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In this paper, we consider problems with unknown boundaries for hyperbolic equations
and systems with free boundaries with two independent variables. The boundary conditions
for such equations in the linear or quasilinear cases are given in nonlocal (non-separable and
integral) form. The hyperbolic Stefan and Darboux-Stefan problems (the line of initial condi-
tions degenerates to a point) are considered. There are proved the existence and uniqueness
theorems of generalized solution, which are continuous solutions of equivalent systems of the
second kind Volterra integral equations. The method of characteristics based on a combination
of the Banach fixed point theorem allows us to obtain global generalized solutions in terms of the
time variable in the case of linear hyperbolic equations with free boundaries and local solutions
for quasilinear equations. Nonlocal (non-separable and integral) conditions require additional
solvability conditions that are not present in the case of generally accepted boundary conditions
for hyperbolic equations and systems. The paper provides examples indicating the significance
of the conditions for the solvability of the corresponding problems. The corresponding solutions
may have discontinuities along the characteristics of the hyperbolic equations. This additionally
requires setting the conditions for matching the initial data of the problems at the corner poi-
nts of the considered domains. This paper extends the results on the problems with nonlocal
conditions for hyperbolic equations and systems to the case of hyperbolic equations with free
boundaries.

1. Introduction. With this article, we complete a series of papers [21–23] devoted to
problems with nonlocal (non-separable and integral) boundary conditions for linear and
semilinear hyperbolic systems of equations of arbitrary order with two independent variables.
In these papers, nonlocal mixed problems, Darboux and Darboux-Stefan problems for the
corresponding hyperbolic equations and systems are considered. Now we will consider some
problems with unknown boundaries (hyperbolic Stefan problems) for hyperbolic equations
and systems. Problems with such conditions (nonlocal problems) for hyperbolic equations
and systems are found in biology ([31]), ecology ([25]), mechanics ([34]), demography ([36]),
etc. Applied problems which mathematical formulations require nonlocal boundary conditi-
ons for hyperbolic equations and systems are also given in [21].

In many applied problems, a situation arises when the equation of boundary of a domain
or some of its parts are included among the functions to be searched for. Such problems are
called problems with “free” (unknown) boundaries or Stefan problems. According to modern
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estimates, about 25% of all mathematical models of practical problems in industry and other
fields are problems with free boundaries ([10]). A detailed review of the literature on this
subject is given in the paper [6].

The first paper on this topic was [15]. There was considered a problem for the first order
linear system of hyperbolic equations with free boundaries arising in gas dynamics (the piston
problem). The mathematical model of the problem is reduced to finding the functions s(t),
ρi(t), ui(x, t) (i = 1, 2) under the following conditions:

∂ρ1
∂t

+ u1
∂ρ2
∂t

+ ρ1
∂u1
∂x

= 0,
∂u1
∂t

+ u1
∂u1
∂x

+
1

ρ1

∂u2
∂x

= 0, −∞ < x < s(t),

∂u2
∂t

+ u2
∂u2
∂x

+
1

ρ2

∂Aρ2
∂x

= 0,
∂ρ2
∂t

+ u2
∂ρ2
∂x

+ ρ2
∂u2
∂x

= 0, s(t) < x <∞,

ρ1(x, 0) = f1(x), u1(x, 0) = g1(x), x ∈ (−∞, 0],

ρ2(x, 0) = f2(x), u2(x, 0) = g2(x), x ∈ [0,∞),

u1(s(t), t) = u2(s(t), t) = s′(t), t ⩾ 0, s(0) = 0, s′(0) = b,

s′′(t) = Aρ1(s(t), t)− Aρ2(s(t), t), t > 0, (1)
where s(t) is the position of the piston at time t; conditions (1) are Newton law for the piston
motion. For the linearized problem, the existence of a global solution is established by the
method of successive approximations and its regularity is investigated.

The problems with unknown boundaries for hyperbolic systems of first-order equations, as
well as some problems for hyperbolic equations of the second order were considered in [26–28].
The papers [17, 18] generalize results of [26–28] for the cases of single-phase, two-phase and
multiphase problems with unknown boundaries. Some modification of two-phase problems
with unknown boundaries in the case of degeneracy of the initial condition line to the point
were studied in [22]. More general results were obtained in [1,20] for the first order quasilinear
hyperbolic system of equations on a line.

A one-sided Goursat-type problem for a wave equation in a flat domain {(x, t) : t > 0,
0 < x < s(t), s(0) = 0} with an unknown boundary s(t) and local integral conditions at
x = 0 is studied in [32]. The study of the piston problem is devoted to the papers by [4,13].
Thus, the piston problem [4] is studied when the self-consistent motion of a gas and a piston
in a one-dimensional channel under the action of external forces is described. In [13], the
authors consider a single-phase free boundary value problem for a hyperbolic system of the
first-order equations that arises when describing the motion of a piston under the action of
a compressible fluid in a tube. In [24], there was considered a problem of the motion of a
string oscillating when it hits a wall of arbitrary shape and an arbitrary external force acts
on the string.

