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For an increasing to co sequence (A,) of positive numbers let

=) 1, N() / (dth ZHIH

An <t An<t 7=0
for kK > 1 and t > t; = exp,(0), where In;x is the j-th iteration of the logarithm and

expy(x) is the k-th iteration of the exponent. The quantities D(0) = hm M and D

t—+

lim 1 fot "(;) dz are called the upper density and upper average density of ()\n) respectively.

t——+oo

Moreover, let Dy (0) = lim ?’“(tt) be the upper k-logarithmic density and D = lim Dy(0)
t—+oo Mk k—o0

be the maximal transfinite density of (A,). In the works of many authors devoted to lacunary

oo
power series and Dirichlet series, estimates of the canonical product A(z) = [] (1+22/A2) are
n=0
used, which is an entire function if D(0) < +o0.
Here various properties of k-logarithmic densities are studied and the estimate
=— InA(r)
lim <nD
r—-+00 T
—x
is proved. This allows us to replace D with D in many results of G. Polya, S. Mandelbrojt
and other authors.

1. Introduction. Let (\,) be a sequence of positive numbers such that
i1 — A >p>0, n>1. (1)
and n(t) =, ., 1. For £ € [0,1) G. Polya (|1]) introduced the quantities

)
d(é) n tiroo (1 — S)t ’ t—+o00 (1 — §)t ’

which are called the lower density and the upper densities of the sequence (A,) on the basis
¢ € [0,1) respectively. In turn, the quantities d(0), D(0),d(1) = élrri d(&),D(1) = %m} D(¢)
— —

are called lower, upper, minimal and maximal densities respectively. If d(0) = D(0) = A then
the sequence (\,,) is called measurable and A is called its density. G. Polya (|1]) applied this
quantities to various questions in the theory of analytic functions. For example, he showed
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that if a unique singular point of a power series lies on the circle of convergence of its sum
then the maximal density of non-zero coefficients is equal to 1. It has also been proven that
if the maximal density of non-zero coefficients of an entire function f is equal to d then in
each angle with a deviation greater than 279 the function f has the same order and type as
in the full plane.

Let Inj z denote the j-th iteration of the logarithm: Inpz = x and Injz = Inln; ;2
for j > 1. Similarly: expy(r) = = and exp,(z) = exp(exp,_,(v)) for j > 1. Suppose that
€€[0,1), t >ty = exp,(0) and for £ > 1 define

k—1
Lk(t> = Z H hlj;/\n’ lk(tvg) = eka(f Ing t)a LZ(t’g) - Lk(t) - Lk(lk(t>’§))

An<t j=0
As in [2], the quantities

th(tﬁ) _ m LZ(t7§)

dk(€> = lim Dk(é) e (1 _ 5) Iny, ¢

t—Too (1 - f) lnkt7

we will call, respectively, the lower and upper k-logarithmic densities of the sequence (\,)
on the basis £ € [0,1) and the quantities di(0) and Dy (0) we will call, respectively, the lower
and upper k-logarithmic densities of the sequence (\,). If di(0) = Dy(0) = Ay then the
sequence (A,) is called k-logarithmic measurable and Ay is called its k-logarithmic density.
In [2] it is proven that if a sequence is measurable then it is k-logarithmic measurable for
each k£ > 1, and the converse is not true.

Finally (|2]), the functions di (&) and Dy (§) are continuous on [0,1) and there are limits

dp(1) = %1_13 dr(§), Di(1) = %1_1}1% Dy (§),

which are called minimal and maximal k-logarithmic densities, respectively. The sequences
(di(§)) and (dg(1)) are non-decreasing and there exists a limit

d = lim dy(¢) = lim dy(1).

k—o00 k—o00

The sequences (D (§)) and (Dg(1)) are non-increasing and there exists a limit

D = lim Dg(&) = lim Dg(1).
k—o0 k—o0
The numbers d and D are called (|2|) minimal and maximal transfinite densities of (A,),
respectively. If d = D then the sequence (\,) is called transfinite measurable.
Suppose that an entire transcendental function

F0) = 2w
n=0

with a,, # 0 of finite order has a Borel exceptional value A, i.e. f(z) = A+ F(z) exp{bz?},
where p is a natural number equal to the order of f and F' is an entire function whose
growth does not exceed the minimal type of order p. A. Pfluger and G. Polya (|4]) showed
that then the coefficient density (i.e. the density of the sequence of the exponents \,) is
equal to one of the fractions of the form s/p,s € {1,2,...,p}. This statement is correct ([3])
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if replace coefficient density with coefficient k-logarithmic and transfinite densities. Hence,
for example, it follows that in this case

"1
Z— = fln)\n—l—o(ln)\n)
1 A p

as n — o0o. The previous equality defines more precisely Fejér’s result ([5]) that if
Zn: ! < +00
Ak
k=1

then f does not have Borel exceptional values. Moreover, T. Murai in [6] proved that an
entire function with Fejér gaps does not have a finite Nevanlinna deficient value.

