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In this paper, we consider problems with unknown boundaries for hyperbolic equations
and systems with free boundaries with two independent variables. The boundary conditions
for such equations in the linear or quasilinear cases are given in nonlocal (non-separable and
integral) form. The hyperbolic Stefan and Darboux-Stefan problems (the line of initial condi-
tions degenerates to a point) are considered. There are proved the existence and uniqueness
theorems of generalized solution, which are continuous solutions of equivalent systems of the
second kind Volterra integral equations. The method of characteristics based on a combination
of the Banach fixed point theorem allows us to obtain global generalized solutions in terms of the
time variable in the case of linear hyperbolic equations with free boundaries and local solutions
for quasilinear equations. Nonlocal (non-separable and integral) conditions require additional
solvability conditions that are not present in the case of generally accepted boundary conditions
for hyperbolic equations and systems. The paper provides examples indicating the significance
of the conditions for the solvability of the corresponding problems. The corresponding solutions
may have discontinuities along the characteristics of the hyperbolic equations. This additionally
requires setting the conditions for matching the initial data of the problems at the corner poi-
nts of the considered domains. This paper extends the results on the problems with nonlocal
conditions for hyperbolic equations and systems to the case of hyperbolic equations with free
boundaries.

1. Introduction. With this article, we complete a series of papers [21-23| devoted to
problems with nonlocal (non-separable and integral) boundary conditions for linear and
semilinear hyperbolic systems of equations of arbitrary order with two independent variables.
In these papers, nonlocal mixed problems, Darboux and Darboux-Stefan problems for the
corresponding hyperbolic equations and systems are considered. Now we will consider some
problems with unknown boundaries (hyperbolic Stefan problems) for hyperbolic equations
and systems. Problems with such conditions (nonlocal problems) for hyperbolic equations
and systems are found in biology ([31]), ecology (|25]), mechanics (|34]), demography ([36]),
etc. Applied problems which mathematical formulations require nonlocal boundary conditi-
ons for hyperbolic equations and systems are also given in [21].

In many applied problems, a situation arises when the equation of boundary of a domain
or some of its parts are included among the functions to be searched for. Such problems are
called problems with “free” (unknown) boundaries or Stefan problems. According to modern
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estimates, about 25% of all mathematical models of practical problems in industry and other
fields are problems with free boundaries ([10]). A detailed review of the literature on this
subject is given in the paper [6].

The first paper on this topic was [15]|. There was considered a problem for the first order
linear system of hyperbolic equations with free boundaries arising in gas dynamics (the piston
problem). The mathematical model of the problem is reduced to finding the functions s(t),
pi(t), ui(z,t) (i = 1,2) under the following conditions:

8p1 8p2 (9u1 8u1 aul 1 @UQ

_— e e = — t
BT +ulat —|—p18$ 0, 5 +u18x+p1 o 0, —oo<x<s(t),
8u2 8u2 1 8/1,02 . (9p2 8/)2 (9uQ .

5 +u28:c+p2 o =0, o +u28x+p28:c_0’ s(t) <z < oo,

pi(x,0) = fi(z), wi(z,0)=gi(z), € (—00,0],
p2(2,0) = fo(x), ua(z,0) = g2(z), 2 €0, 00),
ur(s(t),t) = ua(s(t),t) =s'(t), t=>0, s(0)=0,5(0) =0,
(1) = Apa(s(2), 1) — Apa(s(1),0), 10, 1)

where s(t) is the position of the piston at time ¢; conditions (1) are Newton law for the piston
motion. For the linearized problem, the existence of a global solution is established by the
method of successive approximations and its regularity is investigated.

The problems with unknown boundaries for hyperbolic systems of first-order equations, as
well as some problems for hyperbolic equations of the second order were considered in [26-28].
The papers [17,18] generalize results of [26-28| for the cases of single-phase, two-phase and
multiphase problems with unknown boundaries. Some modification of two-phase problems
with unknown boundaries in the case of degeneracy of the initial condition line to the point
were studied in [22]. More general results were obtained in [1,20] for the first order quasilinear
hyperbolic system of equations on a line.

A one-sided Goursat-type problem for a wave equation in a flat domain {(z,t): ¢t > 0,
0 <z < s(t), s(0) =0} with an unknown boundary s(t) and local integral conditions at
x = 0 is studied in [32]. The study of the piston problem is devoted to the papers by [4,13].
Thus, the piston problem [4] is studied when the self-consistent motion of a gas and a piston
in a one-dimensional channel under the action of external forces is described. In [13], the
authors consider a single-phase free boundary value problem for a hyperbolic system of the
first-order equations that arises when describing the motion of a piston under the action of
a compressible fluid in a tube. In [24], there was considered a problem of the motion of a
string oscillating when it hits a wall of arbitrary shape and an arbitrary external force acts
on the string.

Some theoretical issues of hyperbolic Stefan problems have been studied in the papers
of [14,16,41|. Tt is known that in many real-world environments, heat spreading is more
accurately described by a hyperbolic equation than by the classical heat conduction equation.
Thus, it is natural to formulate the Stefan problem for the hyperbolic equation (|[3,7,8,11,
29,33, 35,37,38]). The hyperbolic model of heat transfer (|7]) arises from the mathematical
description of heat spreading in a medium that has the relaxation property 7q; + ¢ = —kT,,
(where ¢ is the heat flux, T is the temperature) instead of the usual Fourier law ¢ = —kT.
In [8], there was studied a similar one-phase hyperbolic Stefan problem in multidimensional
space for the telegraph equation 771y + ¢T; — kAT = 0. In [37, 38|, there was consider a
nonlinear telegraph equation in a domain with a free unknown boundary. In [37], instead of
the classical Fourier’s law, an alternative model is proposed in which the flow reacts to the
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temperature gradient not instantaneously, but after a period of delay.
Recently, the interest in studying the properties of the system

%_f +divg =0, Tq(t) + q(t) = —VO(1) (2)

has increased significantly in problems describing a phase transition, where © is the tempe-
rature, E is the internal energy. In [5,30,35], formulations of problems with a phase transition
for the system (2) were proposed. In [12], it was proposed to consider the system (2) in
a generalized sense and thus only the strong discontinuity conditions (Rankine-Hugoniot
conditions [14]) are fulfilled at the phase transition boundary. In the article [11], the authors
considered the single-phase one-dimensional Stefan problem for the hyperbolic heat equation
TQu + @ — Q. = 0. Other interesting formulations of hyperbolic Stefan problems are
proposed in [33,40]. Problems with unknown boundaries for quasilinear hyperbolic equations
and systems are discussed in [1,2,39].

In [39], the existence of a global classical solution for one class of problems with a free
boundary is investigated. Similar problems of the existence of a global solution to hyperbolic
Stefan problems under conditions of monotonicity and familiarity with the initial data are
considered in [1].

In the curved quadrilateral of the plane (z,y) for the system of quasilinear hyperbolic
equations of the form 0,2z + A(z,y,2,V2)0,z = f(x,y,2,Vz), where 2 = (21,...,2,), [ =
(fi,-.., fu) and Vz = (V2)(z,y) is the operator function (|2]), the problem with an unknown
boundary dividing the domain into two parts is considered.

2. The hyperbolic Stefan problem with nonlocal boundary conditions for a system
of equations of arbitrary order.

2.1. Formulation of the problem. Let Qr = {(z,1) e R*: 0 <t < T, a1(t) < x < ay(t),
a;(0) = a? known constants, i = 1,2, a) < a3}, and the functions @;(t) are unknown in

advance. In Qp, consider a matrix differential equation of order n > 1
u o 0
Au = Al( 3 t7 ) _) = ) t ’ 3
0= 3 Aot g g u= 1) 3

where A; is a linear homogeneous differential operator

A( O at>“—ZA” “ ) o 38#

which coefficients A;; are square matrices of order mxm, and Apo(z,t) = Ep, u = col(ul, ...,
u™), f=col(ft,..., f™).

The equation (3) is strictly hyperbolic in g, that is, the roots A of the equation
det A, (x,t,1,\) = 0 are real and different for all (x,t) € Qp. These roots —\;(,1),...,
—Amn(x,t) will be called the characteristic roots of the equation (3). It is known [9] that if
i # Aj at 1 # j, then the set of eigenvectors corresponding to the eigenvalues can be divided
into n groups of m each so that each group forms a basis in R™

(hy,...,B7), (hy, ..., B5Y), ..., (hL, ... R™).

In accordance with the numbering of the eigenvectors, we renumber the characteristic
roots (the vector hj corresponds to the eigenvalue —\?).

Let the expressions wil(t) = Ai(a1(t),t) — a}(t) and w?(t) = X (as(t),t) — ab(t) have no
zeros (1 = 1,n, s = 1,m) at ¢t = 0. By I/" (I77) we denote the set of indices i for which
w(0) > 0 (w'(0) < 0), I = 1,2. Moreover, I;* = {(i,s): i € [;[* s =1,m} (I =1,2).
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Consider the following problem: for some 7} > 0 find the vector function a(t) = (a4 (),
as(t)) and in the corresponding domain Qr, a solution u(z,t) of the system (3) such that
the following conditions are satisfied

662 (z,0) = gi(x), v €[al,al], i=0,n—1, s=1,m, (4)
SLetaEs ' a2(®) 0'u*(E,t)
+ t dé + = hi(),
; =0 j=0 {21 i 6x38t1 T le=aq (1) /al(t) e )3516151 —J 5} (?)
k= 1,N0, t e [O,Tl], (5)

m n—1 ; as(t) az s
ZZZN/ Cil(E, 1) w;i t]) d¢ = hi(t), k=No+1,N, t€[0,Ta], (6)

. aj (t) = Fi(t, a1(t), ax(t), 0y (t), a5(t), u(as (t), 1), u(az(t), 1)),
a;(0) =a), a)(0)=af, 1 =1,2, Vtc[0,Ty], (7)
(m)a>lo A (ai(t),t) < aqyt) < (Arr;n}+ A(a(t),t), 1=1,2, te€[0,T], (8)

where g5 (x), B;fk( ), C3l(x,t), hi(t) and F; are known functions, 0 < Ny < N, N is the

number of elements of I;” U I, .