Some theoretical issues of hyperbolic Stefan problems have been studied in the papers
of [14, 16, 41]. It is known that in many real-world environments, heat spreading is more
accurately described by a hyperbolic equation than by the classical heat conduction equation.
Thus, it is natural to formulate the Stefan problem for the hyperbolic equation ([3, 7, 8, 11,
29, 33, 35, 37, 38]). The hyperbolic model of heat transfer ([7]) arises from the mathematical
description of heat spreading in a medium that has the relaxation property τqt + q = −kTx
(where q is the heat flux, T is the temperature) instead of the usual Fourier law q = −kTx.
In [8], there was studied a similar one-phase hyperbolic Stefan problem in multidimensional
space for the telegraph equation τTtt + cTt − k∆T = 0. In [37, 38], there was consider a
nonlinear telegraph equation in a domain with a free unknown boundary. In [37], instead of
the classical Fourier’s law, an alternative model is proposed in which the flow reacts to the
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temperature gradient not instantaneously, but after a period of delay.
Recently, the interest in studying the properties of the system

∂E

∂t
+ divq = 0, τqt(t) + q(t) = −∇Θ(t) (2)

has increased significantly in problems describing a phase transition, where Θ is the tempe-
rature, E is the internal energy. In [5,30,35], formulations of problems with a phase transition
for the system (2) were proposed. In [12], it was proposed to consider the system (2) in
a generalized sense and thus only the strong discontinuity conditions (Rankine-Hugoniot
conditions [14]) are fulfilled at the phase transition boundary. In the article [11], the authors
considered the single-phase one-dimensional Stefan problem for the hyperbolic heat equation
τQtt + Qt − Qxx = 0. Other interesting formulations of hyperbolic Stefan problems are
proposed in [33,40]. Problems with unknown boundaries for quasilinear hyperbolic equations
and systems are discussed in [1, 2, 39].

In [39], the existence of a global classical solution for one class of problems with a free
boundary is investigated. Similar problems of the existence of a global solution to hyperbolic
Stefan problems under conditions of monotonicity and familiarity with the initial data are
considered in [1].

In the curved quadrilateral of the plane (x, y) for the system of quasilinear hyperbolic
equations of the form ∂xz + λ(x, y, z, V z)∂yz = f(x, y, z, V z), where z = (z1, . . . , zn), f =
(f1, . . . , fn) and V z = (V z)(x, y) is the operator function ([2]), the problem with an unknown
boundary dividing the domain into two parts is considered.

2. The hyperbolic Stefan problem with nonlocal boundary conditions for a system
of equations of arbitrary order.
2.1. Formulation of the problem. Let ΩT = {(x, t) ∈ R2 : 0 < t ⩽ T, a1(t) < x < a2(t),
ai(0) = a0i known constants, i = 1, 2, a01 < a02}, and the functions ai(t) are unknown in
advance. In ΩT , consider a matrix differential equation of order n ⩾ 1

Au ≡
n∑
i=0

Ai

(
x, t,

∂

∂x
,
∂

∂t

)
u = f(x, t), (3)

where Ai is a linear homogeneous differential operator

Ai

(
x, t,

∂

∂x
,
∂

∂t

)
u ≡

i∑
j=0

Aij(x, t)
∂iu

∂xj∂ti−j
,

which coefficients Aij are square matrices of orderm×m, and An0(x, t) ≡ Em, u = col(u1, . . . ,
um), f = col(f 1, . . . , fm).

The equation (3) is strictly hyperbolic in ΩT , that is, the roots λ of the equation
detAn(x, t, 1, λ) = 0 are real and different for all (x, t) ∈ ΩT . These roots −λ1(x, t), . . . ,
−λmn(x, t) will be called the characteristic roots of the equation (3). It is known [9] that if
λi ̸= λj at i ̸= j, then the set of eigenvectors corresponding to the eigenvalues can be divided
into n groups of m each so that each group forms a basis in Rm

(h11, . . . , h
m
1 ), (h

1
2, . . . , h

m
2 ), . . . , (h

1
n, . . . , h

m
n ).

In accordance with the numbering of the eigenvectors, we renumber the characteristic
roots (the vector hsi corresponds to the eigenvalue −λsi ).

Let the expressions ωs1i (t) ≡ λsi (a1(t), t)− a′1(t) and ωs2i (t) ≡ λsi (a2(t), t)− a′2(t) have no
zeros (i = 1, n, s = 1,m) at t = 0. By Is+l (Is−l ) we denote the set of indices i for which
ωsli (0) > 0 (ωsli (0) < 0), l = 1, 2. Moreover, I±l = {(i, s) : i ∈ Is±l , s = 1,m} (l = 1, 2).
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Consider the following problem: for some T1 > 0 find the vector function a(t) = (a1(t),
a2(t)) and in the corresponding domain ΩT1 a solution u(x, t) of the system (3) such that
the following conditions are satisfied