Density concepts of sequences were used by S. Mandelbrojt, whose monograph |[7] signi-
ficantly influenced the results obtained in the proposed article.

2. K-logarithmic functions of excess and deficiency. Let ()\,,) be an increasing sequence
of positive numbers and

t
My (t) :/ Mcllnkx,
ti x
where as above n(t) = >, _, 1 and t;, = exp;(0). We will call
t
Ag(t) = ’)1%( ), Aj(x) =sup Ag(t), A«p(z) =inf Ak(t)
nyt t>x t>z

the function, the upper and lower functions of the k-logarithmic density of the sequence (\,,)
respectively.

In what follows we will assume that the upper density of the sequence (\,) is bounded,
i.e. D(0) < 400. Then Dy(0) < +oo for all k > 1, n(t) = O(t) as t — +o0, and it is easy to
show that

Dy(0) = Tim Ay(t) = lim AL(t), dp(0) = lim Ag(t) = lim Au(t).

t——+o0 t——+o0 t——+o00 t——+o0

The function Aj(¢) is the smallest of the continuous non-increasing functions ¢(t) such
that o(t) > Ax(), and the function A« (%) is the greatest of the continuous non-decreasing
functions, which do not exceed Ag(t).

We will call

Ue(A) = sup{(Ag(t) — A)Ing t} = sup / t (@ - A) dlng

1>t t>tg Sty

the k-logarithmic function of the excess of the sequence (\,). It’s easy to see that vi(A) is
a non-negative and non-increasing function. For every A < D (0) we have v (A) = +o0.
If A > Di(0) then v(A) < +oo. Put M, = supys,, Ax(t). If A > M then vx(A) = 0.
If Dy(0) < My then the function v, (A) is convex on the interval (Dy(0), M|, because the
functions f;(A) = ttk @dlnk x — Alny t, for which v, (A) is the upper envelope, are linear
and collectively bounded for Dy (0) < A’ < A < My, for any A’ € (Dg(0), My]. If A — Dy(0)
then vy (A) = v(Dr(0) + 0) = v (Dy(0)). If Dy(0) < My, then there exits a function v, ' ()
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inverse to v, (A), which is defined on the [0, v4(Dy(0))], continuous, convex and decreasing
from My to Dy(0). If v(Dy(0)) < +oo then we put v, '(z) = Dy(0) for x > vy, (Dy(0)). If
Dy (0) = My, then we put v, '(z) = Dy(0) for x > 0.

We will call

1n(A) = sup{ (A — Ay () Ing ¢} = sup /t (A - @) dlny o

t>t t>te Jiy, xr

the k-logarithmic function of the deficiency of the sequence (\,). The function p(A) is
a non-negative and non-decreasing. If A > d(0) then pi(A) = 400 and if A < di(0) then
pr(A) < +o00. For A < my, = infi>y, Ag(t) we have pg(A) = 0. If di(0) > my then i (A) is
increasing and convex on the interval [myg, di(0)).

Let ()\7(11)) and (/\( ) be increasing sequences of positive numbers that have no common

members, and let (\,) be an increasing sequence such that {\,} = {)\%1 YU I there
exist constants [ > 0 and p > 0 such that |\, —In| < p for all n > 1 then the sequences

()\,(11)) and ()\53)) are called (|7, p. 61]) complementary by index (I,p). If { =1 and p = 0
then {\,} = {APTUIAPY is the sequence of positive integers. From the definition we get

nl—p<A\, <nl+p,ie.
(x —p)/l <nfzx) < (z+p)/l (2)

From hence in view of Theorem 4.2 from |3] it follows that
D(0) +d7(0) = 1/1 3)

for all £ > 1 and, therefore, D) 4+ d®) = 1/I, where DY) and d® are maximal and minimal
transfinite densities of the sequences ()\%1)) and ()\7(12)), respectively. Equalities (3) complement
the equalities DM (0) + d®(0) = 1/1 and DYy Ef) = 1/1 proved in [6, p. 61-62|, where
D" and D, are the upper and lower averaged densities defined as

t t
D" = lim 1/ @dx, D, = lim %/ @dm.
0 0

t—+oo ¢ x

From (2)) for the sequences ()\,(11)) and ()\512)) we get
1 1 a2 @@ 1 p
(1 _> < < -+ = 4
() s Sy @)
Let (r) denote the smallest integer greater than or equal to 7. Then the following assertion

follows from .