2.2. Auxiliary transformations. Before defining the generalized solution of the problem
(3)—(8), we will perform its preliminary transformation under the assumption that u €
[C™(Q7)]™ and all equalities (3)—(6) are satisfied. Let us introduce the matrices A; =
—diag(\},...,A\™) (i =1,n) and consider the block matrix

Anl (.Z‘, t) An2 (.Z', t) e Ann—l (ZE, t) Ann (.I', t)
Az, t)=|| —En 0 . 0 0
0 0 . —FE, 0

Since det(A + AE,,,) = det A, (z,t,1,\), —)\s(x t) are the eigenvalues of the matrix A.
Thus, this matrix is similar to a diagonal matrix, and therefore there exists a matrix P(x,t)
such that P~'AP = diag(A4, ..., A,). Let us multiply the left side of the obtained ratio and
write the result element by element. Then for each i = 1,n we get

n n
Z Z PikAk:lPlr = Aiéira r= 17_”7
k=1 1=1
where ||[Ay||ey = A, |Pollf—y = P, | P*|2,_, = P7', where P*| P, are square matrices
of order m, ;, is the Kronecker symbol. Multiply this expression on the right by P’/ and

summarize n r:
n

ZZP““AMZP, = ZA i P ZZP Apdy = APV, or ZP““AM = A;PY

—lll k=1 I=1

j = 1,n, then P”A P”Jrl NP, j=1,n—1, PA,, = \;P™ Hence we get
Ay = (PP (PGPS, =TT, Ay = (PYIAPT. ()
Let us introduce operators
0 0 o tu —
’LJ .
M( - at)u_zp (0, ) 5o = L (10)

j=
that form a basis in the space of linear homogeneous matrix differential operators of order
n — 1 and

o 0 N
(915” 1(‘91:2 e Z ( ,a>u, i=1,n. (11)
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Using the relations (9), we obtain a decomposition that is valid for each i = 1,n
Ou 1y A ;
_ _ 7 7,7+1 i1\—1 A  pDij
A( . 8t>u E Amxtatn J@xﬂ_E + g [P PHFL L (PYTIN PY | x

0"u 0"u 0"u 0"u

T — IA PZn =F Pil 71Pi’j+1+
X geiaa t 0N g = B +;< ) o0
+i(Pil)_lAPij—anu :nz_l(Pil)_IPi’jH—anu +Z PYTIA, P”—anu =
s o Otnig = otn=19z7 = otn=19z7
: 0 /= Ol 0l
— il I ig___ ~ 7 ) g~ "\
(P! B m(z;P F550T) *M;P Fi50T)
Z P o1y N n OPI o1y ]
Fm Ot Otr—90xi=t e Ot Otri0xit )
and, given (11), we erte the result
g 0 1y —1 0 0 g 0
A L NNu=(PY (B, L+ AV M (28, L, L
(ot g g = (P (B + A )M (ot 5 )
: "L 9PY 9l L OPY 9"y S
—(PH M Ep ——— + A —— =1,n. 12
GOR| T T T R T Grgert) =L (12
Let us put
Vi(a, 1) zMi(x t, aﬁ %)u(m 1), i=Ln (13)
and denote by v}, ..., v, the components of the vector V;. Then, by virtue of (11)-(13), the

system (3) can be rewritten in one of n equivalent forms

av n n—2
ba(z, )V + P A t , 14
-Sntien - (e - S S ang ) o
where i = 1,n, and bzl(x )= l[mm + A 8Pij — P A, 1 ;1] Py, t).

We denote by Psr(a: t) (respectively P”(:z: t) ,7 = 1,m) the elements of the matrix
P;j(x,t) (respectively P¥(z,t)) and for each = 1, m we introduce the matrices

n—1 m

at (t) = ||Oé | = ZzBln 1k ]+ll(a1<t> |, k=1,No, L€ ]I+7
7=0 s=1
n—1 m
a” ( ) ||ak || - ZZB;]TL 1k j+1l(a2(t) t) , k=11No, le ]2r_7
7=0 s=1
n—1 m
a”(t) = llogill = | D> Oy wlan(t), )Py (aa(t), )i ()|, k=No+ LN, L€ [*,
7=0 s=1
n—1 m
a™(t) = llagill = = D2 D O alaa(), P (ax(t), O (8)||, k=No+ LN, L€
7=0 s=1
Let us construct a square matrix 3(t) of order N
B(t) = () oooa™(t) a(t) ... a™(1)
T laB() o a™(t) oM(t) ... a™(t)
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Let us assume that the condition

det 5(t) # 0, Vt e |[0,T}] (15)
is fulfilled.

2.3. Existence and uniqueness theorem for the solution of the problem in the
case n > 2.
Theorem 1. Let n > 2 and

1) the equation (3) is strictly hyperbolic, the coefficients of the operator A,, in (3) are
continuously differentiable and the coefficients of the operators A; (i < n), and the free
member f are continuous in Up, = {(x,t): x € R, 0 <t <T1};

2) g e Hlad,a3)), i=0,n—1, s =T, my
3) Bqlk’ hkec([o Tl])’ Czslg EC(UT1)7ZZO TL—]_ j:mas:]- m7q:1727k:17N0;
4) ¢ L€ CYUy), Cil € C¥NUr,), i =0,n—2, hy, € CY([0,T1]), k = No + I, N;

5) the functions F;(t,x1, x2, Y1, Y2, 21, 22) are defined to be continuous in all arguments in
II = [0, T1] x R*™™ and satisfy the Lipschitz condition for all variables except t with
constant M ;

6) the conditions of agreement at the points (a9,0) and (a3, 0):

iii{zBSik(0>cng—ﬂ+/a 3 o)djngf<§)d§} — h(0), k=T, Ny;

q=1 1

m n—1 1 (£>
ZZZ/ Cil(€,0) g’g dé = h(0), k=No+ 1, N

s=1 1=0 5=0
are fulfilled, that ensure the fulfillment of the ratio a!(0) = F;(0,a",a°, go(a®)), 1 = 1,2,
0,0 0 0

where a° = (a?,d9), a® = (af, a));
7) (15) are fulfilled.

Then there exists ac € (0, T1] such that the problem (3)—(8) has a unique generalized solution
in §). defined for all t € |0, ] (the detailed definition of the solution see below on p.154).

Proof. Let [C'[0,T1]]* be the space of continuously differentiable vector functions a(t) (0 <
t <T). In [CY0,T}]]* we enter the set

Q7 = {a(t) = (a1 (1), a2(t)): a € [C*0, TN, |ai(t) — af| < Ta(af + 1), |aj(t) — af| < h,
OgthIa Z:1a2}7

with metrics
2

pla (1), *(1)) = 3 (maxc|al (1) — a2(t)] + max|al' (t) — o (1)])
i=1
Let us assume that T, and h are so small that for all a € Q% conditions (8), (15) are
satisfied.
For each fixed vector function a € Q% we have the problem (3)—(6), which solution
u(z,t) = U(x,t;a) is the value of some operator on a(t).
For convenience, we write the equalities (14) in the following form

0622 Zbe{xtvla:t)

=1 r=1
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n—2 m

I
zl T ;o —
IE;Z %ljxtatl 38x9+zp (x, ) f"(z,t), 1=1,n, s=1,m, (16)

7=0 r=1
where 77 are the elements of the matrix (P*' - Ay).

Let I: y = 9(7;2,t) be a smooth curve connecting the point (z,t) € Qr, with the interval
[a), a9], completely lies in Qr,, and 1 (¢; z,t) = z, for example [23]

W(ri 2, 1) :al(T)—i—%(x—al(t)), 0<r<t. (17)

Let us express all derivatives of the functions u*(s = 1, m) up to and including the n—2-th
order in terms of vi. To do this, in the obvious equality

i,,5 i,,5 . t i,,S .

au - = d'u <w(0’x’t>’0) +/ i (au (w(T.’xjé)’T)> d’T, 1= 0,71-27 j :Wa
ot=J0xs ot = 0xs o dr ot =Ii0xs

write the integral term using the formula for the derivative of a complex function. Then, for

each of the obtained (i+ 1)-order derivatives, we apply a similar transformation, and so on to

the (n—1)-order derivatives, which are expressed in terms of v} using the formulas (11). After

that, using the standard permutation of the integration order, we will transform multiple

integrals into single integrals. As a result, we get the following image

—2r—i+j 1
d'g:_( Oxt s i
g =3 3 A g+ [ 353 @ i vtz ). 7
r=1 I=j =1 r=1

i=0,n—2 j=0,4, s=1,m, (18)
where 07/°, Q}}* are expressions composed of known smooth functions.
Substltutlng (18) into equation (16), we come to a system of integro-differential equations

of the Volterra type

i =SS i i) + 00 [ DEGa e i, i

=1 r=1 I=1 r=1
+E:(z,t), i=1,n, s=1,m, (19)
where

n—2 p m

T t) ==Y > 3 (2, )Q (7, a, 1),
p=0 j=0 g=1

mo n—-2 p m n—2g— P+Jdrl O:Et)) .
Ei(x,t) = ZPSZ{(@" t)f(x,t) ZZZ%W x,t) Z Z 6pi (1),

r=1 p=0 j=0 I=1 g=p T=j
Given (10), (13) and (18), we rewrite the initial conditions (4) and the boundary condi-
tions (5), (6) as follows

n m j—l T o R
ZPU M — wS(I), 1= 1,n, s = 1,m, (2())
dri—1 ’

7j=1 r=1

ZZ{Z<ZB¢MM @ tp (@, 1)+

=1 r,s=1 J
Sy e / CERT <w<m,t>,r>d7> !

i=0 ] 0 x:a"Z(t)
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n—1 ag(t) '

=Y [ e e 0P e e e+
=0 al(t)

n—2 1

a2 (t) ] t
—I—Z / Cf,g(&,t)/o TIS(T &ty (@D(T;f,t),T)def} = H}(t), k=1,Ny, (21)

a1 (t)
Z Z {Z/ Crszj 1k (&, t)P]SJTru(&t)U;(f’t)df‘i‘

=1 r,s=1

i=0 j=0

n—2 1
2
i=0 j=0
where

ag(t) ) t
/ Cf,g(f,t)/ ”3(7' b)) (w(T;é,t),T)deﬁ} =H}(t), k=No+1,N, (22)
a1 (t) 0

) = ) - S zzz(mm

i=0 j=0 s=1 r=i I=j
d'g (005t w0 e g (006
(L0 1) " / cr(e,n T >>5Z}5<f,t>d§>,

57“15( )

1(t) dg’

z=0a4(1)
7 m n—2r—it+j

1
i=0 j=0 s=1 r=i I=j dg
For each s = 1, m we introduce the notation
i () = v (ar(t),t), i€ i, K(t) =0} (as(t),t), i€l5. (23)

Let x = ¢$(t;&,7) be the solution of the characteristic equation dx/dt = —\(z,t), with
initial conditions z(7) = &, where (§,7) € Q. By L{(£,7) we denote the corresponding
characteristic passing through the point (£, 7) and extended in the direction of decreasing ¢
until it intersects the boundary Q. Let ¢{(£, 7) be the least-squares ordinate for points of
this characteristic. It is obvious that 0 < ¢{(§,7) < 7. Let’s take ¢ € (0,77] such that the
characteristics emitted from the corner points (a?,0) in the domain of 2. do not intersect.
Then these characteristics divide €2, into three subdomains:

Qfo = {(’57 T) : tf(f, 7-) = 0}7 Qfl = {(5’ 7—) : tf(f, T) >0, SDf(tf(ga 7-)3 £, T) = al(ﬁ(f, T))}a
Q2 = {(&,7): t5(&,7) >0, @j(t3(&,7);€,7) = aa(t] (£, 7)) }-
Any of the sets Q5! or Q3? can be empty.
Further, we will need the following derivatives (][19,23|):

Qoi(mimt) _ o <_/ A (5 (0 2, 1), da>
ox T
Opi(riz,t) g;’”’t) — X3(z,t) exp <—/ A CACEE t),a)d0>

o (w,t) xp (= [y X020 2,1), 0)do )
oz N (a(t5(z, ), ts(ac ) — aj(ti(z,t))’
ot (x,1) Ao (z,t) exp< fts(ﬂ M (@2 (o, t), )da) 1)
ot X (a(t; (2, 1)), 65 (x, 1)) — ay(t5(x, 1))

where [ =1 at (z,t) € Q' [ =2 at (z,t) € Q2
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Assuming that v € C*(Qr,), and integrating (19) along the characteristics ([21]), we
obtain the system of integro-functional equations

vl (x,t) = Wi (x,t) / <ZZ [bff o3 (i x,t), T (p(T; 2, t), 7)+

=1 r=1

/ Dy (n, @i (15 2,t), 7)vy (¥ (m; sOf(T;w,t),T),n)dn] +Ef(sof(7;x,t),7)> dr,

i=1,n, s=1m, (25)

V(3 (0;w,t)), at (z,t) € Q°
Wiz, t) = q pi(t;(2,t),  at (z,1) € Q'
K (3 (2, 1)), at (z,t) € Q32

Definition. A solution of the problem (3)-(8) we call a set of functions a; € C?([0,¢])
(1 = 1,2) and the generalized solution w in the domain €. of the problem (3)—(6), which
satisfy the conditions (7), (8). In turn, the generalized solution of the problem (3)—(6) is
the vector function u € [C"7%(€.)]™, which, together with its derivatives up to n — 2 order
inclusive, is given as (18), where v is a continuous vector function satisfying for all (z,t) the
integro-functional equation (25) and the conditions (20)-(22).

