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PSEUDOSTARLIKE AND PSEUDOCONVEX DIRICHLET SERIES OF
ORDER o AND TYPE S

M. M. Sheremeta. Pseudostarlike and pseudoconvex Dirichlet series of order a and type 3, Mat.
Stud. 54 (2020), 23-31.

The concepts of the pseudostarlikeness of order a € [0, 1) and type S € (0, 1] and the
pseudoconvexity of order o and type (8 are introduced for Dirichlet series with null abscissa of
absolute convergence. In terms of coefficients, the pseudostarlikeness and the pseudoconvexity
criteria of order « and type (8 are proved. Let h > 1, A = (\x) be an increasing to +oo
sequence of positive numbers (A; > h. We call a conformal function of the form F(s) =
esh + 377 | frexp{sAi}, s =0 +it, in IIy = {s: Res < 0} pseudostarlike of order a € [0, 1)
and type 8 € (0, 1] if

F(s)
F(s)

’F/(S) (20— h)|, sell.

F(s) ‘h‘<5‘

The main results of the article are contained in Theorems 1 and 2. Theorem 1 states: If o € [0, 1)
and B € (0, 1] such that

> {1+ B)Ak — 28a — (1L — B)} fil < 28(h — )

k=1

then the function F is pseudostarlike of order a and type 5. The corresponding results for
Hadamard compositions of such series are also established.

1. Introduction. Let S be the class of analytic functions

FE) =24 fu2" (1)

univalent in D = {z: |z|] < 1}. Function f € S is said to be starlike if f(D) is starlike domain
concerning of the origin. It is well known [1, p. 202] that the condition Re {zf'(z)/f(z)} >
0 (z € D) is necessary and sufficient for the starlikeness of f. A. W. Goodman (|2], see also
[3, p.9]) proved that if > 7, n|f,| < 1 then function (1) is starlike. The concept of the
starlikeness of function (1) got the series of generalizations. I.S. Jack ([4]) studied starlike
functions of order « € [0, 1), i. e. such functions (1), for which Re {zf'(2)/f(2)} > a (z € D).
It is proved [4], [3, p. 13] that if > ° ,(n—a)|fn| < 1—a then function (1) is starlike function
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of order a. A function f of the form (1) is called starlike function of order o € [0, 1) and
type B € (0, 1] when
2f'(2) 2f'(2)

— 1‘ <p
() ()
This concept was introduced by V. P. Gupta ([5]).
We point out that the concept of p-valent starlike function f(z) = 2P + Zf:p 41 Jn2" has

appeared comparatively recently (see, for example, [6], [7] and [3, p. 14]).
Let X be the class of functions

+1—-2¢a.

fE) =+ e )

analytic in Dy = {z: 0 < |z| < 1}. The function f € ¥ is said to be meromorphic starlike
of order a € [0, 1) if Re{—2f"(2)/f(2)} > a (2 € Dy). O.P. Juneja and T.R. Reddy [8]
proved (see also [3, p. 14]) that if Y~ ,(n+«)|f,| < 1 —a then function (2) is meromorphic
starlike function of order «. According to B. A. Uralegaddi (|9]) the function (2) is said
meromorphic starlike function of order g € (0, 1] if |2f'(2) + f(2)| < Blzf'(2) — f(2)| for all
z € Dg. Finally, combining these definitions, M. .. Mogra, T. R. Reddy and O. P. Juneja
(|10]) call a function f € ¥ to be meromorphic starlike of order a € [0, 1) and type 8 € (0, 1]
if
2£'(2) + F2)| < Blaf () + 2a— )f(2)], = €Dy,

and prove that if

D (14 B)n+B2a—1) + 1) fa] <28(1 - a),

n=1
then the function (2) is meromorphic starlike of order a and type . Using this statement,
O. M. Mulyava and Yu. S. Trukhan (|11]) indicated conditions on the parameters agl), agl),
a®,a{” a” of the differential equation of S. Shah 22w’ + (a{z% + aV2)w' +
+(a§0)z2 + ago)z + ago))w = 0, under which this equation has a meromorphic starlike solution
of order «v and type f.