Proposition 1. If the sequences ()\511)) and ()\7(12)) are complementary by index (I,p) and
AP =\ then DY (0)+d (0 ): 1/1, A*<3>( t)+AP(t) < 1/ fort > max{\(), 11} and
z/k?’)(l/l— ) < P (A)+A, WbereD ( ), A*G)(t), (3)( A) are the corresponding characteri-
stics of the sequence ()\( ) ), d(2 (0), A( (t), u®(A) are the corresponding characteristics of

the sequence ()\( )) and A = const > 0.

Proof. Let us prove, for example, the third statement. Indeed, implies

o)
V;f’)(l/l—A):sup/ (—n ("T)—%JFA)dlnkx:
ty

>ty €
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t /) Il t @) Y
:Sup/ <%_7+A>dlnkx§wp/ (A_n (:L’)+(p/)x p/)dlnwS

t>tr J iy >t J z
t (2)
gsup/ (A—n (I))dlnkx—l—A:u(z)(A)—l—A. 0
t>ty J .
_ Note that D, < dk(g) < Di(0) < D" for each k > 1. Indeed, it is enough to prove that
D, < di(0) < Dy(0) < D", and the previous inequalities follow from the equality

(1) Z/lt@dlnx:/lt d]\;(:g) = szt) —N(1)+/1t Nix)

where N(z) = [ @dt.

Let us show that the inequalities D, < d1(0) and D;(0) < D" are possible. To do this,
let’s put w(z) = (3 +sin(lnx))/4. Then ([2]) there exists a sequence (), A, > 1, such that
n(z) = zw(z) — a(z), where 0 < a(z) < 1. For this sequence

in(Int) — cos(Int — cos(Int
N(t) = %H_sm(n ) 8COS(D )i £ O@nt), M) = ZlntJr%t

+0(1)

as t — +o0 and, thus, D, = 3/4 —v/2/8 and D" = 3/4 + v/2/8, but d;(0) = D;(0) = 3/4.

3. Estimates of a certain canonical product. As above, let (),) be an increasing
sequence of positive numbers with D(0) < +oo and ¢, = exp,{0}. Then the canonical
product

Az) =[] +22/x2)
n=0
is an entire function and for all » > 0

In A(r) :/Oooln (1+:—z) dn(t) ZQTQ/Om@tQ‘fTZ. (5)

Function A plays an important role in the study of the lacunarity of power series and
representation of analytic functions by Dirichlet series (see, for example, [1] and [8]).

Since Ag(t) < Dg(0) 4+ ¢ for every € > 0 and all ¢ > t, = t.(e) > t, ie. M(t) <
(Dk(0) + ¢) Ing ¢, from ({5]) we obtain

k—

n(t) B n(t) > n(t) dlngt
In A(r <2 —2dt + 2r? — || Injt—— =
! (/ / ) t t2 r2— /0 { +T/t* t J[IOHJ 2412
k: 1 k—1
> d‘ﬁk( ) o [~ 1
_K1—|—27“ / j 21 < Ki{—2r /t; ‘ﬁk(t)d If2—|——7’21:[()1n]t <
~ =
< Kl — 2(Dk(0) + E)T’Z/ lnk td (m Hlnj t) =
[ j=

2D 2 F ©
— K, + (Dx(0) +e)r Hlnjt0+2(Dk(O)+€)r2/ =
_]:0 t*

=

<
3+ r? 242 =

1 t,
< K + Ky + 2(Dy,(0) + £)r? (21 — Z arctg ) < K) + Ky + (Dy(0) + &)7r
T r r
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where K, and K are positive constants depending on &, whence in view of the arbitrariness

of € we get

T In A(r)

r—-+00 r

< mDy(0). (6)