In order for the functions v3(z,t) to be continuous when moving from Qjo to le and
QjQ, it is necessary that for each s = 1, m the following conditions

p5(0) = vj(a), Jj €T, K5(0)=15(ay), jEI; (26)

are satisfied. In the first and third members of the condition (21), we substitute the image

v (x,t) from (25):
a3y

n—1

ZBqn 1 P (e, )W (2, 8)+

=1 r,s=1 q=1
+ZBM OLAMC /ﬂ . (ZZ P (73, D) (g (i, 1), )+
z i=1 p=1
/ Dy (n, ¢y (T3 2,1), 7)oy (¥ (n; sof(f;x,t),f),n)dn} +Ef(w7(7;w,t),7)>df+
n—2 1 A t
LSS B / Q1 (r, . )] (a(r), 7)dr "
i=0 j=0 0 =ay(?)
n—1 a2 (t) i .
>y GNP Wi €
=0 ai(t
n—1 ag(t) ‘
+Z/ Col (&P (€51 / ZZ [b er(T:6,1), )i (@ (136, 1), 7)+
=0 Ja1(t) @& \ i=1 p=1

+/0 DiP(n, @7 (m: &, 1), T)vl (¥ (n; w?(T;f,t),T)n)dn} + E () (15, t), 7)dTdé+

n—2 as(t) ' t
) / Cfé(f,t)/o rlS(T£t)vl<¢(7-§€vt)>7—)d7-d§>}

i=0 j=0 7 a1(t)

i
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EIl+[2—|—[3+I4+[5—|—[6, kzl,No.
Given the matrices introduced in 2.2 and the fact that for each s =1, m
at [ € I, ti(ax(t),t) =t at [ € I3, we obtain

= Z Z{ Z By (0P (an(t), g (1 (a (1), 1)+

s,r=1 j=0 l€1r+
+ D Byl (0P (az(t), )R] (1] (az (1), )+
lely™
+ Z Bln lk j+1l(al( )775)1%(90;(0, al<t)7t))+
lely™
+ Y By (P (az(t), 9] (] (0; az(t)i))} =
lenyt
Z{ PIEHOTHGESSYS ai?(t)'f?(t)}Jr
r=1 Vier* lely~
m n—1
+ { Y Bl OP(an (), %] (97 (0; an (1), 1)+
r,s=1 j=0 ler;~
+ Z B2n 1k ]—Hl(a?( )at),’vblr(gpg(()?a?(t)?t))}v k= 1>N0-
lery*
Denote "
S (i (ria ), 7i0) = 2 D (Wi (ri, ), 0 (o] (73, 1), 7)+
=1 p=1

+ [ D 0. Wl 7, ), 7)) + B (e (0,7,

155

(28)

Then
m n—1 ' t
=> Z{ > BY (0P (ar(t), 1) / Sy (T3 a1(t), ), T3 0)dT+
s,r=1 j=0 el t7(a1(t).t)
t
+ > By (WP (aa(t), 1) / " )5?(90?(7;az(t),t),f;v)df}, k=T1,Ny,  (29)
eyt t7 (a2 (t),t

and I3, taking into account (23), (25) and the introduced notation, is rewritten as

m n—2 1

Z ZZ{ B ( / Qi (7, ax(t), t)uf (T)dr+

r,s=1 i=0 j

+ Y Bt / (7, ag(t), )y ()dr + > By (t / (i, an(t), 1) x

lely™ lel]™

x (wz”«o;"(o;al(t),t)) + s;”<so;<n;a1<7>,r>,n;v>)+

lery*

+ 30 B0 | @00 (4 (e 0 anle). 1) + Sf(wf(n;az(T)J),n;v)>d7} (30)
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for k =1, Ny. Let us write the expression I, as follows

m n—1 ¢ (t;a1,0)
=ZZ{ > [ | ClenPm et o)
Sr=LI=0 e bl

az(t)
L B A

@7 (t;09,0)

] (t07,0)
+ Z [ / n— lk(€ t) j—&—ll(gvt)p“lT(tlr(gvt))dg—f—

lertn - a1 (t)
@7 (t;a9,0) az(t) 7
@7 (t;a9,0) @7 (t;09,0) )
@] (t:a3,0) az(t) -
) /CZ] (PR (6 Y] (7 (05 €, 1)) dE +/C{? (OB (& (7 (&, 1)) dg }
el \TL o @7 (t:09,0)

In those terms that contain the unknown functions pj and ], we replace 7 = ](&, 1),
and leave the rest of the terms unchanged.

Since %—tg # 0 is in ﬁ;l, we can express ¢ from the relation 7 = #](&,t) based on the
implicit function theorem in Ql Let us denote the resulting function by & = pit(7,t);
by the same theorem, it is continuously differentiable and defined at 0 < 7 < oo, with
(pr(r,t) € ﬁ;l). Similarly, in 5;2, we can solve the equation 7 = ¢](&,t) with respect to &,
which will give a continuously differentiable function ¢ = pi?(7,t) defined at 0 < 7 < oo,
with (pi2(7,1),¢) € Q).

Usmg the introduced functions pi', pi? and considering that ¢/ (¢} (t;a9,0),t) = 0 for
le Tt t7 (e (t;a3,0),t) =0 for | € I}, we obtain

=Yy { -5 [ ol o 0P ), 0 2 s

¢ r2

=3 [ el e 008 t>,t>a’)’a—(}%<r>m} S, k=T N, (31)

lely™ 0

where U(t) is an expression that contains the known smooth functions C ks
In I5 we change the order of integration

m n—1 as t) '
—ZZ{ 2 / dT/ Crla & P ST (91 (736, 1), 75 ) de

; and ;.

J+1

s,r=1 j=0 l€Ir+\Ir7 l(tal 7),7)
e (taz (T
e 5 [ar [0 e e P e e
leri Iy~ ei(tiaa(r

2 (t;a2(T .
- / dr / Ozﬂ_l,k@,t)aﬁlxawsnwwat),m)czg},

leIy~\ITT 1)
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and replace the variables y = ¢} (7;&,t), given that £ = ¢j(t;y,7) and there is

ol (107 (L ar(7),7),t) = a1 (7)€ 7T, @ (1597 (ta9(7),7),t) = ax(T)l € I}, 7 =1, m.
As a result, we get

Is = iZ{ > [ [T e st ox

r,s=1 7=0 le[?"-k\lr—

DST T r ol t, t, T
XPj+1 [(SOI (ta Y, 7—)7 t)Sl (ya T, U)%dy‘i‘

v [ / oLl (50, 7), O P 9, 7), 1) %

lerrtnr- 1(7)

o7 (t; v,
<8 (v 7i0) 2L Ty

p3 /dT[O e szjll,k(w?(t;y, ), )P (] (ty, 7)) %

lery \I;t

o] (t;y, T
xs;”r<y,7;v>—¢l;y :

Y

In I, we change the order of integration and replace the variables ¥(1;&,t) = y, given
that & = ¥(t;y, 7). As a result, we get for k =1, N

dy}, k=1, N, (32)

n n—2 1

=YYy / ir / 30t 7). 0@ 0l 00f ) 2GS Ty (33

rsllle]O ar(r

To find w (I=1,n, r=1,m, i =1,2), we use the fact that

t E=p(nt) wi(mip(nt),t) =ai(r), l€*
at £:pl (Tat) ()Ol(THOl ( 7t)>t>:a2(7—)7 lejgi'
Differentiating these identities in terms of 7, we obtain
a T( e ATE ).t a T (e ATE ).t a T t
@Z(Tvpl (7—7 )7 )+ @Z(Tvpl (7—7 )7 ) P (7_7 ) :ag(T)’
or 0& or
where i = 1, for [ € I]", i = 2, for [ € I}~. Hence, taking into account (24), we have

% — (N (ag(r), ) — d(7)) exp (/t A (1 (o5 01 (7, t),T),U)da) .

T

For each r = 1, m we denote

m n—1
R(mt) =Y > Co (0 t), ) Pty (o (758) 1) x
s=1 j=0
t

X (] (ag(7), 7) — (7)) exp ( J RO a)da> ,
m n—1

Ly, 7,t) Z Cn 1,k (1 (9, )7t)13j‘811,z(80;(t23/77)7t>x
s=1 j=0

t
xexp( / e >,a>da),z:1,—n,k:—1,fv,
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[\

n— 7

=> VQIE (T, a,(t),t), k=1,Ny, q=1 at L€ [T, g=2at [ € I}t

qzk ij

I\
=)

s=1 1 7=0

(34)

Then the condition (27), taking into account (28)—(33) and the introduced notation (34),
will be rewritten as follows

SIS a0+ S aptsi() § =

leryt lelry~
= Z { Z / [Rkl 7,t) 4+ L (7, t)] wy (T)dr + Z / [Rkl (7,t) — L2 (T, t)} k] (T)dT—
r=1 r+ 0 r—J0
ler; =
m n—1 ' t
_Z{ (ZBiJn lk( )Pjsj-ll( (t)at)/ SIT(SO?(Ta (Il(t>,t),7',’l))d7‘—|—
s=1 Lierr— \ j=0 t7 (a1 (t):t)

DHWAD / (a0, 0 (aa(7), T>dT> +

i=0 j=0

+ Z (235]71 lk( )Pﬁll( (t)at>/t Slr(@?(ﬂ ag(t),t),T;v)d7-+

lerst \ j=0 7 (az2(t):t)
n—2 1 t
+3 Y B [ Qi (r,as(t), )] (as(7), T)dT) +
i=0 j=0
t az(7)

ag(t) — ay (t)

T2 2.2 O/dT / CR (Wt y,7), Q3 (1,9 (6 v, WM

Uf(% T)dy} -

$7 (T3a2(t),t)

_ / ar / Ty, 7, 8)S5 (s 73 0)dy—

lery™\15~ ar(r)

az(T) t

. az(7)
- Z / dr Fkl(y77—’ t)S;(y,T,U)dy - Z /dT / FTI;Z(vau t)‘glr(yaTaU)dy_
0

lertn - a ey \II*t o T (r3a1(1),t)

~—

1(7

3
|

11

{ Z Bln 1k g+ll(a1< )7t)¢;(90;(0; al(t)’t))+

lel]™

I\
=)

J

+ Z BQn 1I~c j+1l(a2( )vt)wf(@;(o; a2(t)7t>)}} - \Il(t) +Hli(t)7 k=1, No. (35)

lery ™

Let us transform the condition (22) in a similar way. As a result, we get

t

Zm: Z/Rg}(rtul dT—Z/R Ky (T)dT y =

r=1 ety €™ 0
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n n—2 1

s=1

as(t) — ai(t)

&2(7’) — al(T)

t az(7)

/ dr / CE (@t ), QL (r, b (t 1, 7). 1) of (y, 7)dy+

0 ai(r)
)

=0 75=0

t 9] (T7a2(t)’t

- / a0 [ twrosiwrods Y [dr [ enoserode
eI\ 0 a(r) e NL= 0 a(r)

t az(7)

+ > far / Ly, 7, t)SZ”(y,T;v)dy} —W(t) + Hi(t), k=No+1,N. (36)
EL\ET0 or(ran(t).t)
Equations (35) are the second kind Volterra equations, and equations (36) are of the
first kind with respect to the functions uj(t) and & (t). To reduce the equations (36) to the
second kind Volterra type equations, we consider that

Ry (t,t) Zanlkal ) t) g+1l(a1(t)at>wf1(t)—%z()k—NO+1 N, lel”

R2(t,t) ZC‘” ), ) Pery (aa(t), wp(t) = ajf (t) k= No + LN, L€ I},

and differentlate (36) in ¢. Then we get

D4 D a6+ Y agi)si (D) { Z/ (Rp (7)) (7)dr+

r=1 Lt lery™ et

+ Z (RZ(7, 1)Ky (T dT++ZG (S;(&,T,0),T, t)}, k= No+1,N, (37)

ter;= 70
where
(S (6.7 0),7,) = (R, — ()~ %{ / ( / (() il 0S5 0) i+
SN [ 0@ e, 2O =00 r)dy)df}
pur e SU/110 B e —am Y ’
Fi(Tsas(t), 1) 0t 1 € F\T}

() = {al(T),at lel™, ) G t) = { "

or(Tsa(t),t),at 1 € I;-\I]T, J,at l e Ij.