∂ius

∂ti
(x, 0) = gsi (x), x ∈ [a01, a

0
2], i = 0, n− 1, s = 1,m, (4)

m∑
s=1

n−1∑
i=0

i∑
j=0

{ 2∑
q=1

Bsj
qik(t)

∂ius

∂xj∂ti−j

∣∣∣
x=aq(t)

+

∫ a2(t)

a1(t)

Csj
ik (ξ, t)

∂ius(ξ, t)

∂ξj∂ti−j
dξ
}
= hk(t),

k = 1, N0, t ∈ [0, T1], (5)
m∑
s=1

n−1∑
i=0

∑i

j=0

∫ a2(t)

a1(t)

Csj
ik (ξ, t)

∂ius(ξ, t)

∂ξj∂ti−j
dξ = hk(t), k = N0 + 1, N, t ∈ [0, T1], (6)

a′′l (t) = Fl(t, a1(t), a2(t), a
′
1(t), a

′
2(t), u(a1(t), t), u(a2(t), t)),

al(0) = a0l , a′l(0) = α0
l , l = 1, 2, ∀t ∈ [0, T1], (7)

max
(i,s)∈I−l

λsi (al(t), t) < a′l(t) < min
(i,s)∈I+l

λsi (al(t), t), l = 1, 2, t ∈ [0, T1], (8)

where gsi (x), B
sj
qik(t), C

sj
ik (x, t), hk(t) and Fi are known functions, 0 ⩽ N0 ⩽ N , N is the

number of elements of I+1 ∪ I−2 .

2.2. Auxiliary transformations. Before defining the generalized solution of the problem
(3)–(8), we will perform its preliminary transformation under the assumption that u ∈
[Cn(ΩT )]

m and all equalities (3)–(6) are satisfied. Let us introduce the matrices Λi =
− diag(λ1i , . . . , λ

m
i ) (i = 1, n) and consider the block matrix

A(x, t) =

∥∥∥∥∥∥
An1(x, t) An2(x, t) . . . Ann−1(x, t) Ann(x, t)
−Em 0 . . . 0 0
0 0 . . . −Em 0

∥∥∥∥∥∥
Since det(A + λEmn) = detAn(x, t, 1, λ), −λsi (x, t) are the eigenvalues of the matrix A.

Thus, this matrix is similar to a diagonal matrix, and therefore there exists a matrix P (x, t)
such that P−1AP = diag(Λ1, . . . ,Λn). Let us multiply the left side of the obtained ratio and
write the result element by element. Then for each i = 1, n we get

n∑
k=1

n∑
l=1

P ikÃklPlr = Λiδir, r = 1, n,

where ∥Ãkl∥ni,k=1 = A, ∥Plr∥nl,r=1 = P , ∥P ik∥ni,k=1 = P−1, where P ik, Plr are square matrices
of order m, δir is the Kronecker symbol. Multiply this expression on the right by P rj and
summarize in r:
n∑
k=1

n∑
l=1

P ikÃkl

n∑
r=1

PlrP
rj =

n∑
r=1

ΛiδirP
rj,

n∑
k=1

n∑
l=1

P ikÃklδlj = ΛiP
ij, or

n∑
k=1

P ikÃkj = ΛiP
ij

j = 1, n, then P i1Anj − P i,j+1 = ΛiP
ij, j = 1, n− 1, P i1Ann = ΛiP

in. Hence we get
Anj = (P i1)−1P i,j+1 + (P i1)−1ΛiP

ij, j = 1, n− 1, Ann = (P i1)−1ΛiP
in. (9)

Let us introduce operators

Mi

(
x, t,

∂

∂x
,
∂

∂t

)
u ≡

n∑
j=1

P ij(x, t)
∂n−1u

∂tn−j∂xj−1
, i = 1, n, (10)

that form a basis in the space of linear homogeneous matrix differential operators of order
n− 1 and

∂n−1u

∂tn−i∂xi−1
=

n∑
j=1

PijMj

(
x, t,

∂

∂x
,
∂

∂t

)
u, i = 1, n. (11)
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Using the relations (9), we obtain a decomposition that is valid for each i = 1, n:

A
(
x, t,

∂

∂x
,
∂

∂t

)
u =

n∑
j=0

Anj(x, t)
∂nu

∂tn−j∂xj
= E

∂nu

∂tn
+

n−1∑
j=1

[
(P i1)−1P i,j+1 + (P i1)−1ΛiP

ij
]
×

× ∂nu

∂tn−j∂xj
+ (pi1)−1ΛiP

in∂
nu

∂xn
= E

∂nu

∂tn
+

n−1∑
j=1

(P i1)−1P i,j+1 ∂nu

∂tn−j∂xj
+

+
n∑
j=1

(P i1)−1ΛiP
ij ∂nu

∂tn−j∂xj
=

n−1∑
j=0

(P i1)−1P i,j+1 ∂nu

∂tn−j∂xj
+

n∑
j=1

(P i1)−1ΛiP
ij ∂nu

∂tn−j∂xj
=

= (P i1)−1
[
Em

∂

∂t

( n∑
j=1

P ij ∂n−1u

∂tn−j∂xj−1

)
+ Λi

( n∑
j=1

P ij ∂n−1u

∂tn−j∂xj−1

)
−

−Em
n∑
j=1

∂P ij

∂t

∂n−1u

∂tn−j∂xj−1
− Λi

n∑
j=1

∂P ij

∂t

∂n−1u

∂tn−j∂xj−1

]
,

and, given (11), we write the result

An

(
x, t,

∂

∂x
,
∂

∂t

)
u =

(
P i1
)−1
(
Em

∂

∂t
+ Λi

∂

∂x

)
Mi

(
x, t,

∂

∂x
,
∂

∂t

)
u−

−(P i1)−1
[
Em

n∑
j=1

∂P ij

∂t

∂n−1u

∂tn−j∂xj−1
+ Λi

n∑
j=1

∂P ij

∂t

∂n−1u

∂tn−j∂xj−1

]
, i = 1, n. (12)

Let us put

Vi(x, t) ≡Mi

(
x, t,

∂

∂x
,
∂

∂t

)
u(x, t), i = 1, n (13)

and denote by v1i , . . . , vmi , the components of the vector Vi. Then, by virtue of (11)–(13), the
system (3) can be rewritten in one of n equivalent forms

∂Vi
∂t

+ Λi
∂Vi
∂x

=
n∑
l=1

bil(x, t)Vl(x, t) + P i1

(
f(x, t)−

n−2∑
r=0

r∑
j=0

Arj(x, t)
∂ru

∂tr−j∂xj

)
, (14)

where i = 1, n, and bil(x, t) =
∑n

j=1[
∂P ij

∂t
+ Λi

∂P ij

∂x
− P i1An−1,j−1]Pjl(x, t).

We denote by P̌ sr
ij (x, t) (respectively P̌ ij

sr(x, t), s, r = 1,m) the elements of the matrix
Pij(x, t) (respectively P ij(x, t)) and for each r = 1,m we introduce the matrices

αr1(t) = ∥αr1kl∥ =

∥∥∥∥∥
n−1∑
j=0

m∑
s=1

Bsj
1,n−1,k(t)P̌

sr
j+1,l(a1(t), t)

∥∥∥∥∥ , k = 1, N0, l ∈ Ir+1 ,

αr2(t) = ∥αr2kl∥ =

∥∥∥∥∥
n−1∑
j=0

m∑
s=1

Bsj
2,n−1,k(t)P̌

sr
j+1,l(a2(t), t)

∥∥∥∥∥ , k = 1, N0, l ∈ Ir−2 ,

αr3(t) = ∥αr3kl∥ =

∥∥∥∥∥
n−1∑
j=0

m∑
s=1

Csj
n−1,k(a1(t), t)P̌

sr
j+1,l(a1(t), t)ω

r1
l (t)

∥∥∥∥∥ , k = N0 + 1, N, l ∈ Ir+1 ,

αr4(t) = ∥αr4kl∥ =

∥∥∥∥∥−
n−1∑
j=0

m∑
s=1

Csj
n−1,k(a2(t), t)P̌

sr
j+1,l(a2(t), t)ω

r2
l (t)

∥∥∥∥∥ , k = N0 + 1, N, l ∈ Ir−2 .

Let us construct a square matrix β(t) of order N

β(t) =

∥∥∥∥α11(t) . . . αm1(t) α12(t) . . . αm2(t)
α13(t) . . . αm3(t) α14(t) . . . αm4(t)

∥∥∥∥ .
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Let us assume that the condition

det β(t) ̸= 0, ∀t ∈ [0, T1] (15)
is fulfilled.

2.3. Existence and uniqueness theorem for the solution of the problem in the
case n > 2.

Theorem 1. Let n > 2 and

1) the equation (3) is strictly hyperbolic, the coefficients of the operator An in (3) are
continuously differentiable and the coefficients of the operators Ai (i < n), and the free
member f are continuous in UT1 = {(x, t) : x ∈ R, 0 ⩽ t ⩽ T1};

2) gsi ∈ Cn−i−1([a01, a
0
2]), i = 0, n− 1, s = 1,m;

3) Bsj
qik, hk ∈ C([0, T1]), Csjik ∈ C(UT1), i = 0, n− 1, j = 0, i, s = 1,m, q = 1, 2, k = 1, N0;

4) Csj
n−1,k ∈ C1(UT1), C

sj
ik ∈ C0,1(UT1), i = 0, n− 2, hk ∈ C1([0, T1]), k = N0 + 1, N ;

5) the functions Fi(t, x1, x2, y1, y2, z1, z2) are defined to be continuous in all arguments in
Π = [0, T1] × R2m+4 and satisfy the Lipschitz condition for all variables except t with
constant M ;

6) the conditions of agreement at the points (a01, 0) and (a02, 0):
m∑
s=1

n−1∑
i=0

i∑
j=0

{
2∑
q=1

Bsj
qik(0)

djgsi−j(a
0
q)

dxj
+

∫ a02

a01

Csjik (ξ, 0)
djgsi−j(ξ)

dξj
dξ

}
= hk(0), k = 1, N0;

m∑
s=1

n−1∑
i=0

i∑
j=0

∫ a02

a01

Csjik (ξ, 0)
djgsi−j(ξ)

dξj
dξ = hk(0), k = N0 + 1, N

are fulfilled, that ensure the fulfillment of the ratio a′′i (0) = Fi(0, a
0, α0, g0(a

0)), i = 1, 2,
where a0 = (a01, a

0
2), α0 = (α0

1, α
0
2);

7) (15) are fulfilled.