Since the maximal transfinite densities D = lim Dj(0), from (6]) in view of the arbitrariness

k—o0
of k it follows that
— InA(r)
lim

r—4oc0 r

<nD, (7)

i.e. the following statement is true.
Proposition 2. The function A has growth no higher than the first order and type wD.
Let

Nj(=) = (14 2/ A () = [+ 2/02) = S ez (®)
n#j n=0

Clearly, A; is an entire function, c(()j) =1land ¢ >0 for all n > 1. Asin |7, p. 72| we put

Li(u) = /000 e "N, (r)dr. 9)

Then
00 Ndr 00 dt
_ —uAr o —ul\;t )
Lj(m)_/o TN _Aj/o VA= <

< %)\J sup exp{—7mAz + In A(x)},

>0

whence in view of we get

A *n(t) dt > dt
InL;(rA) < In 722 22 / ) _/ A _
nLi(mA) <o 2 +§§8{ ’ (0 t a2+t a2 4¢?

Y o ([ (n(t) dt /°° n(t) dt /°° Adt
=In 5 +i1;13{2x (/0 < " A :p2+t2+ .t 2t e ), 2ie))

Since
tr
sup{?xQ/ (@—A> %}SZ sup {@}tk,
>0 0 t e+t 0<t<ty t
L[ [Xn(t) dt > Adt
sup 4 2x — 5~ 5 5 =
z>0 4 toxt+t o TP+t
k—1 k—1
. 2 OO@ . dlnkt _ > ' dlnkt .
= ili}g {23;’ (/tk v n; t—IQ o A H In; t—x2 P =
= §=0 j=0
k—1 k 1
= 21> .
ili%{ ) </t Ho e / e

_ k-1
e 1
<supl 22?2 | — N (t)d | —— ln-t / Alng td In; ¢ =

Ju—
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:sg]g{—QmQ/too(Ak(t)—A)lnktd( 2H1n] >} <

0 k—1
< sup{Ax(t) — A)Ing t} sup {—ng/t d (J:QLW Hlnj t) } = Vk(A)QHlnj 79
k =0 =0

x>0 x>0

we get

0<t<ty,

A
In LJ(WA) < ln% + 2t sup {ni } + 2Vk Hln] tr. (10)

Since vx(A) < 400 for A > Dg(0) and vx(A) = 400 for A < Dg(0) and k£ > 1, from
(10) it follows that integral (9) converges for u > wDy(0). In view of the arbitrariness
of k integral (9) converges for u > 7D, where D is the maximal transfinite density of the
sequence (). Substituting (8] into (9) we get

=, (2n) 1)
Z . (11)
2n+1
n=0 u
The radius 7P of convergence of this series is independent of the j and

_ 1/2n _ n
7P = Tim (Af”)(o)) = Tm (A®(0))"*" <7D < wDy(0).

n—-+o0o n—-+o0o
4. Asymptotic Dirichlet series. Let s = 0+t and a domain G such that the intersection
of G with any half-plane {s: o > 0¢} is non-empty. Let F' be a single-valued holomorphic

function in G, (d,) be a sequence of complex numbers and (\,) be a sequence of positive
numbers. Let us assume that for sufficiently large x in the domain G

inf sup [F(s) — dpe™M| < e @ jeN, 12
o [F(s) = 3 de™ | < j 12

where p; is a non-decreasing to +oo function (it can be equal to oo for sufficiently large z).
They say (|7, p. 73]) that amounts Y "  d,e ** for m > j represent a function F in the
domain G with logarithmic precision p;(o).

Let C(a,R) = {s: |s —a| < R}. For a Jordan curve .J, the set C' = (J,.,C(s, R) is
called a channel of width 2R with a central line J. Let’s assume that a; and a, are the
ends of the central line of the channel C' of width 2R and the domains GG; and G5 such that
C(a;, R) C G, (j € {1,2}). Assume also that the function F} is holomorphic function in
G; (7 € {1,2}). If in the domain G;|JC|J G, there exists a holomorphic function F' such
that F(s) = Fj(s) for s € G, then they say (|7, p. 83]) that the function F; continues
analytically from GGy to G5 along the channel of width 2R.