For power series fj(z) = > pey fr;2" (j = 1,2) the series (f1 * f2)(2) = D peg [ fr2z" is
called the Hadamard composition (product) [12, 13]. Properties of this composition obtained
by J. Hadamard found applications (|13, 14]) in the theory of the analytic continuation of the
functions represented by power series. We remark also that singular points of the Hadamard
composition are investigated in the article [15].

L. Zalzman [16] studied Hadamard compositions of univalent functions (1). For the functi-
ons f;(z) =1/z+> 4o, fr;z" € B (j = 1,2) M. L. Mogra (|17]) defined Hadamard composi-
tion as (f1 * f2)(2) = 1/2 + > oy feafr22" and proved, for example, that if the functions
f; are meromorphically starlike of order «; € [0, 1) and f;; > 0 for all £ > 1 then f; * fo
is meromorphically starlike of order o = max{ay, as}. Hadamard compositions of functi-
ons from the classes S and ¥ were studied also by J. H. Choi, Y. C. Kim and S. Owa
(|18]), M. K. Aouf and H. Silverman ([19]), J. Liu and R. Srivastava (|20]) and many other
mathematicians.

Since Dirichlet series with positive increasing to +00 exponents are direct generalizations
of power series, here was a necessity of a construction of the geometrical theory for the class
of Dirichlet series, absolutely convergent in the half-plane Il = {s: Res < 0}. The paper
[21] is devoted to solve this problem (see also [3, p. 135-154]).
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So, let h > 1, A = (\;) be an increasing to +00 sequence of positive numbers (\; > h)
and SD(A,0) be the class of Dirichlet series

F(s) = e + i frexp{sic}, s=o0+it, (3)

with the exponents A and the abscissa of absolute convergence o,[F] = 0. It is known
[21] that each function F E SD(A,0) is non-univalent in Iy, but there exist conformal in

IIy functions (3), and if Z Akl fr] < A1 then function (3) is conformal in II;. A conformal

function (3) in Iy is sald to be pseudostarlzke if Re{F'(s)/F(s)} > 0 for s € IIy. In [21] (see

also [3, p. 139]) it is proved that if Z k| fx] < A1 then function (3) is pseudostarlike.
k=2
The proposed paper continues the study of the geometric properties of Dirichlet series

that are absolutely convergent in the half-plane.

2. Pseudostarlikeness of functions from SD(A,0). A conformal function (3) in Il is
said to be pseudostarlike of order « if

Re{F'(s)/F(s)} >a €0, 1), s e€ll,. (4)

Since the inequality |w — h| < |w — (2ac — h)]| holds if and only if Rew > «, function (3) is
pseudostarlike of order « if and only if

'F'(S) —h' < ‘F/(S) — (20— h)

m W s s € Ho. (5)

In view of (5) we call conformal function (3) in Iy pseudostarlike of order a € [0, 1) and
type B € (0, 1] if

F(s) F(s)
—h

] <ol w

Theorem 1. Let F' € SD(A,0) be a function of the form (3). If « € [0, 1) and § € (0, 1]

such that

— (2a— h)

s S € Ho. (6)

> {1+ B)M — 28a = (1 — B)} fi| < 2B(h — ) (7)

k=1
then the function F' is pseudostarlike of order o and type [3.

Proof. Clearly, (6) holds if and only if
|F'(s) — hF(s)| — B|F'(s) — (2a — h)F(s)| <0, s € Il,. (8)
On the other hand,
[F'(s) = hE(s)] = BIF'(s) = (20 = h)F(s)| =
he*t + i Mo frexp{sAc} — he* — h i frexp{sAc}| —

k=1 k=1

e + Z Mefrexp{shi} — (20 — h)e™ — (2 — Z frexp{shi}| =
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= D> (A = h) frexp{shi}| —
k=1