Then there exists a ε ∈ (0, T1] such that the problem (3)–(8) has a unique generalized solution
in Ωε defined for all t ∈ [0, ε] (the detailed definition of the solution see below on p.154).

Proof. Let [C1[0, T1]]
2 be the space of continuously differentiable vector functions a(t) (0 ≤

t ≤ T1). In [C1[0, T1]]
2 we enter the set

Qh
T1

= {a(t) = (a1(t), a2(t)) : a ∈ [C2[0, T1]]
2, |ai(t)− a0i | ⩽ T1(α

0
i + 1), |a′i(t)− α0

i | ⩽ h,

0 ⩽ t ⩽ T1, i = 1, 2},
with metrics

ρ(a1(t), a2(t)) =
2∑
i=1

(
max
t

|a1i (t)− a2i (t)|+max
t

|a1′i (t)− a2
′

i (t)|
)
.

Let us assume that T1 and h are so small that for all a ∈ Qh
T1

conditions (8), (15) are
satisfied.

For each fixed vector function a ∈ Qh
T1

we have the problem (3)–(6), which solution
u(x, t) = U(x, t; a) is the value of some operator on a(t).

For convenience, we write the equalities (14) in the following form
∂vsi
∂t

+ λsi (x, t)
∂vsi
∂x

=
n∑
l=1

m∑
r=1

bsril (x, t)v
r
l (x, t)−
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−
n−2∑
l=0

l∑
j=0

m∑
r=1

γsrilj(x, t)
∂lur

∂tl−j∂xj
+

m∑
r=1

P̂ i1
sr (x, t)f

r(x, t), i = 1, n, s = 1,m, (16)

where γsrilj are the elements of the matrix (P i1 · Alj).
Let l : y = ψ(τ ;x, t) be a smooth curve connecting the point (x, t) ∈ ΩT1 with the interval

[a01, a
0
2], completely lies in ΩT1 , and ψ(t;x, t) = x, for example [23]

ψ(τ ;x, t) = a1(τ) +
a2(τ)− a1(τ)

a2(t)− a1(t)
(x− a1(t)), 0 ⩽ τ ⩽ t. (17)

Let us express all derivatives of the functions us(s = 1,m) up to and including the n−2-th
order in terms of vsj . To do this, in the obvious equality

∂ius

∂ti−j∂xj
=
∂ius(ψ(0;x, t), 0)

∂ti−j∂xj
+

∫ t

0

d

dτ

(
∂ius(ψ(τ ;x, t), τ)

∂ti−j∂xj

)
dτ, i = 0, n− 2, j = 0, i,

write the integral term using the formula for the derivative of a complex function. Then, for
each of the obtained (i+1)-order derivatives, we apply a similar transformation, and so on to
the (n−1)-order derivatives, which are expressed in terms of vsi using the formulas (11). After
that, using the standard permutation of the integration order, we will transform multiple
integrals into single integrals. As a result, we get the following image

∂ius

∂ti−j∂xj
=

n−2∑
r=1

r−i+j∑
l=j

dlgsr−l(ψ(0;x, t))

∂xl
δrlsij (x, t) +

∫ t

0

n∑
l=1

m∑
r=1

Qrls
ij (τ, x, t)v

r
l (ψ(τ ;x, t), τ)dτ,

i = 0, n− 2, j = 0, i, s = 1,m, (18)
where δrlsij , Qrls

ij are expressions composed of known smooth functions.
Substituting (18) into equation (16), we come to a system of integro-differential equations

of the Volterra type

∂vsi
∂t

+ λsi (x, t)
∂vsi
∂x

=
n∑
l=1

m∑
r=1

bsril (x, t)v
r
l (x, t) +

n∑
l=1

m∑
r=1

∫ t

0

Dsr
il (τ, x, t)v

r
l (ψ(τ ;x, t), τ)dτ+

+Es
i (x, t), i = 1, n, s = 1,m, (19)

where

Dsr
il (τ, x, t) = −

n−2∑
p=0

p∑
j=0

m∑
g=1

γsgipj(x, t)Q
lgr
pj (τ, x, t),

Es
i (x, t) =

m∑
r=1

P̂ il
sr(x, t)f

r(x, t)−
n−2∑
p=0

p∑
j=0

m∑
l=1

γslipj(x, t)
n−2∑
g=p

g−p+j∑
r=j

drglp−r(ψ(0;x, t))

dxr
δgrlpj (x, t).