In what follows we will assume that a positive for sufficiently large o the function g(o)
has the bounded variation for o > o and, therefore, O'EIJPoog<O-) = g < +oo. Let p(o) be

a positive non-decreasing to +o0o function (it can be equal to +oo for sufficiently large ). If
there exists a positive continuous non-increasing function h(c) — h as ¢ — +o0o such that

g>h, InL;(mh(o)) <p(c)+ M, (M =const>0, o> o), (13)
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and - .
/ (p(o) —InLj(wh(o))) exp {—2 } do = +o00 (14)
h(u)
then they say (|7, p. 76]) that there is an assumption A(J)[ (0),p(0),(A\,)]. The following

theorem refines Theorem 7.1 from [7].

Theorem 1. Let us assume that the following three conditions are met.

I. An increasing sequence (\,) of positive numbers has a bounded upper density, D is
the maximal transfinite density (\,) and G = {s = o +it: 0 > a,|t| < mg(0)}, where g is
continuous function of bounded variation such that g(c) > D.

II. A holomorphic in G function F' continues analytically from G to C(sg, mR) along the
channel of width 2w D.

III. A sequence (d,) and j € N are such that the amounts Y - d,e”** for m > j
represent F' in G with logarithmic precision p;(o).

Then the assumption A9 [g(c), p(c), (A\n)] implies

k-1
|d;| < 7r2)\ RA;M (3o, mR) exp {th sup {@} + 2 (R) Hlnj by + AjRe‘SO} , (15)

0<t<ty j=0

where vy, (A) is the k-logarithmic function of the excess of the sequence (\,),

)\2
1_[2—)\2 and M(sg,mR)= sup |F(s)|.
ntj | | s€C(s0,mR)

Proof. Let h(o), o > ag > a, be the function from and (14). We put o = w(h(ag) +
e~ ), y(o) = | milri g(x), hi(c) = h(o) + e and G(o) = 7(y(0) — h(c — 0 — «)), where

0 > 16(g — h). In |7, p. 85] it is proved that there exists o* > ¢ + « + ag such that in
G ={s=o0+it: 0 > 0" |t| < G(o)} we have

Fj(s) = djA;(iA;)e™™ (16)
where -
Fi(s) = (=1)"cP FC(s) (17)

and cg ) are the coefficients of the power development . In addition to , we need the
following lemma (|7, p. 73]).

Lemma 1. If a function ®(z) is holomorphic and bounded in the disk {z: |z — 2% < 7R} for
R > P, where 7P is radius of convergence of series (L1)), then the series Z( 1)"c g )@(2”)( )

converges uniformly in each disk {z: |z—zy| < mo}, 0 < o < R—P, and represents in this disk
a function @y, satisfying the inequality |®y(z0)| < TRL;(wR)M, where M = sup |®(2)].
|z—20|<7R
Let us continue the proof of the theorem. According to the condition II, function F' is
holomorphic in the domain G | Cy |J C(so, mR), where C is a channel of width 27 R, > 27D,
the center line of which has ends s; and s9, and C(s;,7Ry) C C(sg,7R), C(s9,7Ry) C G. It
is obvious that R; < R and for any sufficiently large o), there is a curve J' C J with ends s
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and o) such that the function F' is holomorphic in the domain GJCy|J C(so, 7R), where
Cy is a channel of width 27 Ry > 27D with the central line J'. Let 0 < 9o < Ry — D. Then,
in view of the inequalities D > P and Ry — P > Ry — D, by Lemma 1, series converges
uniformly in each disk C(s',7R)(s" € J’) and, thus, represents a holomorphic function in
the channel C” of width 2w with the central line J'. If o} is large enough then part of the
channel lies in the domain G*, where this series according to and represents the
function Fj(s) = d;jA;(i)\;)e . By the uniqueness theorem, this equality holds in the entire
channel C”" and in the disk with center sy belonging to this channel. Then by Lemma 1 we
have |Fy(so)| < m7RL;(mR)M (s, 7R). Since [A;(i)\;)| = 1/Aj, from the previous inequality
and we obtain

d Af* | e MR < rRL;j(mR)M (s0, TR), (18)
whence in view of we get (15| . O

Also the following theorem is true.

Theorem 2. Let us assume that the conditions I, II and III of Theorem 1 are met. If the
functions g(o), p;j(o) and the sequence (\,) satisfy the assumption A9 [g(c),p;(a), ()]
then

1
|d;| < Eﬁz)\jRA;M(so, mR) exp {2v(R) + A\;Reso} (19)

where v(A) = sup [)(%2 —

-~ — A)dx is the function of the excess of the sequence (\).
>0

The validity of this theorem follows from and the inequality In L;(mA) < In % +
2v(A) proven in |6, p. 72].