2(h — a)e™ + Z(/\k — 20+ h) fr exp{sAg}| .
k=1

Since —|a + b| < —|a| + |b| and o < 0, in view of (7) we get

[F'(s) = hF(s)| = BIF'(s) — 2 = h)F(s)| <

< é (A — h) froexp{sAc}| — ‘Qﬁ(h - Oz)eSh‘ + 52(&; —2a+ h) frexp{sAr}| <
:lw Wl esp{oMd - 2600 — a)e + ﬁgw 201 )| ful explon) =
_ o (i{u 48N — 280+ h(1L— M)l exp{o(he — )} — 2801~ a>> <
< 2{(1 + A — 280~ h(1 — A} fel - 28(h— ) <0
i. e. (8) holds. i O

Theorem 2. If a function F' € SD(A,0) of form (3) is pseudostarlike of order o € [0, 1) and
type B € (0,1] and fr, <0 for all k > 1 then inequality (7) holds.

Proof. Since function (3) is pseudostarlike of order a and type 8 and fr = —|fi| forall k > 1
in view of (8) as above we have for all s € Tl
— A —h exp{sA
5= (0 = W)l fulexplsh) | r-nre
F'(s) — (2ac — h)F ()

< B.

2(h — a)esh — kiuk — 20 1 )|l exp{sAe)

Therefore,

i(/\k — h)|fel exp{sAc}

Re =1 = < f,
2(h — a)es™ — > (A — 2a+ h)| fi exp{sAi}
k=1

whence for all o < 0 we obtain

52O — 1) fil exp{one}
k=1 _ <5

2(h — a)eh — ];(Ak — 2a+ h)|fel exp{oA}

Letting 0 — 0 from here we get

> (A —h) |fk|<5< Z/\k—20é+h|fk|)
k=1 k=1

whence (7) follows. O
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Choosing § = 1 from Theorems 1 and 2 we obtain the following statement.

Corollary 1. In order for function (3) to be pseudostarlike of order « € [0, 1) it is sufficient
and in the case when f;, <0 for all k > 1 it is necessary that

> —a)lfil <h - (9)
k=1

3. Pseudostarlikeness of functions from XD(A,0). Let h > 1, A = (\g) be an increasing
to 400 sequence of positive numbers and X D(A,0) be the class of Dirichlet series

F(s)=e "+ Z frexp{s\c}, s=o0+it, (10)

absolutely convergent in I1,. Dirichlet series (9) is called 3-pseudostarlike of order a € [0, 1)
if

Re{F'(s)/F(s)} < —a €10, 1), sell,. (11)
Since the inequality |w + h| < |w + (2« — k)| holds if and only if Rew < —a, function (10)
is Y-pseudostarlike of order « if and only if

F(s)
F(s)

+ (2 — h)

‘F/(S) , sell. (12)

F(s) *h' <’

In view of (11) we call function (10) X-pseudostarlike of order a € [0, 1) and type € (0, 1]
if

‘F’(S)

Fs) +h’ <

)+(2a—h)’, s € 1. (13)

Theorem 3. Let F € ¥D(A,0) be a function of form (10). If « € [0, 1) and 5 € (0, 1] such
that

> A+ B+ 280+ h(1 = B} fl < 26(h— a) (14)
k=1
then F' is Y-pseudostarlike of order o and type (3.
Proof. Clearly, (13) holds if and only if
|F'(s) + hF(s)| — BIF'(s) + (2a — h)F(s)] <0, s € Ily. (15)

On the other hand, as in the proof of Theorem 1

Z A+ h) frexp{s(Ax + h)}| —
k=1

|F'(s) + hF(s)| — BIF'(s) + (2ac — h) F( (

8

—p

2(a— h) —i—Z()\k—i—Qa— h) fxexp{s(A\x + h)} )

8

o—oh <Z e + h)|fr] exp{o(A\r + h)}—
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—p < i (At +2a—h |fk|exp{a(/\k—|—h)}>> =

— e (Z{@ + B+ 280+ h(1 = )} fl expio(Ae +h)} = 28(h — a)) <

k=1

e " (Z{(l + B)Ak + 2B8a + h(1 = )} fel} — 26(h — 04)) <0
k=1
i.e. (15) holds. O

Theorem 4. If the function F' € XD(A,0) of form (10) is ¥-pseudostarlike of order a and
type 8 and fi, > 0 for all k > 1 then inequality (14) holds.

