous and bounded. Since the operator L : H → H is
self-adjoint, we can easy verify that

Lψ =

∫
R
β∗(t)ψ(t)dt, ψ ∈ H,

where the integral converges in the strong operator topology. Combining the above, we obtain[
(−T−

q )1/2φ
]
(x) = (L2φ)(x) = lim

a→+∞

∫ a

−a

β(x)β∗(t)φ(t)dt, x ∈ R, φ ∈ H−.

It is easy to see that the function Kq(x, t) := β(x)β∗(t) is the unique function for which the
equality [

(−T−
q )1/2φ

]
(x) = lim

a→+∞

∫ a

−a

Kq(x, t)φ(t)dt, x ∈ R, φ ∈ H−,

holds.
Next, let q ∈ Qπ. From the equalities (41) and (8), it follows that TqP− = −V K2V ∗, and

hence, (−TqP−)
1/2 = V KV ∗. From this, we get[

(−T−
q )1/2φ

]
(x) = lim

a→+∞

∫ a

−a

Ψ(x)KΨ∗(t)φ(t)dt, x ∈ R, φ ∈ H−.

Therefore, Kq(x, t) = Ψ(x)KΨ∗(t), x, t ∈ R, and (see (8)) −4Kq(x, x) = −4Ψ(x)KΨ∗(x) =
q(x), x ∈ R.

Appendix. Some special operator equations. From the results of [10], we have the
following lemma.

Lemma 9. Let K,M ∈ B(H), K > 0 and KM +MK = 0. Then M = 0.

Using Lemma 9, we can prove the following lemma.
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Lemma 10. Let K,B ∈ B(H), K > 0, B ≥ 0, and
KB +BK − 2BKB = 0. (79)

Then the operator B is an orthogonal projection that commutes with K.

Proof. Assume that B ̸= 0. For an arbitrary ε > 0, denote by Pε the spectral projection
of the operator B corresponding to the half-line (ε,∞). Suppose Pε ̸= 0 for some ε > 0.
Put Hε := PεH, and let us consider the auxiliary operators Kε := PεKPε|Hε , Bε := B|Hε .
Clearly, Kε > 0, and the operator Bε is invertible in the algebra B(Hε). Multiplying the
equation (79) on both sides by Pε, we get

KεBε +BεKε − 2BεKεBε = 0.

Then, multiplying this equation on both sides by B−1
ε , we obtain

Kε(B
−1
ε − Iε) + (B−1

ε − Iε)Kε = 0,

where Iε is the identity operator in the algebra B(Hε). Using this equation and Lemma 9,
we conclude that B−1

ε − Iε = 0, i.e., Bε = Iε for all ε > 0. This implies that BPε = Pε for all
ε > 0. Hence, B = P0, where P0 is the spectral projection of the operator B corresponding
to the set (0,∞). Consequently, applying (79), we get
(I −B)KB = −(I −B)(BK − 2BKB) = 0, BK(I −B) = −(KB − 2BKB)(I −B) = 0,

and therefore, KB = (I −B +B)KB = BKB = BK(I −B +B) = BK.
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