Given (10), (13) and (18), we rewrite the initial conditions (4) and the boundary condi-
tions (5), (6) as follows

vsi (x, 0) =
n∑
j=1

m∑
r=1

P̂ ij
sr(x, 0)

dj−1grn−j(x)

dxj−1
= ψsi (x), i = 1, n, s = 1,m, (20)

n∑
l=1

m∑
r,s=1

{
2∑
q=1

(
n−1∑
j=0

Bsj
q,n−1,k(t)P̌

sr
j+1,l(x, t)v

r
l (x, t)+

+
n−2∑
i=0

i∑
j=0

Bsj
qik(t)

∫ t

0

Qrls
ij (τ, x, t)v

r
l (ψ(τ ;x, t), τ)dτ

)∣∣∣∣∣
x=aq(t)

+
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+
n−1∑
j=0

∫ a2(t)

a1(t)

Csj
n−1,k(ξ, t)P̌

sr
j+1,l(ξ, t)v

r
l (ξ, t)dξ+

+
n−2∑
i=0

i∑
j=0

∫ a2(t)

a1(t)

Csj
ik (ξ, t)

∫ t

0

Qrls
ij (τ, ξ, t)v

r
l (ψ(τ ; ξ, t), τ)dτdξ

}
= H1

k(t), k = 1, N0, (21)

n∑
l=1

m∑
r,s=1

{
n−1∑
j=0

∫ a2(t)

a1(t)

Csj
n−1,k(ξ, t)P̌

sr
j+1,l(ξ, t)v

r
l (ξ, t)dξ+

+
n−2∑
i=0

i∑
j=0

∫ a2(t)

a1(t)

Csj
ik (ξ, t)

∫ t

0

Qrls
ij (τ, ξ, t)v

r
l (ψ(τ ; ξ, t), τ)dτdξ

}
= H2

k(t), k = N0 + 1, N, (22)

where

H1
k(t) = hk(t)−

n−2∑
i=0

i∑
j=0

m∑
s=1

n−2∑
r=i

r−i+j∑
l=j

(
2∑
q=1

Bsj
qik(t)×

×
dlgsr−l(ψ(0;x, t))

dxl
δrlsij (x, t)

∣∣∣∣∣
x=aq(t)

+

∫ a2(t)

a1(t)

Csj
ik (ξ, t)

dlgsr−l(ψ(0; ξ, t))

dξl
δrlsij (ξ, t)dξ

)
,

H2
k(t) = hk(t)−

n−2∑
i=0

i∑
j=0

m∑
s=1

n−2∑
r=i

r−i+j∑
l=j

∫ a2(t)

a1(t)

Csj
ik (ξ, t)

dlgsr−l(ψ(0; ξ, t))

dξl
δrlsij (ξ, t)dξ.

For each s = 1,m we introduce the notation

µsi (t) = vsi (a1(t), t), i ∈ Is+1 , κsi (t) = vsi (a2(t), t), i ∈ Is−2 . (23)
Let x = φsi (t; ξ, τ) be the solution of the characteristic equation dx/dt = −λsi (x, t), with

initial conditions x(τ) = ξ, where (ξ, τ) ∈ ΩT1 . By Lsi (ξ, τ) we denote the corresponding
characteristic passing through the point (ξ, τ) and extended in the direction of decreasing t
until it intersects the boundary ΩT1 . Let tsi (ξ, τ) be the least-squares ordinate for points of
this characteristic. It is obvious that 0 ⩽ tsi (ξ, τ) ⩽ τ . Let’s take ε ∈ (0, T1] such that the
characteristics emitted from the corner points (a0i , 0) in the domain of Ωε do not intersect.
Then these characteristics divide Ωε into three subdomains:

Ωs0
i = {(ξ, τ) : tsi (ξ, τ) = 0}, Ωs1

i = {(ξ, τ) : tsi (ξ, τ) > 0, φsi (t
s
i (ξ, τ); ξ, τ) = a1(t

s
i (ξ, τ))},

Ωs2
i = {(ξ, τ) : tsi (ξ, τ) > 0, φsi (t

s
i (ξ, τ); ξ, τ) = a2(t

s
i (ξ, τ))}.

Any of the sets Ωs1
j or Ωs2

j can be empty.
Further, we will need the following derivatives ([19,23]):

∂φsi (τ ;x, t)

∂x
= exp

(
−
∫ t

τ

λs
′

ix(φ
s
i (σ;x, t), σ)dσ

)
,

∂φsi (τ ;x, t)

∂t
= λsi (x, t) exp

(
−
∫ t

τ

λs
′

ix(φ
s
i (σ;x, t), σ)dσ

)
,

∂tsi (x, t)

∂x
=

exp
(
−
∫ t
tsi (x,t)

λs
′
ix(φ

s
i (σ;x, t), σ)dσ

)
λsi (al(t

s
i (x, t)), t

s
i (x, t))− a′l(t

s
i (x, t))

,

∂tsi (x, t)