Proof. Since function (10) is X-pseudostarlike of order @ and type § and fi = |fx| for all
k > 1 in view of (15) as above we have for all s € 1],

> (A + 1) fi exp{sA}
2(h —a)e=s" — >~ (A + 2a — h) frexp{sA }
k=1
> (A + h) frrexp{sAi}
< =l =
‘Q(h —a)e=sh — Z (Me + 2 — h) frexp{sc }
k=1
3 A + h) frexp{sA
_ kgl( k ) frexp{sAr} :’ '(s) + hF(s) <5
0 l _ ?
‘2(04 —h)e=s" + > (A + 200 — h) fi. exp{sA;} Fi(s) + (2a = h)F(s)
k=1
and, therefore, for all o < 0 we obtain
> (A + h) frexp{oA}
— <p.
2(h —a)e=" — > (Mg + 2a — h) frexp{o A}
k=1
Letting 0 — 0 from here we get
Z)\k+hfk<5< )= ) (Ae+20—h |fk|>

1 k=1

whence (14) follows. Theorem 4 is proved. O

Choosing § = 1 from Theorems 3 and 4 we obtain the following statement.

Corollary 2. In order for function (10) to be X-pseudostarlike of order o € [0, 1) it is
sufficient and in the case when f; > 0 for all k > 1 it is necessary that

d Mt a)lfil <h—a (16)

k=1
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4. Hadamard compositions. For Dirichlet series Fj(s) = >/~ frjexp{sA:} (j =1,2) in
[22] a composition of Hadamard (Fy % F5)(s) = Y r fi1feoexp{sA;} is defined and some
its properties are studied. Suppose that F; € SD(A,0). Then the Hadamard composition
has the form

(Fy % Fy)(s) = e + Z Jen froexp{sAy}. (17)
k=1

Corollary 1 implies the following statement.

Corollary 3. If the functions F; € SD(A,0) are pseudostarlike of orders a; € [0, 1) and
frj <0 forallk>1andj=1,2 then Hadamard composition Fy x F, is pseudostarlike of
order o = max{a;: j =1, 2}.

Indeed, from (9) it follows that |f; ;| < (h—a;)/(A—a;) < 1 for all K > 1 and, therefore,

> )\k—Oél > )\k—Oél
< <1
kz:: | fi1fr2l < ; o kil

1h—a1 o

(e}

oo
and similarly > A}L’“:‘ZQ |frafrol <1, i e.
k=1

(e 9]

A\ — max{a, as} e — Q1 A\ — Q9
Z | frifrol = Zmax ; | feafrel <1,
—~ pt h—a; h—o«o

h — max{aq, as} 9

and by Corollary 1 the function Fj * I is pseudostarlike of order o = max{a;: j =1, 2}.
Using Theorem 1 and 2 we get the following statement.

Corollary 4. Let the functions F; € SD(A,0) are pseudostarlike of orders o € [0, 1) and
type; € (0, 1] forj =1, 2. If f, ; <0 forallk > 1 and j = 1, 2 then Hadamard composition
Fy x Fy is pseudostarlike of order a and type f = min{f;, fs}.

: 28,h—28;a
Indeed, from (7) it follows that |fy ;| < BB arhipy < | for all & > 1 and,

therefore, as above we have

i (1 + ﬁj))\k - Qﬁj()é — h(l — ﬁj>

\frafeol <1, j=1,2

Hence -
> { LA BB MO =B, 1 o} i < 1.
k=1 J
Since
(1+B)\ — 28,0 —h(1=5;) . _
s { 25,1 — a) 3=z -
B M —2a—h+ M\ +h)/B; . A =20 —h+ (A +h)/min{p, 8o}
_max{ Q(h—a) j—l,?}— 2(h—oz) )

by Theorem 1 the function F; x F, is pseudostarlike of order o and type
B =min{p, B2}
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Let us move on to the functions from the class ©D(A, 0). If F;(s) = e " +>27 | fr.jexp{s\s}
(7 = 1,2) then the Hadamard composition is defined by the equality

(Fux Fy)(s) = e+ > feafuaexp{sh}. (18)

k=1
Corollary 2 implies the following statement.
Corollary 5. If the functions F; € ¥ D(A,0) are X-pseudostarlike of orders «; € [0, 1) and

frj =0 forall k> 1 and j =1, 2 then Hadamard composition F; * I, is ¥.-pseudostarlike
of order = max{a;: j =1, 2}.