Inequalities (35), (37) form a system of linear integro-functional equations of the Volterra
type with respect to pj(t) and xj(t), and the coefficient matrix for these functions in the
left-hand sides of the equations coincides with S(t).

Let us write the system (35), (37) in the operator form

Bo(t) — (Ko)(t) + (Lo)(t) + H(2), (38)
where o(t) is a column vector consisting of uf(t) at [ € I}t and & (t) at L € I;~, r = 1, m,
respectively; K is a matrix linear integral operator of the Volterra type, the elements of
which, for each r = 1, m, are a linear combination of integrals of the form

t
| R - Lol w(ndn, 1€t k=T,
0
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t —_—
/ [CRE2(rt) — LE(n 0] ki(1)dr, 1€, k=T,
0
t
/ (Rpi (. t)), py (r)dr, le [, k=Ny+ LN,
0

t
/ (R2(r0) wi(r)dr, 1€, k=N T LN
0

with the known continuous kernels R} and (Ryi(7,t));; L is a matrix linear integral operator
of Volterra type, which elements have continuous kernels acting on the vector function v
with components vj; H (t) is a column of height N with elements containing the functions
hi(t), hi(%).

Based on the condition (15), we rewrite (38) in the form

o(t) =Ko+ Lo+ H)(t), or ([I-B7'K]o)(t)=p8""(Lv+ H)(t). (39)
Since K is an integral operator of the Volterra type, which norm is arbitrarily small for
a sufficiently small € > 0, we can proceed to the equation

o(t) = [B(Lv + H))(1), (40)
where B = (I — ~1K)~1p7L.
On the other hand, the equation (25) in the operator form will be

v(z,t) = (Qo)(x, 1) + (Lv)(z,t) + F(,1), (41)
where ~C~2 is the shift operator, which operates according to the formulas
~ (Qup)(z,t) = W (] (z, 1), L€ [f—i_? (Qr])(x,t) = k[ (t](x,1)), L€, r= 1,m;
L is a matrix linear integral operator of Volterra type with a continuous kernel. The operator
Q is uniquely defined and for a continuous vector function o(t) its action Qo (t) is also a
continuous vector function if and only if the consistency conditions (36) are satisfied. It
follows from condition 6) that the functions yj (¢) and ] (t) given by (40) satisfy the condition
(26) for any v.

Substituting (40) into (41), we arrive at the relation

(I = QBL — L) (x,t) = (QBH + F)(x,1t). (42)
Thus, the problem (20)—(22), (25) is equivalent to the system of equations (42), in which
o is absent.
Since L and L are integral operators of the Volterra type, (42) can be rewritten as

v, t) = (I - QBL- L) 1 QBH + F| (.1). (43)
Thus, we have found the only continuous vector function v that satisfies the integro-
functional equation (25) for all (z,t). Therefore, taking into account (18), we obtain the
image of a single generalized solution of the problem (3)-(6) for each function a € Q". Tt
remains only to choose the one for which the conditions (7), (8) are fulfilled from the whole
set of admissible vector functions a(t). Each function a € Q" corresponds to a generalized
solution in Q. = Q., of the corresponding problem (3)—(6). We denote this solution by
U(z,t;a(t)) (its value at fixed z, ¢ is a function of a(t)).

For each r = 1,m, the dependence U"(a(t),;a) in the metric of uniform deviation from

a as an element of [C1]0, ¢]]” satisfies the Lipschitz condition: 3L, > 0, Va', a® € Q":
max |U"(a'(t), t;a") = U"(a’(t), t; a*)| < L, |max |a' (t) —a®(t)|+ max lat () —a® (1)|]. (44)

0<t<e 0<t< 0<t<e
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In order to verify the relation (44), we note that from (18) and (43) we can obtain a priori

estimates for the solution and its derivatives 24°, 24" by the given functions. Hence, it follows

ot * ot
that
|U"(x,t;a)| < U, U;'(:E,t;a)} < Uy, Utr'(x,t;a)‘ < Us
(U; = const, r =1, m, (z,t) € Q., a € Q").

Therefore, on the lines x = a;(t) (i = 1,2), the dependence of the solution of (3)—(6) on
the functional parameter a satisfies the Lipschitz condition, whence (44) follows.

Since F; is continuous in II, it is bounded in any closed subdomain (e.g., for a € Q",
U (z,t;a)| < Uy), i.e., 3P > 0: |Fi(t,z,y, z)| < D. Let’s choose € € (0;77] so small that the
following conditions are satisfied

1) e <min{Z 2}
2) M(e%*/2+¢e)max{1,L,} < 1.

Consider on Q" the operator Aa = {flla, flga}, which is given by the system of equations

(Aia)(t) = af +a?t+/0 dr /OTFi(n,ai(n),aé(n%U(ai(n),n;ai(n)))dn, tc[0.e

The operator A maps Q" into itself and in the metric of the space [C1[0,]]” is a compres-
sion. Indeed, let a € Q", t € [0,¢]. Then

|(Aia)(t) = af] <

t T
< a?t+/ dT/ E(n,ai(n),aé(n),U(ai(n),n;ai(n)))dn) <aje+ ®e?/2 < e(a) + 1),
0 0

[(Aja)'(t) — af| < < de < B,

t

/ Fi(r,a:(7),a;(7),U(a;(7), 7;a:(7)))dr
0

and therefore AQ" ¢ Q”. In addition, (F = (Fy, F}))

t T
[
0 0

—F(n,d*(n),a* (n), U(a*(n), n; a*(n)))

p(Aa’, Aa®) < max F(n,a"(n),al’(n),Ulai(n), n; a'(n)))—

dn|+

+max / ]F(T, a'(7),a"(7),U(a' (1), 710" (7)) = F(r,a*(7),a” (7),U(a*(7), 7:a*(7)))| dr| <

< M(%/2 + &) max max{a’ (t) — a*(1)]; "' (8) = a®(0); [U(a' (1), 1;a") = U(a*(8), 8:0®)} <

< M(e?/2 + e) max{1, L, }p(a', a®).

Since M(£%/2+¢)max{1, L,} < 1, A is a compression operator. Therefore, the existence
and uniqueness of the fixed point of the operator, i.e., the desired solution, which can be
found by iteration, follows from the principle of compressive mappings. m

3. Hyperbolic Stefan problems for a semilinear system of first order equations in

a curved sector. In G; := {(z,t): t € Ry, a1(t) < & < as(t),a1(0) = az(0) = 0}, where the

functions a; € C*(R,), | = 1,2 are unknown in advance, consider the system of equations
ou;
ot

+ )\i(x,t)% = filx,t;u), i =1,n, (45)
T
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where u = col(uy, ..., u,). The conditions on the unknown boundaries are given in the form
2 n t

ay(t) =Y Z/ Yila(r), T)ui(ar(7), 7)dr + hy(a(t), 1), 1 = 1,2, (46)
r=1 i=1 Y0

where v} (a(t),t) = v (a1(t), ax(t),t), hi(a(t),t) = h(ai(t), as(t),t) are known functions, and
hl (07 0) 7é h2(07 0)
Let us assume that the following conditions are fulfilled

2i(0,0) — 7y(0,0) > 0, i=T,p, M\(0,0) — hy(0,0) <0, i=pFtTLn, (47)
i.e., none of the characteristics coming from the point (0, 0) falls into the G;.

Consider the following problem: for some T' > 0, find the functions a;,ay € C*([0,T]) and
in the domain Gr: = {(z,t):t € [0,T],a1(t) < ¥ < as(t),a:(0) = a(0) = 0} the solution
u; € CY(Gr) (i = 1,n) of system (45) such that for all ¢ € [0,7] conditions (46) and the
boundary conditions

n ag(t) -
| ety sty = (o) k=T (15)
i=1 Y a1(t)
are satisfied, where ay;(y,t), Hy(t) are given functions, and Hy(0) = 0.

For each [ = 1,2 we introduce the matrices o/ (t) = [of;(t)]} ;_,, where

Oégcj(t) = @kj(&l(t),t), k= 17_77‘7 j = m> aggj(t) = akj(a?)—l(t)at)a k= 17_”’ j =D + 17”-
It is assumed that

det o' (0) # 0. (49)

Let us differentiate (48) with respect to ¢ and set ¢ = 0. Then, taking into account (46),
we obtain

> " agi(0,0)(h2(0,0) — hy(0,0))u;(0,0) = H(0), k =T, n. (50)
i=1
Since the condition (49) is satisfied, the system (50) has a unique solution u;(0, 0).

Definition 1. The solution of the problem (45)-(48) is the set of functions a;, ay € C*([0,T])
and the classical solution u(z,t) in the domain G of the problem (45), (48) that satisfy the
condition (46) for all ¢ € [0, T7.

Theorem 2. Let the following conditions be fulfilled:

1) the system (45) is hyperbolic, i.e., for some T > 0, the functions \;(z,t) are real-valued,
and \; € C*(R x [0,T]) satisfy (47);

2) the functions f; € C*(R x [0,T] x R"), f! and f!, satisfy the Lipschitz condition with
respect to u;

3) ap € C*(R x [0,T)), H, € C*([0,T]), Hr(0) = 0;

4) the functions v, € C(R?* x [0,T]), by € C*(R? x [T]), where h;(0,0) # hy(0,0) and
satisfy the Lipschitz condition by the first variable with constant L., Lj, respectively;

5) the condition (49) is fulfilled.

Then there exists a € € (0,T] such that the problem (45)—(48) has a unique solution in G,
defined for all t € [0, €].
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Proof. Let [C[0,T]]? be the space of vector functions continuous on [0, T]. In [C[0, T]?
introduce a set

Qr = {a(t) = (a1(t),a2(t)): a € [CO, T))?, |ar(t)| K T(1+H), 0<t<T, | =1,2},
(where H is some constant that constrains the continuous functions hy(a(t),t)), with the
metric

pla’ Zmax\al ) = ai(t)]-

For each fixed vector function a € Qr, we have the problem (45)-(48).
Let us introduce the following auxiliary functions

wi(ar(t),t) = ui(t), i =1,p; wias(t),t) = ui(t), i=p+1,n. (51)

Let o;(7; z,t) be the solution of the Cauchy problem d¢/dr = \;(&,7), £(t) = x. It follows

from the continuity of \;, a; and the conditions (46)—(47) that it is always possible to choose
€0 € (0,7] such that at t € [0, ] the following holds

)\i(al(t)at) - al(t) > Oa L= Tpv )‘i(al(t)vt) - al(t) < 07 1= D+ 1,7’L, [ = 172 (52)
Assuming that in the system (45) the functions w;(z,t) are continuously differentiable
and integrating (45) along the characteristics, we come to the system of integro-functional

equations
t

wi(x,t) = pi(ti(x,t)) —l—/ filpi(Tiz,t), Tu)dr, i = 1,n, (z,t) € Ge, (53)

ti(ﬂf,t)
where t;(x,t) := min{7: (@;(7;2,1),7) € G, }
In (53), the functions u; are also unknown, which are found as follows. Let us substitute
(53) into (48):

p az(t) n ax(t)
Z/ i (2, ) i (i (2, 1) da + Z/ ovi (2, ) i (3 (2, 1) da—+

1(®) i=pt1 7 a1(?)