Theorem 2 generalizes the well-known theorem of S. Mandelbrojt ([6, p. 84]), in which
instead of D there is the upper averaged density D"

5. Other assumptions and corollaries. Now we put 15(A) = v(A),

k-1
Tk = H h’lj tk
j=0

for £ > 1 and Ty = 1. The assumption A[g(o),p(0), (A\n), k], £ > 0, means that lim g(o) =

o——+00
g and there is a positive continuous non-increasing fumction h(o) — h as 0 — +oo such

that
g>h, 2Tiw(h(o)) <ple)+ M, (M =const>0,0> 0y), (20)

and

o 1
/ (b(o) - 2Tk1/k(h(a)))exp{—2 o }do - (21)
Lemma 2. For all k > 0 and j > 1 the assumption A[ 0),p(0), (A\n), k] contains the
assumption AD)g(a), p(c), (\n)].

Proof. For k = 0 Lemma 2 is proved in |7, p. 80]. If £ > 1 then in view of from ([20))
and we get respectively

InL;(mh(c)) <In %)\J + 2t), sup {@} + 2T (h(0)) < p(o) + M,

0<t<ty
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for 0 > 09 and M; = const > 0, and

/Oo(p(a) _ij(wh(a)))exp{—%/gm}da >
> ["to) 2t e {5 [t o

G R e R T e

because in view of the inequality h < g we have foo exp{—% I W}da < +o00. ]

The assumption A;[g(o),p(o), (A\n), k], & > 0, means that lirf g(o) = g > Dy(0) and
o—r+00
there is a positive number h such that Dy (0) < h < g and

/wp(a)exp{—%/gg(uc;—u_h}da:—l—oo. (22)

Lemma 3. The assumption Ai[g(o),p(c), (An), k] for all k > 0 contains the assumption
Alg(o),p(0), (An), K].

Proof. 1f just put the h(o) = h and notice that v4(h) < 400 then implies (21). O

Replacing Dy (0) with D under the assumption A;[g(o), p(c), (An), k], we obtain an assum-
ption that we denote by Af[g(c),p(o), (A\n), k]

Lemma 4. The assumption Ajlg(c),p(c), (\n), k] contains for all j > 1 the assumption
AD[g(0),p(a), (An)]-
Proof. If g > D and D < h < g then in view of the equality klim Dy(0) = D there exists
—00
k = k(h) such that Dy(0) < h < g, i.e. A1[g(0),p(0), (An), k] holds. Therefore, Lemmas 2
and 3 imply Lemma 4. O
The assumption Aylg(o),p(o), (A\n), k], & > 0, means that lirf g(o) = g > Di(0) and
o—r+00
there is o € (0,1/(2T%)) such that

[ el [ e ) Jo = o (22)

Lemma 5. The assumption As[g(o),p(o), (An), k] for all k > 0 contains the assumption
Alg(o),p(o), (An), K].

Proof. If p(0) = +o0 for o enough large then taking v, (o) = h, where Dy(0) < h < g, we
get that implies (22), that is As[g(0),p(0), (M), k] contains A;[g(c),p(c), (A,), k] and,
thus, Alg(0),p(0), (), .

If p(o) < +oo for all o and a € (0,1/(27T},)) we put h(o) = v, *(ap(c)). Then

2T (h(0)) — plo) < 2Thap(0)) = p(o) < —p(0)

for some y > 0. Therefore, if As[g(c),p(c), (An), k] holds then Alg(c), p(o), (A\n), k] holds. [
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The assumption Aslg(o),p(o), (A\n), k], & > 0, means that lim g¢(o) = g > Dy(0) and

o—+00

there is 7 € (0, +00) such that

[ oo | e 4 =+ (24

where Af(z) = sup @ and, as above, Ay (z) = sup ({tr’f—:? for £ > 1.
t>x t>x

Lemma 6. The assumption As[g(c),p(c), (), k] for all k > 0 contains the assumption
f&ﬂg(a)vp(a)7(An)7kL

Proof. Since Aj(x) N\, Di(0) as © — 400, for & > t; we have

ve(Ag(2)) = sup{(A(t) — Aj(x)) Ing 1} <

t>t
< sup{(Ag(t) — Ap(x)) Ing 1} = sup {(Ag(t) — Ap(x)) Ing t} =
t>tg tp<t<zx
- max{ sup {(ALE) — Af@) gty sup (A — A’,;(x))lnkt}} =
tr <t<expy vVIng x expy, VIng v<t<z