Indeed, from (16) it follows that |fy ;| < 1 for all £ > 1 and, therefore, as above we have

o0 o
>0 AR fri fro < Tand 30 3EE22[f fiof < 1,1 e.
k=1 k=1

> /\k+max{04170é2}’fk1fk2| = imax{)\k—'—a1 /\k+a2} |fk1fk2’ <l
k=1

P h — max{ay, as} h—ay h—as

and by Corollary 2 the function Fj * F} is ¥-pseudostarlike of order v = max{«;: j =1, 2}.
Using Theorems 3 and 4 and combining the proofs of Corollaries 4 and 5, it is not difficult
to prove the following statement.

Corollary 6. Let the functions F; € ¥D(A,0) are X-pseudostarlike of order a € [0, 1) and
types B; € (0, 1]. If fr; > 0 for all k > 1 and j = 1, 2 then Hadamard composition F * F,
is X-pseudostarlike of order o and type f = min{f;, fBa2}.

5. Pseudoconvex Dirichlet series. A conformal function (3) in IIj is said to be pseudo-
convex if Re{F"(s)/F'(s)} > 0 for s € Ily. In [21] and [3, p. 139] it is proved that if
> re o Azl fk] < A% then function (3) is pseudoconvex. Here we call the function (3) pseudo-
convez of order a € [0, 1) if Re{F"(s)/F'(s)} > «, and pseudoconvex of order a and type
g€ (0, 1] if

[F"(s)/F'(s) — h| < BIF"(s)/F'(s) — (2a — h)|
for all s € II,.

Since F"(s)/F'(s) = G'(s)/G(s), where G(s) = e*"+> 7| gr exp{sA;} and gr. = A\ fx/h,
the function F' is pseudoconvex of order a € [0, 1) and type 5 € (0, 1] if and only if the
function G is pseudostarlike of order a € [0, 1) and type 8 € (0, 1]. Therefore, from the
results proved above for pseudostarlike functions, one can easily obtain the corresponding
results for pseudoconvex functions. For example, the following statement is valid.

Proposition 1. In order for the function F' € SD(A,0) of form (3) to be pseudoconvex of
order a € [0, 1) and type 8 € (0, 1] it is sufficient and in the case when f;, <0 for all k > 1
it is necessary that ;- Me{(1 4+ B)\p — 28 — h(1 — B) } fiu| < 2hB(h — ).

Similarly, we call the function (10) X-pseudoconvez of order a € [0, 1) if Re{F"(s)/F'(s)} <
—a, and X-pseudoconver of order o and type § € (0, 1] if

[F"(s)/F"(s) + h| < BIF"(s)/F'(s) + (2a — h)]

for all s € Iy. Now F"(s)/F'(s) = G'(s)/G(s), where G(s) = e™*" + 377 grexp{s\;} and
gk = —Ak.fr/h. Since g, > 0 if fr <0, from Theorem 3 and 4 we get the following statement.
Proposition 2. In order for the function XF € D(A,0) of form (10) to be ¥-pseudoconvex

of order a € [0, 1) and type B € (0, 1] it is sufficient and in the case when f; < 0 for all
k > 1 it is necessary that Y - M{(1+ B)A\p + 28+ h(1 — B)} fr] < 2hB(h — ).



10.

11.

12.
13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

PSEUDOSTARLIKE AND PSEUDOCONVEX DIRICHLET SERIES 31

REFERENCES

Golusin G.M. Geometrical theory of functions of complex variables. — M.: Nauka, 1966. — 628 p. (in Russi-
an); Engl. transl.: AMS: Translations of Mathematical monograph, 1969. — V.26. — 676 p.