i=

p as(t) t
3 [ et [ At rudrdss
a t

i=1 Ja1(?) i(wt)

n a2 (t) t

+ Z / Ozki(x,t)/ filgi(T;z,t), 7 u)drde = hy(t), k=1,n,
i=p+1 ai(t) ti(z,t)

and transform in single integrals the left-hand sides of the obtained equations from the

integration variable x to the variable 7 by replacing 7 = ¢;(z,t¢). In double integrals, we

change the order of integration and replace the variables y = o;(7;x,t). As a result, we get

[ a0+ Y [ 0.0 i

i—1 Y ti(az(t),t) or i1 tilar(t),0)

p ¢ wi(Tia2(t),t) 0, (t;

oi(t;y,7)

DY [ arf alipi(t: . 7)) fily, i) oy
tl(a2<t) t) a1(7) Y

0pi(t;y, T
* Z /(a1 dT/ i a;ﬂ (t;y,T),t)fi(y,T;u)%dy:Hk(t), k=Tn, (54)

i=p+1 t
where pl(7,t) are the same as in Section 2.
By entering the following notation

Rgcz‘(ﬂ t) = Oéki(pé(T’ t)» t)()‘i(al(T)ﬂ T) - (IE(T)) eXp (/ )\gx(épi(d; pé(T’ t)» t)’ U)d(T) )
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where [=1lati=1,p, [=2ati=p+ 1,n,

Quays 1) = cualpi(t:, 7). ) oxp ( [ Mo, >da), (55)

rewrite (54) as follows

S Rueommar- Y [ RO

o1 Jtiaa(t).1) i=p+17ti(a1(t).t)
P t QOZ(T,(ZQ(t),t)
+Z/ dT/ Qri(y, 7, ) fily, 75 u)dy+
i—1 Y ti(az(t),t) ai(7)

n t az(T) .
[ Quily, 7. 1) fily, 75 w)dy = Hy(t), k= Tom.
i=pt1 7 ti(ar(t),t) wi(T5a1(t),t)
Thus, we have a system of Volterra-type equations of the first order. Let us differentiate
it in ¢, taking into account that

Rfm’(tvw - aki(al(t)’t)()‘i(al(t)>t) - a;(t))v [=1,2, k= 1,_n, 1=1,n

Rl (tas(0).0) PO oo (0), )00 an(0).1) — af0).

As a result, we obtain a system of linear integral equations of the Volterra type of the

second order with respect to p;:

n

Z avki(ar (£), ) (Ns(ar (8), 1) = @y (E)pa(t) = D analaa(t), 1) (Nilaa(t), ) — ab(t))pa(t) =

i=p+1

= Zam(az(t),t)(&(%(t)»t) — ay(t))pi(ti(as(t), 1)) —

- Z Oéki(CLl(t)?t)()‘i(al(t)vt) - a1<t>)ﬂz< z( (t),t))—

—Z / (R )+ Y / (R2,(r, 1))ya(r)dr+

i=p+1 t; (al (t)vt)

XZ Tt L
+Z dt {/ dT/ Qun(y, 7 1) fily, 7 U)dy} + Hj(t), k=Tn, (56)

(T t)
where

Qpi(T; al(t)’ t)? 1=p+1Ln,
To find the functions u;, we rewrite the system (56) i

e
A()u(t) = B(t)(Pp)(t) + (Kp)(t) + (Lu)(t) + H'(?), (57)
where ju(t) = col(i1 (1), - 1y(t). tpir (D), - 11a(8)): AE) = @ (OAL); B(E) = a2()Aalt):
A(t) = diag{Ai(a(t),t) — ait), ... Ap(@(t), 1) — ay(t), =(Apsr(az(t), ) — az (1)), -,
—(Anlag—i(t),t) —ay_, ()}, I = 1,2; K is a linear matrix integral operator of Volterra
type with continuously differentiable kernels; L is a nonlinear matrix integral operator of the

+
a(7), i =1,p; @i(Tiaz(t),t), i=1,p;
xzv,t):{ Lo x%,w:{ .
1mn

the operator form
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Volterra type, which elements have continuously differentiable kernels acting on the vector-
function f with components f;(z,t;u); H — n-dimensional column vector with components
H,(t); P is a shift operator acting according to the formulas:

(Pp)(t) = pilti(az(t). 1), i=1,p; (Pp)(t) = pi(ti(ai(t), 1)), i=p+Ln.
Since 0 < t;(a;(t),t) < t, 1 = 1,2, i = 1,n, the operator P translates elements of the
space [C0, £0]]" into elements of the same space. In particular, from the fact that

max [(Pp)i(t)] < max | (t)], 1 =1,n,

it follows that the norm of the operator P is 1 (at u;(t) = const these inequalities turn into
equations).

From the conditions of (47) and (49) it follows that det A(t) # 0 for small ¢. Therefore,
(57) can be rewritten as p(t) = [A7'B(Pu)|(t) + [AT K p](t) + [A™ Lu](t) + [A~ H'|(t) and
denote by [Mu](t) = [A~'B(Pp)](t). Taking into account (47), we obtain the estimate

(A1(0,0) — a5(0)) - - - (Ap(0,0) — /())X
AT ORI [R50 — a0 00 =20)
o (01(0) = Ap41(0,0)) -- - (a1 (0) = Au(0,0) |
(@0 = A2(0.0) -~ (@0) = 7 (0,0))| %)
Since a!(0) = a?(0), P(0) = I and (58) holds, |M(0)| < 1. It is obvious that |M(0)| < 1
for some By € (0,¢0] at t € [0, ] So there exists (I — M)~!. Then
ult) = [(1 = M) A= (K + H)](8) + (T — M)~ A~ Lu] (1)

Since K is an integral operator of the Volterra type, it follows that its norm for sufficiently

small 8, > 0 is also arbitrarily small. So,

p(t) = [LoLu](t) + [LoH'|(t), (59)
where Lo = (I — (I — M) 'A= ' K)~1(I — M)~tA~L.
On the other hand, the system of equations (53) in the operator form is

u(w, 1) = [Qul(z, 1) + [Lyul(z, 1), (60)
where Q is a shift operator similar to the P operator, and L, is a nonlinear integral operator
of the Volterra type. Substitute (59) into (60). We get

u(z,t) = [QLoH')(x,t) + [QLoLu)(z,t) + [Liul(z,t). (61)

Thus, we have an equation that corresponds to the system (53), but no longer contains
the functions ;.

Let us choose C' such that |u(0)| < C (ie., |(I — M)"'A_1H'(0)| < C). Then, for a
sufficiently small 5 € (0, ], the operator Bu, defined by the right-hand side of (61), maps
the ball S, = {u(x,t): ||Jul| = max; ;4 |u;(z,t) < C|} into itself. Indeed, let’s take B so small
that [QLoL|+|Q(I — (I — M) "A~'K)~!| < 1 (this is possible because L, Ly, K are Volterra
operators and ||Q| = 1). Then ||Bul| < |QLoL + Li|C + |Q(I — (I — M)"'K)~'|C < C.
Thus, BSBQ C 552.

Since the functions f;(z,t;u) (i = 1,n) in (R x [0, T x R™) satisfy the Lipschitz condition
in u, and L and L, are Volterra, then for a sufficiently small g3 € (0,T] the operator B
satisfies the Lipschitz condition in u with an arbitrarily small constant, i.e., it is a contraction.
Therefore, according to Banach’s theorem, there exists a single fixed point. Thus, for each
vector function a € Q.,, where ey = min{J;, 52, f3}, we have found a single continuous
solution wu(z,t).

Y
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Let us prove the existence of a continuously differentiable solution. To do this, we formally
differentiate (53) in = and write the result in the operator form

0 t 0
et jre ) + W et + P+ (NS @ o
ox ox
where % = Col(aula(:’t), . 8“%(;’0); T! is a diagonal matrix with bounded elements; W'

is an expression constructed from known continuous vector functions; F'*, N! are nonlinear

Volterra-type interior operators.
Let us formally differentiate (54) with respect to ¢, and we obtain

D alar (1), O (0, 6) — A — D alaa(t) )aa(t), 1) — s 0)re(t) =
- Zaki<a2<t>, DO(ax(0). 1) — a() P DD 1 0), 1)

=3 ol as0).0) — a5 0) P 0,0, -

i=p+1

_ Z <% [agi(ar(t),t)(Ni(ar(t),t) — a}(t))] + ((R}%(T, t));) |Tt> i () +

+ 3 (% [akilaa (), (N(aa(8), 1) = a5(0)] + ((BE(7. 1)) |T:t) i)+

Py
3 (G lowtaa0 00020, = )]+ (B0 oo “E2)
x i (t;(as(t), 1)) —

_ Xn: (;lt ai(ar(t),t)(Ni(ai(t),t) — ai(t))] + <(Rii(77t));> lr—tstor (00 %}Et%t))

x i (ti(ar (1), 1)) —

-y / RGO+ / (R, (7. ))pua(r)drt

i=1 Y ti(az(t) i=p+1 7 ti(ar(t),t)

X

{/ )dT/ . Qir(y, 7, ) fily, T; u)dy} + H(t), k=1,n

and write the results in operator form

A (t) = BT () (Pu')(8) + (M ) () + (Low)(t) + H" (1), (63)
where
L dtq(az(t),t) dty(as(t),t) dtpei(ai(t),t) dt,(ay(t),t)
(t)—dlag{T,..., I , o e o }
Given (47) and the fact that
dt;(ag(t),t) (Ai(as—i(t),t) — eXP( ft (a5 (D)) i (wi(0 as_(t), t)aU)dU)

dt B Az'(az(tz-(a:a—z(t),lf)) i(as(t),)) = aj(ti(asi(t),1)) ’
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where [ =1at i=1,p, |=2at i=p+1,n,
obtain
dt;(az—i(1),t) Ai(0,0) —a3_,(0)
———— 0o = o < L.
it 0 = 730,0) = a(0)

From this and from the continuity of the functions aua(i’t) it follows that for sufficiently

small g5 € (0, 7] the inequalities

dtl(CLQ(t),t) . T dtl(al(t)7t)
0<T<17@—1apa O<T

Thus, |[A7(#)B(#)T(t)] <1 at t € [0,£5], so (63) is rewritten as follows
f(t)=(—A"BTP)™  [(M"'u)(t) + (Lau)(t) + H'(t)] .

We substitute this result into (62).

The resulting operator equation with respect to

0<

<1, i=p+1,n,te|0e)

—aua(i’t) is similar to (61). By similar

considerations, there exists a single continuous vector function % in the domain G.,.
Taking this into account and equation (45), we also obtain that 2% € [C(GL,)]".

Thus, for each vector function a € @Q.,, where €3 = min{ej, ey}, we have found the
corresponding classical solution to the problem (45)—(47) in the domain G.,. We denote this
solution by U(x,t;a). It remains only to choose the one for which the conditions (48) are
satisfied from the whole set of admissible vector functions a(t).