= max {\/lnk (AL (te) — A%(2)), (Af(expg v Ing ) — Af(x)) Iny, x} = o(lny )

as © — +o00. Thus, vx(Aj(exp{yp(c)})) = o(p(c)) as ¢ — 400 and, therefore, for o

enough large and « € (0,1/2) we get vx(Af(exp,{yp(0)})) < ap(a), whence v, ' (ap(o)) <

A (expi{yp(c)}). Thus, implies and, since lirf Aj(expi{yp(0)}) = Di(0). Lem-
o—r+00

ma 6 is proved. O
Using Lemmas 2-6, from Theorems 1 and 2 we obtain the following statement.

Corollary 1. The conclusions of Theorems 1-2 hold if the assumption AW [g(a), p; (o), (Mn)],
J > 1, replace either with one of the assumptions

Alg(o),pj(0), (M), k], k>0, or Ajg(o),p(o),(M\). k|, k>0, i€ {1,2,3},

or with the assumption Af[g(o),p;(0), (A\,)].

Let us return to the asymptotic Dirichlet series. Let A¢(o) be a family of functions that
are non-increasing under o > oy and tend to zero under o — +o00, where ¢ takes values
from the set I that is unbounded from above. Let’s denote A(o) = éng A¢(o) (6> 0p). Then

S

A(o) \( 0 as 0 — +o0. If . }réf>§ A¢(o) = O(A(0)) as 0 — +oo for each & then A¢(o) is
el, ’

called an asymptotic family and the function A(o) is called the lower envelope of this family.

As above, let G be a domain G such that the intersection of G with any half-plane
{s: 0 > 0¢} is non-empty and F be a single-valued holomorphic function in G. Let’s say
that a series > >7 | d,e~** represents F' in G asymptotically with respect to A(c), if for each
J € N there is §; such that for §; € I,£ > &; there is m > j, for which

F(s) — Zm: d, e~ %A
n=1

for s € G and o > 0g. The next statements are proven in |7, p. 75-76].

< A(o)
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Lemma 7. If the series Y -, d,e™** represents F' in G asymptotically with respect to A(o)
then there exists a sequence (p;) such that for every j > 1 the amounts > d,e ** for
m > j represent a function F' in the domain G with logarithmic precision —In A(c) +p;(0).

Lemma 8. If the series Y -, d,e~*" converges to F(s) for o > o then it represents F in
every domain G = {s: o > oy, |t| < a} asymptotically with respect to A(c) = 0.

Using Lemma 7 we prove the following statement.

Proposition 3. Let the conditions I and II of Theorem 1 hold and the series Y | d,e
represents F' in G asymptotically with respect to A(o). If the functions g(c), p(c) = —In A(0)
and the sequence (\,) satisfy one of the assumptions Alg(c),p(c), (M\n), k], & > 0, then
equalities and hold for all 7 > 1.

Proof. By Lemma 7, for each j > 1 the amounts > d,e ** for m > j represent a func-
tion F' in the domain G with logarithmic precision p(c) + pj(o), where p; is a constant
value for each j. But, since the assumption Alg(o),p(0), (), k] contains the assumption
Alg(o),p(0) + pj, (An), k], from Theorem 1 and Corollary 1 we get Proposition 3. ]

Remark 1. The conclusions of Proposition 3 holds if the assumption Alg(o), p(o), (\n), k]
replace either with one of the assumptions A;[g(c),p(o), (M), k], i € {1,2,3}, or with the
assumption A[g(o),p(o), (An)]-

Proposition 4. If g = lirf g(o) and [*|g(c) — g|do < +oc then the conclusions of
T—+00

Proposition 3 holds if the assumption Alg(c),p(c), (M), k] replace with the assumption

Alg, p(0), (An), .

Indeed, in this case it is easy to show that for oy enough large we have

exp{—l/aL}Vexp{—l/gd—u} 0 — +00
2/ g—nh(u) 2. g(uw) = h(u))’ ’
i.e. the assumptions Alg(c),p(0), (\,), k] and Alg, p(o), (\,), k] are equivalent, Q.E.D.