Goodman A.W. Univalent functions and nonanalytic curves// Proc. Amer. Math. Soc. — 1957. — V.8,
Ne3. — P. 597-601.

Sheremeta M.M. Geometric properties of analytic solutions of differential equations. — Lviv: Publisher
LE. Chyzhykov. — 2019. — 164 p.

Jack 1.S. Functions starlike and convex of order a// J. London Math. Soc. — 1971. — V.3. — P. 469-474.
Gupta V.P. Convez class of starlike functions// Yokohama Math. J. — 1984. — V.32. — P. 55-50.

Owa S. On certain classes of p-valent functions with negative coefficients// Simon Stevin. — 1985. — V.59.
— P. 385-402.

El-Ashwah R.M., Aouf M.K., Moustava A.O. Starlike and convexity properties for p-valent hyper-
geometric functions// Acta Math. Univ. Comenianae. — 2010. — V.79, Nel. — P. 55-64.

Juneja O.P.; Reddy T.R. Meromorphic starlike and univalent functions with positive coefficients// Ann.
Univ. Mariae Curie-Sklodowska. — 1985. — V.39. — P. 65-76.

Uralegaddi B.A. Meromorphic starlike functions with positive coefficients// Kyungpook. Math. J. — 1989.
~ V.29, Nel. — P. 64-68.

Mogra M.L., Reddy T.R., Juneja O.P. Meromorphic univalent functions with positive coefficients// Bull.
Austral. Math. Soc. — 1985. — V.32, Ne2. — P. 161-176.

Truhan Yu.S., Mulyava O.M. On meromorphically starlike functions of the order o and the type 3, which
satisfy Shah’s differential equations// Carpatian Math. Publ. — 2017. — V.9, Ne2. — P. 154-162.
Hadamard J. Théoréme sur le series entiéres// Acta math. — 1899. — Bd.22. — S. 55-63.

Hadamard J. La série de Taylor et son prolongement analitique // Scientia phys.-math. — 1901. — Nel12.
— P. 43-62.

Bieberbach L. Analytische Fortzetzung. — Berlin, 1955.

Korobeinik Yu.F., Mavrodi N.N. Singular points of the Hadamard composition// Ukr. Math. Journ. —
1990. — V.42, Ne12. — P. 1711-1713. (in Russian); Engl. transl.: Ukr. Math. Journ. — 1990. — V.42, Issue
12. — P. 1545-1547.

Zalzman L. Hadamard product of shlicht functions// Proc. Amer. Math. Soc. — 1968. — V.19, Ne3. —
P. 544-548.

Mogra M.L. Hadamard product of certain meromorphic univalent functions// J. Math. Anal. Appl. —
1991. — V.157. — P. 10-16.

Choi J.H., Kim Y.C., Owa S. Generalizations of Hadamard products of functions with negative coeffici-
ents// J. Math. Anal. Appl. — 1996. — V.199. — P. 495-501.

Aouf ML.K., Silverman H. Generalizations of Hadamard products of meromorphic univalent functions
with positive coefficients// Demonstratio Mathematica. — 2008. — V.51, Ne2. — P. 381-388.

Liu J., Srivastava P. Hadamard products of certain classes of p-valent starlike functions// RACSM. —
2019. — V.113. — P. 2001-205.

Holovata O.M., Mulyava O.M., Sheremeta M.M. Pseudostarlike, pseudoconver and close-to-pseudoconvex
Dirichlet series satisfying differential equations with exponential coefficients// Math. methods and physi-
comech. fields. — 2018. — V.61, Nel. — P. 57-70. (in Ukrainian)

Mulyava O.M., Sheremeta M.M. Properties of Hadamard compositions of derivatives of Dirichlet series//
Visnyk of Lviv Univ. Ser Mech. Math. — 2012. — Issue 77. — P. 157-166. (in Ukrainian)

Ivan Franko National University of Lviv
m.m.sheremeta@gmail.com

Recetved 20.12.2019
Revised 31.07.2020