∂t
=
λsi (x, t) exp

(
−
∫ t
tsi (x,t)

λs
′
ix(φ

s
i (σ;x, t), σ)dσ

)
λsi (al(t

s
i (x, t)), t

s
i (x, t))− a′l(t

s
i (x, t))

, (24)

where l = 1 at (x, t) ∈ Ωs1
i , l = 2 at (x, t) ∈ Ωs2

i .
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Assuming that vsi ∈ C1(ΩT1), and integrating (19) along the characteristics ([21]), we
obtain the system of integro-functional equations

vsi (x, t) = W s
i (x, t) +

∫ t

tsi (x,t)

(
n∑
l=1

m∑
r=1

[
bsril (φ

s
i (τ ;x, t), τ)v

r
l (φ(τ ;x, t), τ)+

+

∫ τ

0

Dsr
il (η, φ

s
i (τ ;x, t), τ)v

r
l (ψ(η;φ

s
i (τ ;x, t), τ), η)dη

]
+ Es

i (φ
s
i (τ ;x, t), τ)

)
dτ,

i = 1, n, s = 1,m, (25)

W s
i (x, t) =


ψsi (φ

s
i (0;x, t)), at (x, t) ∈ Ωs0

i ;

µsi (t
s
i (x, t)), at (x, t) ∈ Ωs1

i ;

κsi (t
s
i (x, t)), at (x, t) ∈ Ωs2

i .

Definition. A solution of the problem (3)–(8) we call a set of functions ai ∈ C2([0, ε])
(i = 1, 2) and the generalized solution u in the domain Ωε of the problem (3)–(6), which
satisfy the conditions (7), (8). In turn, the generalized solution of the problem (3)–(6) is
the vector function u ∈ [Cn−2(Ωε)]

m, which, together with its derivatives up to n− 2 order
inclusive, is given as (18), where v is a continuous vector function satisfying for all (x, t) the
integro-functional equation (25) and the conditions (20)–(22).

In order for the functions vsj (x, t) to be continuous when moving from Ωs0
j to Ωs1

j and
Ωs2
j , it is necessary that for each s = 1,m the following conditions

µsj(0) = ψsj (a
0
1), j ∈ Is+1 , κsj(0) = ψsj (a

0
2), j ∈ Is−2 (26)

are satisfied. In the first and third members of the condition (21), we substitute the image
vrl (x, t) from (25):

H1
k(t) =

n∑
l=1

m∑
r,s=1

{
2∑
q=1

[
n−1∑
j=0

Bsj
q,n−1,k(t)P̌

sr
j+1,l(x, t)W

r
l (x, t)+

+
n−1∑
j=0

Bsj
q,n−1,k(t)P̌

sr
j+1,l(x, t)

∫ t

trl (x,t)

(
n∑
i=1

m∑
p=1

[
brpli (φ

r
l (τ ;x, t), τ)v

p
i (φ

r
l (τ ;x, t), τ)+

+

∫ τ

0

Drp
li (η, φ

r
l (τ ;x, t), τ)v

p
i (ψ(η;φ

r
l (τ ;x, t), τ), η)dη

]
+ Er

l (φ
r
l (τ ;x, t), τ)

)
dτ+

+
n−2∑
i=0

i∑
j=0

Bsj
qik(t)

∫ t

0

Qrls
ij (τ, x, t)v

r
l (a(τ), τ)dτ

]∣∣∣∣∣
x=aq(t)

+

+
n−1∑
j=0

∫ a2(t)

a1(t)

Csj
n−1,k(ξ, t)P̌

sr
j+1,l(ξ, t)W

r
l (ξ, t)dξ+

+
n−1∑
j=0

∫ a2(t)

a1(t)

Csj
n−1,k(ξ, t)P̌

sr
j+1,l(ξ, t)

∫ t

trl (ξ,t)

(
n∑
i=1

m∑
p=1

[
brpli (φ

r
l (τ ; ξ, t), τ)v

p
i (φ

r
l (τ ; ξ, t), τ)+

+

∫ τ

0

Drp
li (η, φ

r
l (η; ξ, t), τ)v

p
i (ψ(η;φ

r
l (τ ; ξ, t), τ)η)dη

]
+ Er

l (φ
r
l (τ ; ξ, t), τ)dτdξ+

+
n−2∑
i=0

i∑
j=0

∫ a2(t)

a1(t)

Csj
ik (ξ, t)

∫ t

0

Qrls
ij (τ, ξ, t)v

r
l (ψ(τ ; ξ, t), τ)dτdξ

)}
≡
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≡ I1 + I2 + I3 + I4 + I5 + I6, k = 1, N0. (27)
Given the matrices introduced in 2.2 and the fact that for each s = 1,m, tsl (a1(t), t) ≡ t

at l ∈ Is+1 , tsl (a2(t), t) ≡ t at l ∈ Is−2 , we obtain

I1 =
m∑

s,r=1

n−1∑
j=0

{ ∑
l∈Ir+1

Bsj
1,n−1,k(t)P̌

sr
j+1,l(a1(t), t)µ

r
l (t

r
l (a1(t), t))+

+
∑
l∈Ir−2

Bsj
2,n−1,k(t)P̌

sr
j+1,l(a2(t), t)κ

r
l (t

r
l (a2(t), t))+

+
∑
l∈Ir−1

Bsj
1,n−1,k(t)P̌

sr
j+1,l(a1(t), t)ψ

r
l (φ

r
l (0; a1(t), t))+

+
∑
l∈Ir+2

Bsj
2,n−1,k(t)P̌

sr
j+1,l(a2(t), t)ψ

r
l (φ

r
l (0; a2(t), t))