Following the same reasoning as in Section 2, we obtain that for every i = 1,n, the
dependence U;(a(t), t; @) in the metric of uniform deviation from a as an element of [C[0, £4]]?,
g4 € (0, T satisfies the Lipschitz condition: 3L, > 0, Va',a® € Q.,:

1 2 2 1 2 _
nax \Ui(ay(t), t;a") — Ui(aZ(t), t; a®)| <Lu0%2§4‘a (t) — a®(t)], r=1,2. (64)
Let us choose 4 > 0 so small that the following conditions
1 1 1
Fa < mn {ano’ 9nTLy + 2nUgL, 2Ly + 1 } (65)
are satisfied, here I' is the constant that limits the continuous function 7j;(a,t) at a € Q.,;
Up is the constant for U;(x,t;a) from Subsection 2.3.
Consider on ()., the operator D: a — Da, which acts according to the formula

ZZ/ dT/ Yila Ui(ar(n),n; a)d77+/0thl(a(7'),7')d7', l=1,2. (66)

r=1 =1

The operator D maps Q., into itself and in the metric [C[0, £4]]* is a compression. Indeed,
from the conditions of the theorem on the functions ~}(z,t), hx(z,t) and the fact that
U;(x,t; a) are continuous, it follows that Da € [C[0,e4]]°. In addition, given (65), we have

(Dailt zz/m/ Iy an), mUsay (), 0 Idn+/|hz ), 7)ldr <

r=1 =1
<einlU + e H < g4(1+ H).
Thus, DQ., C Q.,. Let us show that the operator given by (66) is compressible. Since

max (Dat)(t) — (Da?) \O%ZZ [ / e (), )i} )

3 (a2(r), m)Uila3(n). s ) ddr + max / (el (7),7) — hu(a®(r), 7)|dr <

0<t<ey



168 G. BEREGOVA, V. KYRYLYCH, O. MILCHENKO

2

< g S5 [ [ (batal ) e o] - [Uaktn )| +

Ostses £
+ |yala®(m).m)| - |Ui(a7(n), m; a®)[) dndr+
+ealnp(a’ (1), a*(t)) < efn(UnLyp(a’ (), a*(t) + TLup(a’ (t), a*(1)))+
+ealnp(a’ (1), a*(t)) < s (ean (UoLy + TLy) + Li) pla’ (t), a*(1)),
then, given (65), we have p((Da')(t), (Da?)(t)) < €4 (2en (UgL, + T'Ly,) + 2Ly) p(a'(t), a*(t))
< &4 (2L + 1) p(a*(t),a®(t)) < p(a'(t),a*(t)). Therefore, the Banach theorem implies the
existence and uniqueness of the fixed point of the operator, i.e. a(t). Next, we take ¢ =
min{es, €4} and, using the already known vector function a(t), we choose the corresponding
unique solution u(z,t) = U(z,t;a) from the domain G.. O

3.1. Commentary. In the case when ¢ characteristics starting from the point (0, 0) fall into
the domain Gy, i.e.

Ai(0,0) —ai(0) >0, i=1,p+¢q, X(0,0)—aj(0)<0, i=p+qg+1,n,
Ai(0,0) —ah(0) >0, i=T1,p, X\(0,0)—ah0) <0, i=p+1,n, (67)
a problem with integral conditions of the type (48) (there must be n + ¢ conditions) is
incorrect, because det o' (0) = 0 always holds. Indeed:
11 e a1p a1 p+1 e A1 ptq a1 p+1 e a1 n
A0)y=1 ... ... ... :
Qntgl -+ Qniqp Qnigp+l - Antgptq Ontgptl --- Anign/ 1(0,0)
hence, det @'(0) = 0. Now let us show by an example that if the condition 5) of Theorem
3.1 is not fulfilled, then the correctness of the problem (45)—(48) is violated.
Let @ be the sector in the plane z0t bounded by the rays a;(t) = kit and as(t) = kot,
where —1 < k1 <1, =1 < ky < 1, k1 < ko. Let us consider the system in ()

duy Ouy __

du 4 Bu
ot ox )

{% _duz _ (68)
ot ox )

with the following conditions

{;ﬁ@—JWﬂLO+ﬂﬂﬂﬂuxz_t (69)

Bl (@ 4 ¢+ D (2,8) + (¢ — Dug(a, B)]de = t.

This problem is derived from problems (45), (47), (48) if n = 2, p = 1, ax(t) are known,
and the coefficients and free terms are equal to the corresponding constants and functions.
Here, all the assumptions of Theorem 3.1 are fulfilled except for the condition (49), since
-1 1

det o' (0) = 1 1

' 0
Let us put

Ul(k'lt, t) = U1 (t),
u2(k2t7 t) = l/g(t).
Using the method of characteristics, we find

{ul(xat) = Ml(kai:tl)a k1t th;

ST <
u(z,t) = 1o(7255), kit <o < kot

and substitute into the conditions of (69). After replacing the variables and differentiating
the resulting system of equations in ¢, we obtain
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(ks = 1) (kat — D ($2538) — (b — D)kt — Dpa(t) + (ka2 + Dva(t)—

(D) = (1 — ) S -
§ (ky = 1) (kat +t = D (32=5t) — (ky — 1) (kat + ¢ — Dpa(t) + (k2 + 1) (¢ — 1)x

k21

xw(><M+4Xﬁ4J(?ﬁﬂ 21— k) [ pu(r)dr—

—(ko +1) fk1+1 vo(T)dT + 1.
ThlS implies, in partlcular that at the point (0,0) this system:
(k1 = k2)p1(0) 4 (k2 — k1)12(0) = =1,
{(kz — k1)p1(0) + (k1 — k2)12(0) = 1
has many solutions. Therefore, the problem (68)—(69) is incorrect.

4. The generalized hyperbolic Darboux-Stefan problem. Consider the system (45)
in Gur = {(z,t): 0 <t <T, a,1(t) < x < aya(t), ay1(0) = a,2(0) = 0} with unknown
boundaries a, x(t), k = 1.2, which are subject to the following conditions

dau,k

= hg(t;u), u=col(uy,...,u,), k=12 (70)

where the right-hand sides in (45) and (70) are Volterra-type functionals.
Let’s define the behavior of the characteristics of the system (45) passing through the
vertex of the sector G, r:

Ai(0,0) —ay1(0) >0, i=1,p+q X(0,0)— ()<0 i=p+q+1,n,
Ai(0,0) —ay5(0) >0, i=T1,p; Xi(0,0) — 2(O) i=p+1,n, pgel0,n], (71)
0)

/
au
i.e., g characteristics that start from the point (O, fall mto the sector. Let us denote

I]:—:{Z: 1(070)>au,k<0)}’ Ik__{ /\< ) <auk( )}7 k:172
The boundary conditions
i@ (t), 1) = gin (8 {ur(aua (t),8)}), i€, i' €Iy,
ui(@u2(t),t) = gia(t {ur(au2(t), 1)}), i€y, i €Iy, t€[0,T) (72)
are set, i.e., the right-hand sides of (72) contain only those sets of indices ' that are not
present in the left-hand sides; g;1: [0,7] x R"?77 — R, g;5: [0,7] x RP — R.
Let us introduce the metric space St of "sets"v = {w;, a,x} (i = 1,n, k=1,2), where
u; € C(Gur), aur € CH[0,T)), ay1(t) < ayz(t), with the metric
p(v',v?) = max{max |ay 1(t) — ayz x(t)|, max i (v, £) — @ (x, 1)},
hereinafter, for any r: [a,b] — R, the notation 7 means the extension of r by R by the
formulas 7(z) = r(a) (x < a), F(x) =r(b) (z > b).
Let us find the values of the functions u;(0,0) = w; (i = 1,n) from the boundary
conditions (72), namely, from the system

uz(07 0) = 921(07 Up+q4+1,05 - - - 7un,0>7 L= ]-7p + q; ul<07 O) - 912(0; U105 - - - 7up,0)7 1= p + 17 n.
(73)
To do this, we solve the system of nonlinear equations

Ui,0 = 911 (0; 9p+q+1,2(0; U1,0y- - - 7Up,0)7 . 7gn,2(0; U1,0y- - - ,Up,o)) )
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Let us introduce vector functions

Gl(xp-i-q—&-h s 71’771) = col (gll(oa Tprgtis--- 71;71)7 s 7gp1(0; Tpt+q+1y - - - 7xn)) )
Ga(x1, ..., xp) = Ol (Gprgr12(05 21, .., 2p)s ooy Gn2(05 21, .., xp)) .
Here, G1: R" P77 — RP, and G5: R — R" P79 then the composition of these vector
functions is Gy o Gy: R? — Rp If in the space RP Wlth the metric d(z,y) = max |zr — Ykl

SUSY4

Vz,y € RP the following compression condition
g9'g* <1 (75)
is satisfied, where ¢' is the Lipschitz constant for G; and ¢? is the Lipschitz constant for G,
then there exists a unique solution of (74) that can be found by simple iteration.
Having the solution of the system (74), we find

Upi10 = Gpr12(05 U0, -+ -5 Upo),

up+q70 = gp+q,2(0; U’l,07 ce aup70); (76)

\

Uptq+1,0 = gp+q+1,2<03 U1,0y - - - >up,0)a

\Un,o - gn,Q(O; ul,(]? e 7up,0)‘

Therefore, if the condition (75) and the consistency conditions
o105 Uprg110, -+ Uno) = Gpr12(0; uro, - -5 Upo),
................................................ (77)

Ip+a.1 (05 Upsg 11,0, -+, Uno) = Gprg2(03 a0, -+, Upp)
are satisfied, then u;( is determined in the only way from the boundary conditions (72).

Hence, it follows from conditions (70) and (71) that
Ai(0,0) # he(0;up), up = col(urg, ..., uno), k=1,2, i =1,n. 78)
Let us denote by ¢;(7; z,t) the solution of the Cauchy problem d¢/dr = \;(§,7), &(t) =«
(z,t) € Gur, i =1,n. Let L;y(z,t) be the corresponding integral curves, and
ti(x, t;u) = min{7: (¢:(7;2,t),7) € Gur}.
It is obvious that 0 < t;(z, t;u) < t. If t;(x, t;u) > 0, then ¢, (t;(x, t;u); x,t) = ay1(ti(z, t;u))
or ;(ti(x, t;u);x,t) = aya(t;(z,t;u)). It follows that the characteristic L;(0,0), defined only
in the case a;, ;(0) < X;(0,0) < a;,,(0) (i.e. i = p+ 1, p + ¢q) divides G, 1 into two components
G“T and G727 It is obvious that at A;(0,0) < a;,;(0) (Xi(0,0) > a,5(0)) we have G}y =
G”QT = GuT (respectively G, = G, GZ%T = ). Then, for ¢ > 0, the condition
gpz(t (a: tiu);x,t) = ayq(ti(x, t; u)) (gpl(t (x,t;u);x,t) = aya(ti(z,t;u))) is equivalent to the
fact that (z,t) € Gi}; (respectively (z,t) € Gi7p).
Assuming that in the system (45) the functions w; are continuously differentiable and
Ni(aup(t),t) # hi(t;u), k=12, i=1,n (79)
is fulfilled, and integrating (45) over the characteristics, we come to the system of integro-
functional equations

¢
wi(x,t) = wi(x, t;u) +/ filgi(T;z,t), mu)dr, i =1,n, (x,t) € Gur, (80)
t

i(z,tu)

—~

gir (ti(@, & w); Upigra (aun (ti(z, G w)), iz, T u))
o Un(au (2, G u), ti(z, B w)), at (2,t) € Giip,
Gio(ti(x, tyu); ur(ay o (ti(z, t;u)), ti(z, t;u))
Sup(ayo(ti(z, tw)), ti(x, t;u))), at (z,t) € G,sz

wi<x7 t7 'U,) =
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Definition 2. The generalized solution of the problem (45), (70)—(72) is the set v € Sy of
functions that satisfy the condition (79) and the system of equations (70), (80).

Theorem 3. Let the following assumptions hold:
a) all the functions \;(z,t) (i = 1,n) are real, except \; € C' (R x [0,T));

b) each functional f;(x,t;u) and continuous under v € Sr, (x,t) € G r, and accordingly
hi(t; w) is defined and continuous under [0, T| X St, moreover, in some neighborhood of
an arbitrary point of Sy these functional satisfy the Lipschitz condition in u and there
exists M > 0 such that if u(.,.) satisfies the Lipschitz condition with constant L in x,
then f;(.,.;u) satisfies the Lipschitz condition with constant M L in x;

c) the functions g;; are defined on [0,T] x R" P79 g,y — on [0,T] x RP and satisfy the
Lipschitz condition with constant T'go(T) for all variables, where go(T') is bounded at
T € (0,00); and the functions g (0; {uo}) satisfy the condition (75) and the matching
condition (77).