Remark 2. The conclusions of Proposition 4 holds if the assumption Alg(o), p(o), (\,), k]
replace either with one of the assumptions A;[g, p(o), (A\n), k], ¢ € {1,2,3}, or with the
assumption A3[g, p(e), ()]

6. Applications to entire Dirichlet series. Before exploring the properties of enti-
re Dirichlet series, we present one generalization of Theorem 1.II from [7, p. 247]. Let
s(u) = o(u) + it(u) be a continuous complex-valued function, —oo < u < o0, such that
lim o(u) = +o0, ul_i>mooa(u) = —oo and t(u) =t for 0 > 0y, where ¢, and oy are constants.

Uniting all disks C'(s(u), R) with centers at s(u) and radius R let’s call a curved strip of
width 2R horizontal to the right and continuing to —oo.

Theorem 3. Let (\,) be an increasing to +00 sequence of positive numbers with bounded
upper density and D be its maximal transfinite density. Suppose that a Dirichlet series

F(s) =) dye ™™, s=o+it, (25)
n=1

has the abscissa of convergence o. < +00 and function F' can be analytically continued along
a curvilinear strip B of width 2rR > 2nD extending up to —oo. If F' is bounded in B then
F(s) =0 and all d,, = 0.
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The proof of this theorem is the same as the proof of Theorem 1.II from |7, p. 247| using
Proposition 3.

From Theorem 3 it follows that if a power series > | a,2z™ in the neighbourhood of the
origin converges to f(z) whose the continuation is holomorphic and bounded inside an angle
with a vertex at the origin and an opening greater than 27D then f(z) = 0.

Now for entire Dirichlet series we put

M(U):iglg’F(U—i—it)’, M,(0c) = max |F(o+it)], ®(o)=InM(o).

[t—to|<ma

Theorem 4. If the sequence (\,) satisfies and
T Inln M (o)

=+ 26
o——00 ln2(—g) o0 ( )

then S-1(1n 1
Tim (n a(‘7>> -1
o——00 —0

provided a > D, where D is the maximal transfinite density of ().
Proof. From (1) it follows that D(0) < 4o0. Since M,(c) < M (o), for each a > 0 we have
O~ 1(In M,(0))

lim <1 (27)
o——00 —0
Denote Mc(0) = max )|F(s)|, where sg = o + ity and C(sg,ma) = {s: |s — so| <

seC(sp,ma
ma}. By Lemma 8 the conditions of Theorem 4 imply the conditions of Proposition 3 with
M (sg,mR) = Mc(0) and R = a. Therefore, from for all n > 1 we get

In Mo(o) > Ind, —In X, — InA* — \,o — K, K = const. (28)
In [9] it is proved that if holds and

Inn =oA,®*(\,)), n— oo, (29)
then A1)
lim 22—\ 1
b —In|dy| (30)

Since implies , equality holds and, therefore, for every € > 0 there exists an
increasing sequence (n;) such that

In|dy,| > —(1+ )My, @ (An,). (31)

It is known |7}, p. 67| that (1)) implies In A = O(\,,) as n — oo. Therefore, from and
B) we get

In Mc(o) > —(1+ ), @ (An) = Ano — O(Nn,) = —(1426) A, @71 (Ny,) — Any0
for all o and j > jo(e). If we choose 0 = 0; = —(1 + 3e)®'(\,,) then from hence we
obtain In Mc(—(1 4 3e)® 7' (Ay,)) = €Ay, @ (\y,). Since for every o; there exists a; such
that |a;| < ma and M,(0; + oj) > M¢(0;), from the previous inequality we get
— ¢! — O HIn My (—(1+ 3e)P~ (A, ;
= O nM(0) | ({1308 () b))
o——00 —0 Jj—00 (1 —+ 35)(1)71()\7”) — ij




128 M. M. SHEREMETA

— DA, 2N (N\y,)) 1

J

> 1 >
= e (1+3)®1(N,,) — 1+43¢’

because 5<I>*1(/\n].) > 1for j > j1 > jo. In view of the arbitrariness of € and Theorem 4

is proved. O
Remark 3. For entire Dirichlet series of finite R-order g := lim % the equality
T——00
— Inln M,
lim L2 ¥A9) (9) = ORr
o——00 —0

is correct provided a > D.

Finally, we note that repeating the proof of Theorem 4.VI ([7]) can be obtained the
following generalization of Picard’s theorem for stripes.

Proposition 5. If the sequence (\,) satisfies and pr > 0 then in any strip {s =
o+it: |t —to| < wma} with a > max{D,1/(20r)}, entire function takes on all values,
with the possible exception of one, an infinite number of times.
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