Then, for some € > 0, there exists a unique generalized solution of the problem (45), (70)-77
at t € [0,¢].

Proof. Let us choose any ¢ € (0,7], & > 0, 6, 0 > 1 and denote by S = S; 45, a subset of
Se consisting of sets v = {u;, a, ;} for which the following conditions hold:
1) the functions (a,x(t) — hi(0;up)t) satisty the Lipschitz condition with constant o
2) functions wu; satisfy the Lipschitz condition in x with constant 0;
3) if (x),t;) € Gue, 7 =1,2, and ¢; # to and
T2 — I
lo — 1
and i € I; U I, then |u;(ma,ts) — ui(z1, )| < oty — t].

— hk(O,UO> < a, ‘LC]' — hk(O,UO)t]| < Oétj, j = 1,2, (81)

The set S is not empty if § and o are sufficiently large. Indeed, let us denote by u; o-(z,t) =
U0, Gug. , (1) = hr(05u0)t, t € [0,€], vor = {WUi e, Qug. k), then vy € S (this can be verified
by directly checking conditions 1)-3)). In addition, the set S is closed in S., because if

lim v™ = v, where the sequence of sets is v € S, then conditions 1)-3) are also satisfied
m—0o0

for v, i.e. v € S.
On S, we define the operator A as follows: let v € S, then Av = {A;u, a4y}, where
Aiu: Gaye = R, and G4, is bounded on the sides by the lines

t
A r(t) = / hi(m;u)dr, k=1,2, 0<t<e¢, (82)
0
and the values of the function A;u are given by the formula
t
(Aju)(x,t) = wi(x,t;flu) +/ ~ fi(goi(T;x,t),T;/Nlu)dT, i=1,n, (r,t) € Gaue, (83)
ti(z,t;Au)

where Au = {fll-u}, and A,u is the restriction of the function ; by G v It is obvious that
ti(x,t; Au) = t;(z, t; Au).

It follows from the continuity of the given functions and functionalities that when ¢,
ap (> 0) are sufficiently small, then when 0 < ¢ < €9, 0 < a < g in S, the relation
(79) is satisfied and therefore the definition of the operator A makes sense. Furthermore, for
veS, (z,t) € Gye, uniform estimates hold: |fi(x,t;u)| < F, |hgi(t;u)| < H, |Ni(z, )| < A,
|Ni(@aur(t),t) — hg(t;u)] > v > 0, and, given the conditions of Theorem 3. 1, the functionals
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fi satisfy with respect to u and x, the functionals h;, satisfy with respect to u, the functions \;
satisfy with respect to x, and the functions g, satisfy the Lipschitz condition with constant
fo, Mp, hg, Ao, and ego(e), respectively, for all arguments.

Next, we will use the consequence of the Lipschitz condition for A;:

(T a1, t) — @i(T w0, 8)| < |2y — o] i =T 1. 84
2 2

Indeed, from the definition of the functions ¢;(7;z;,t) we have

wi(T;25,t) = @it z5,t) +/ Ai(pi(n; zj,t),m)dn, j=1,2.
t

Then

t
(T, 8) — u(ri e, )] < | — ol + / a1, £)m) — (s 20, )l <

t
< |71 — 29 +/ Aoli(n; 1,t) — @i(n; 22, t)|dn.

Using Gronwall’s lemma, we obtain (84).
Let us establish the conditions under which the operator A reflects S into itself, that is,
when v € S for Av, 1)-3) are true.
1. Since condition 1) is satisfied for v, then Vt; € [0,¢] (j = 1,2), we have
(

|aauk(t2) — aauwk(ty) — he(0;uo)(te — )| =

to t1
/ hy(T; w)dr — / hi (T3 w)dr — hy(0;u0) (te — 1)
0 0

to t2
/ hi (T3 w)dT — hye(0;ug) (te — t1) / da1(7) dr — hy(0;ug) (ta — t1)
t t dr
= |ayk(t2) — aur(ts) — hi(0;u0)(ta — t1)| < alty — 4.
Thus, condition 1) for Av is satisfied.

2. Consider different cases:

a) when (z;,t) € G, or G}7, simultancously (j = 1,2). Let (z;,t) € Gi}_ be (i = 1,p+q)
and x; < x for certainty, then ¢;(xy,t;u) > ¢;(xq,t;u). Using (83) and the notation AP; =
®; — &y, we have

n ti(z1,t;Au)
|A(Au)(x),t)] < / |Afi(<pi(7';:vj,t),7';/~lu)|d7'+ / | fi(ps; 21, 1), 75 flu|d7+
ti(xl,t;Au) ti(IQ»t§Au)

+|Agi (ti(x, t; Au); (Aprgraw) (aaua (ti(xg, t; Au)), ti(z;, t; Au)), .. .
(Anu)ane (ti(z;, t; Au)))| < eMS|Ap(T; 24, t)| + F| At (25, t; Au)| + ego(e)o| Aty (2, t; Au)).

Since
t /
exp <£¢(9,t;Au) )‘ie(%(a;eat%ff)d‘f) Al < 1y A o
i@ (60, 85 Au)) 13(6, 1 Au)) — dy,, 1 (8:(6, t; Au)) [Ar;] < 56 Az, (85)

then, given (84), we obtain |A(A;u)(z;,t)] < (eMd + (F+5go(5)0)%)e>‘05|ij|. Thus, if one
has

1
(60M(5 + (F + 6090(80)0);) M0 L 6, (86)



HYPERBOLIC STEFAN PROBLEM WITH NONLOCAL BOUNDARY CONDITIONS 173

then condition 2) is satisfied for Av.
A similar result is obtained when (z,t) € Gi2., i =p+1,n.
b) if (z1,t) € Gil., (z2,t) € G2, i = p+ 1,p+ ¢ (for other i this case coincides with case

u,e? u,e)

a)). Let us assume for certainty zy < xo, t;(x1,t; Au) > t;(xs,t; Au), then (see a)):
1
|A(Au)(z),t)] < <€M(5 + F—) e | Az |+
v

+ | gi1 (ti (21, t; Au); (Ap+q+1u)(aAu’1<ti($1, t; Au)), t;(z1, t; Au)), . ..

. (Anu)(af%l(ti(xl, t; Au)), ti(xq, t; Au)))—
—gia(ti(za, t; Au); (Ayu) (aawa(ti(za, t; Au)), ti(xe, t; Au)), . . .

1
s (Apu) (aau2(ti(xe, t; Au)), ti(xa, B Au)))‘ < (aMd + F;) | A |+

+ 1 gin (b1, 6 Aw); (Apygau) (@ (i, £ Au)), ti(2, 8 Aw)),
o (A) (@ (i, 1 Aw). (2. 1 Au))—
—gi (ti(2s, t; Au); (Apygirv)(@ans (ti(s, t; Au)), ti(zs, t; Au), ti(xs, t; Au)), . ..

- (Anu) (apes (ti(zs, t; Au)), ti(23, t; Au)))| +

+ | gia(ts(w3, t; Au); (Ayu) (aquo(ti (23, t; Au)), ti(xs, 1 Au)), . ..
o (Apu) (o (ti(s, t; Au)), (s, 1 Au)))—

— i (ti (20, t; Au); (Ayu)(aaws(ti(za, t; Au)), ti(za, t; Au)), . . .
 (Ayu) (@a(ti (2, b Au)), ti(x02, Au)))‘ <

(here (z3,t3) € L;(0,0), then (aaq ;(ti(zs, t; Au)), ti(xs, t; Au)) = (0,0))

1
< (€M5 + F§> | Az;| + ego(e)o(t; (w1, t; Au) — ti(xs, t; Au) |+
1
+ti(xs, t; Au) — t;(za, t; Au)]) < (5M5 + F—> | A |+
Y

1 1
+ego(e)a—e (| — 3| + |v3 — m2]) < | eMS + (F + ego(e)a)— | e*¢|Axy).
Thus, the fulfillment of condition 2) for Av is ensured by the condition (86).
3. Let (zj,t;) € Gaue, @ = 1,2, with t; < t5 and the conditions of (81) are satisfied, and
i €I UL . Let us take k = 2, i € I} for certainty, then we get

[(Ag) (21, t1) — (A) (w9, t2)| <

<| [0 et — [t A +
ti(@1,t1;Au) ti(@2,t2; Au)
+ | gin (ti(zr, tr; Aw); (Aps i) (apu (ti(z, tr; Au)), (2, 1 Au)), .
o (Anu) (anun (ti(ar, tr; Aw)), (b Au)))—
gir (ti(, to; Au); (Apygiru) (aaun (22, to; Au)), ti(za, ta; Au)), . . .
 (Apu)(aag (ti(za, to; Au)), ti(@0, to; Au)))| < Flty — t1|+
t

+€M502122§ lpi(T; 21, t1) — pi(T5 20, t2)| + (F + €go(€)0) |ti (22, to; Au) — t;(x1, t1; Au)l.
ITXRUL
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Taking into account (81), we have |2y — 21| < (o + H)|ta — t4];
[ti(za, to; Au) — ti(w1, t1; Au)| < [ti(w2, to; Au) — ti(zo, 115 Au)|+

Oti(x1m; A ot:(0,t; A
(g, ty: Aw) — (b Aw)| < | 2EEEAD ] [OEOEAY <
an Bl
)\i(wlan) exp (ftna: JAu )\;x<<102<0_7x1777)70—>d0')
S o / [ta — 1]+
Ai(ar(ti(ze,m; Au)), ti(zy, m; Au)) — aj(ti (21, m; Au))
exp <L/Z2(9,t2;Au) Niw(pi(03 0, 12), 0)da> _
M@0t A)), 600, 2 Aw) — (60, i Aw)| 72 S

1
< —eM (A +a+ H)|ty — ty];
~
(l=1at (z1,n) € Ghy.r L =2at (z1,1) € G}, ., for (0,t5) similarly);

li(T; 2, t2) — @i(T5 21, t1)| < [opi(T; 12, t2) — @i(T3 22, 11)| + |@i(T5 2, 11) — @0i(T5 21, 11)| <

a%’(ﬂ T2, 77) (9%-(7; 0, tl)
on 00

n
Maz e ([ looiann),0)do
t1
exp (/ /\;x(goi(a;ﬁ,tl),a)da)
Thus,

(Au) (a1, 11) — (Ag) (o, t)] < (F n (%(F 4 ego(e)o) + eM(S) (A+a+ H)e*oe) ity — ).
So, if

<

|t2—t1|+‘

|zg — 1] <

<

~

|t2 —tlH—

+ |x2—a:1|ée’\UE(A+a+H)]t2—t1|.

1
F+ <—(F + 8090(60)0’) + €0M6> (A + oo + H)e)‘ogo < g, (87)
v

then the operator Av has the property 3).
Suppose that all above conditions providing the inclusion of AS C S are met. Let us
determine when the mapping A is compressible. Let v/ € S (j = 1,2) and p(v!,v?) = p.
Then

t
|Aa 1 (t)] < / |Ahy(T;07)|dT < ehop, 0 <t <e.
0

Let us also define

p(Aut, Au?) = max{n}ﬁx laaut k() — aau2 x(t)], max | Al (z,t) — Agu2(z,t)]}.
There are various options for the relative positioning of the domains G, . and G4y,
which define /L-u(:c, t) in different ways.
I) Thus, with a,1 < @au1 < Gau2 < @2, We have
o Ui(aau1(t),t), = < anu(t);
Az, t) = < ui(w,t), Aau1(t) < T < aay2(t);
ui(aau2(t),t), == aaua(t).
IT) In the case of a4,1 < Gy1 < Ayu2 < Gay2, We Obtain
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o Ui(ay1(t), 1), < ay:(t);
Az, t) = S ug(x,t), ay1(t) <z < ays(t);
ui(aya(t),t), = aya(t).
ITT) If ay1 < Gau1 < Gy2 < Gays2, then
- Ui (@01 (t),1), o < anu(t);
Az, t) = S ui(x,t), aau1(t) <z < aya(t);
ui(aya(t),t), = aya(t).
IV) If aau1 < @y < Gau2 < Gy2, then
. Uiy 1(t),1), =< ay:1(t);
Az, t) = S ui(x,t), ay1(t) <z < asua(t);
Ui(@au2(t), 1), © = aays(t).

To find p(flul, fluz), we also consider different variants of the placement of the domains
Gulﬁ, GAulys, Gu275 and GAu2,53

a) at Gty < Qg < Q2 < Qa2 < Q2o < Gayla < Q1o < Qay29, We have
max|u (@ 1(t),t) — uZ(aauz1(t),8)], = < auq(t);
t) = ui (a1 (), 8)], aua(t) <o < aae(t);
rlr}ggdAu (z,1) — A2 (x,t)| = maxlu ) —ui(z, )], asei(t) <z < ags(t);
uF(ay22(t), 1)), au22(t) <o < aano(t);

KIzrlfu><:|u Aaut2(t),t) — uf(au2o(t), t)], & = anuna(t);

max |u;

2,2t

(,

(
max |u}(x,t) —

(

b) if aau2) < @21 < @iy < Aty < Gagia < Gy < Q22 < Gay22, then we get

(max [u} (e, 1 (1), £) — v (au2,1(8), )], @ < @y (b);
nl;xm (a1 (6),8) — w2(, 1), awa(t) < o < aaur1(8):
IznfuidA ul(z,t) — fliu2(x,t)| = Izﬂgidu (z,t) —ui(z,t)], anni(t) <z < asa(t);
maXIu (aau2(t),t) — uf(z,t)], aaw2(t) <o < ayzs(t);
kf}nglu (w1 2(t),1) — uf(aue2(t), )], = > aye(t);

c) in the case of aau21 < Gaur) < Gu21 < Ay < Ayro < Q2o < a2 < Gay22, We have

(e u} (0,0, (8),6) = 3@ (6 0)], @ < o (1)

ma [u} (001 0),6) — w2, O, a2 (6) < & < (0
r{l:?i,(m ul(z,t) — A (z,t)| = Ig?iqu (z,t) —ui(z,t)], auwi(t) <z < aust);

e (00n(0),) = 030D, una8) < & < analt):

| max (s o(1), 1) — (0,200, ), & > 0,2(0)

d) if aguig < auig < a2y <aazl < aazs < gz < Aayla < Q1 o, then
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(i 0010, 0) ~ 03000200, 0),s & < a0
ma ol 0,1) — 02 (0, 0], @ a(0) < 2 < a0
max |H(m t) — Au2(z,t)| = T{lfvidu (2,t) — uf(2,1)], anu21(t) <& < asyeo(t);
max ]z, £) ~ 1¥(a022(0). D, @asta(t) < 7 < agunal0);
| max fuj (aau (1), 1) = wi(aauz2(t), D)), 2 > agu o(b);

e) if a21 < agu21 < Gy < aAu171 < Aauto < Quio < Gayzo < Qy22, then

ZZE

(max [u} (4001 (1). 1) — w2 @z (1), 1)), & < a1 (0):

max (@11 (t),t) — u2(z,t)], anez1(t) <z < aguq(t);

maX|A ul(z,t) — Au(z, t)| = T{ljf|uzl(a7>t) —uf(@,1)], aau(t) < T < anno(t);

max (Ut (a1 2(t),t) — uZ(z,t)], anno(t) < & < asuza(t);

max [ug (@ 2(1), £) = uf (aau22(t), 1)], © 2 anu2(t);
\ 2,Z,

f) in the case of a1 1 < ayriy < Gawzn < @21 < Q2o < Qa2 < Aayt o < Ay o, We obtain

) —
maX|Au (z,1) — Au2(z, t)| = { max |u(z,t) —
)~

(i (01 0), 1) = 03 a(0), O], < 2 1)
uF (a1 (t),1)], auwi(t) <o < ayea(t);
ui (@, 1)l
2 (

t
a2 2(t),t)], au2a(t) <z < apot);

&2t

max |u; (z,t
(

a21(t) < T < ay2a(t);

2,2,t 4,2t
ma§<|u (x,t) — u;
| mase i (@ aun2(0), ) = W2 (@22 (2), 01, @ > anna(t).
Since
ma}lu (a1 (t),t) = uf(aau2 (1), )] < maX{IU§(au1,1(t),t) — uF (a1 (2), 1)+
1,T 2,T

Hug (a, 1(t),t) = w7 (aa 1 (8), )} < p+ dmax a1 (1) — a1 (t)] <
a1 (1)) < p(1 4 deho);

+5max|aAu11 t) —
), t)| < max{|u (z,t) — ui(x, )|+

(
max|u (z,t) — uF(an,z(t
g (2, t) = uf (@ (8), )]} < p + dmax |z — axza(t)] <

<p+ 5mtax lay11(t) — aauza(t)] < p(1+ behy);
max [uj (. t) — (2, 1)] < p;
max|u (z,t) — uZ (a2 1(t), )] < max{|u (z,t) — u?(z,t)|+

zac

o (2,1) = (@ 1(8), )|} < p+ dmax |z — avzp(f)] <

<p+ 5mtax |t k() — a2 k()] < p+ 5111?}( |yt k(1) — a2 i (t)] < p(1+6);

max ) (@ o(t), t) — ui(azo(t),t)] < p+ (5mtax |aaut 2(t) — a2 2(t)] <

<p+ (5me>< |aur 2 (t) — a2 2(t)] < p(1+90);
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max |u; (a1 (t), 1) — uf (a2, (t), 1) < p+ 5m?X |t k() — aau2 k()] < p(1+ dchy);

1,2,t

N

rpgg<|U3(aAu1,1(t) t) = ui(z, 1) < p+dmax |z — apu ()]

P+ (5max |aaut 1(t) — aau21(t)] < p(1+ dehy);

max |U3(aAu1,z(t)> t) — u2( B < p+omax|z — ayo(t)] < p(1+ deho);

maf ’uil(aul k(t)>t) — U (au2 k<t> t)‘ Sp+ (5mtax |au1,k(t) - auz,k(t)‘ < p(l + 5)7

ma§<|u (z,t) — ui(ane i (t), t)] < p+ 5m%x|x — a2k (t)] <
<p+ 5m?X laaut k() — aauz k()] < p(1 4 dehy);

max U (apu x(t), 1) — uf(anee i (t), 1) < p+ 5mtax |t k() — aau2 k()] < p(1 4 dchy),

then
p(Aut, Au?) < max {ehop, p(1+ 0), p(1 + dcho)} = max{1 + §,1 + dche} . (88)

Taking into account the definition of the metric in S7, we obtain
p(Av', Av?) = max{ehop, max ‘AAiuj(:U,t) }
If (2,t) € Gaure N Gayze and for certainty t;(z, t; Au') < t;(z,t; Au?), k = 1, then

¢
A/ f,‘(gD(T;ZE,t),T;AUj)dT +
¢

i(z,tlAud)

[A(A) (z, )] = |A(A — i) (2, 1)] <

| Agin (il 1 Au); (Ap g0 (g (il 5 Aw)) i, 85 A?)),
o () @ (i, 1 Aw), ti(, 1 Au))| <
< Flti(x,t; Au®) — ti(z, t; Aub)| + e fop(Aut, Au?)+
| Aga (il 1 Au): (At (@a 1 (. 6 Au)), il 6 Au)), .
s (At (@ (i, 1 Aut)), i, 6 Aul))|+
—|—‘Agi1(ti(a¢, t; Au’); (prﬂuj)(aAuz,l(ti(x, t; Au?)), ti(x, t; Au?)), . ..
(At (e (t:(, t Aud), i, Auj)))‘ <
< Flti(z, t; Au?) — ti(z, t; Aut)| + e fop(Aut, Au?)+
_'_590(5)5’@Au1,1(ti(x7 t; Au')) — a1 (ti(, t; Aul))‘+
ega(e) max { ma | A (o, Aw)l; max AW (@ (6l 5 Aw)), 1o, 6 Au))] .

pHg<i<n
(89)

From the following
agu (ti(2, 8 Au')) — aneeq (i@, 5 Au?))
A\ t),t) = = ’

i(@au1(t),t) ti(x, b Aul) — ta(x, t; Au?)

)

the estimate
Ni(aau 1 (), 8) (i, t; Au') =ty t; Au®))| < lang 1 (6@, Au')) = e (ti(z, 8 Au')) |+
laauz 1 (ti(z,t; Au')) — a1 (ti(z, t; Au®))| < ehop + ha(tu) |t (2, 8 Au') — t;(2, t; Au®)|
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follows. Hence, we get

€h0p 1
< —¢hgp.
(@1 (0),8) — ha(tu)] =y P

Taking into account (89) and (88), we obtain

|t t; Aut) — ti(2, t; Au?)| <

—_— 1
|A(Au?)(z,t)] < F;ghop + efopmax{1l + 6,1+ deho} + chop+

1 . .
+€go(6)max{75h0p, max (|A(Alu)(aAuz,l(ti(a:,t;Au”)),ti(ac,t;Au]))H

p+q<l<n

A (@t Au?)), (o, 1 Au) )) b <
F
< (; + ago(e)é) ehop + € fopmax{1l + 9,1 + deho} + €go(e) x

1 N N
X max {;Ehop; 0 max ti(z, t; Aut) — ti(z, t; Au?)| + p(A?, Aluz)} <
F 1
< ((; + ego(s)cS) eho + efomax{l + 9,1 + deho} + £go(e) max {—5h0;
g

1
—oehg + max{1 + 0,1 + 55h0}}> p <
~

N

Consider the case when (z,t) € Gau2., but (z,t) ¢ Gay1 .. Then, assuming k = 1 for
certainty, we obtain

|A(A) (2, )] < [(Aiw®) (2, 1) — (Aiu') (aan o(1), 1)] <
< (Aw?) (2, 1) — (A®) (aaw 2(8), )] + [(Asu®) (@au o(8), 1) — (Au') (aaw o (8), )] <
<Oz — anu o ()] + [A(Ai? ) (@an o(1), 1),
with |2 — a1 2(t)] < |aau22(t) — anur2(t)| < chop, and (aaur 2(t),t) € Gayr e N Gayz e, that
is, we have come to a case that has already been analyzed. Therefore

|A(AT) (2, 8)] <

F
< dehop + <(+#go(s) + 590(5)5> eho + (efo + €go(e)) max{l + 0,1 + 55h0}) p

So, the condition for the compression of the operator A: S — S is as follows

€0 (ho (6 + €090(€0) (5 + %) + g) + (fo + go(g0)) max{1 + 4,1 + 550h0}) <1l (91)

Now let’s show that the set of all these conditions is compatible. Indeed, let us first choose
€0, 0 as we said at the beginning of the proof. Then we choose 0 > F + F(A+ ag+ H) /v
and § > % (note that o and 0 can be considered as large as desired). Next, for fixed «y, o,
J, we reduce €y so that the following ratios (86), (87), and (91) are fulfilled. Then, according
to the Banach theorem on compressible mappings in S, there exists a unique solution of the
system of equations (70), (80) satisfying the condition (79), and therefore v is a generalized
solution of the problem (45), (70)-(72). O

< <<F+J—590(€) + 5go<8)5> eho + (efo + €go(e)) max{1 4+ 6,1 + 65h0}> p. (90)
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Remark 1. From the proof of the theorem and equations (80), it follows that u;(x, t) satisfies
the Lipschitz condition in all variables.

Remark 2. If it is known a priori that the boundaries of the sector G, r are linear functions,
and f;, hx, gix are also linear in u, then Theorem 4.1 holds for all ¢ € [0,7] C [0, c0).
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