}
=

=
m∑
r=1

{ ∑
l∈Ir+1

αr1kl (t)µ
r
l (t) +

∑
l∈Ir−2

αr2kl (t)κ
r
l (t)

}
+

+
m∑

r,s=1

n−1∑
j=0

{ ∑
l∈Ir−1

Bsj
1,n−1,k(t)P̌

sr
j+1,l(a1(t), t)ψ

r
l (φ

r
l (0; a1(t), t))+

+
∑
l∈Ir+2

Bsj
2,n−1,k(t)P̌

sr
j+1,l(a2(t), t)ψ

r
l (φ

r
l (0; a2(t), t))

}
, k = 1, N0. (28)

Denote

Srl (φ
r
l (τ ;x, t), τ ; v) =

n∑
i=1

m∑
p=1

[
brpli (φ

r
l (τ ;x, t), τ)v

p
i (φ

r
l (τ ;x, t), τ)+

+

∫ τ

0

Drp
li (η, φ

r
l (τ ;x, t), τ)v

p
i (ψ(η;φ

r
l (τ ;x, t), τ), η)dη

]
+ Er

l (φ
r
l (τ ;x, t), τ).

Then

I2 =
m∑

s,r=1

n−1∑
j=0

{ ∑
l∈Ir−1

Bsj
1,n−1,k(t)P̌

sr
j+1,l(a1(t), t)

∫ t

trl (a1(t),t)

Srl (φ
r
l (τ ; a1(t), t), τ ; v)dτ+

+
∑
l∈Ir+2

Bsj
2,n−1,k(t)P̌

sr
j+1,l(a2(t), t)

∫ t

trl (a2(t),t)

Srl (φ
r
l (τ ; a2(t), t), τ ; v)dτ

}
, k = 1, N0, (29)

and I3, taking into account (23), (25) and the introduced notation, is rewritten as

I3 =
m∑

r,s=1

n−2∑
i=0

i∑
j=0

{ ∑
l∈Ir+1

Bsj
1ik(t)

∫ t

0

Qrls
ij (τ, a1(t), t)µ

r
l (τ)dτ+

+
∑
l∈Ir−2

Bsj
2ik(t)

∫ t

0

Qrls
ij (τ, a2(t), t)κ

r
l (τ)dτ +

∑
l∈Ir−1

Bsj
1ik(t)

∫ t

0

Qrls
ij (τ, a1(t), t)×

×
(
ψrl (φ

r
l (0; a1(t), t)) + Srl (φ

r
l (η; a1(τ), τ), η; v)

)
+

+
∑
l∈Ir+2

Bsj
2ik(t)

∫ t

0

Qrls
ij (τ, a2(t), t)

(
ψrl (φ

r
l (0; a2(t), t)) + Srl (φ

r
l (η; a2(τ), τ), η; v)

)
dτ

}
(30)



156 G. BEREGOVA, V. KYRYLYCH, O. MILCHENKO

for k = 1, N0. Let us write the expression I4 as follows

I4 =
m∑

s,r=1

n−1∑
j=0

{ ∑
l∈Ir+1 \Ir−2

[ φr
l (t;a

0
1,0)∫

a1(t)

Csj
n−1,k(ξ, t)P̌

sr
j+1,l(ξ, t)µ

r
l (t

r
l (ξ, t))dξ+

+

a2(t)∫
φr
l (t;a

0
1,0)

Csj
n−1,k(ξ, t)P̌

sr
j+1,l(ξ, t)ψ

r
l (φ

r
l (0; ξ, t))dξ

]
+

+
∑

l∈Ir+1 ∩Ir−2

[ φr
l (t;a

0
1,0)∫

a1(t)

Csj
n−1,k(ξ, t)P̌

sr
j+1,l(ξ, t)µ

r
l (t

r
l (ξ, t))dξ+

+

φr
l (t;a

0
2,0)∫

φr
l (t;a

0
1,0)

Csj
n−1,k(ξ, t)P̌

sr
j+1,l(ξ, t)ψ

r
l (φ

r
l (0; ξ, t))dξ +

a2(t)∫
φr
l (t;a

0
2,0)

Csj
n−1,k(ξ, t)P̌

sr
j+1,l(ξ, t)κ

r
l (t

r
l (ξ, t))dξ

]
+

+
∑

l∈Ir−2 \Ir+1

[φr
l (t;a

0
2,0)∫

a1(t)

Csj
n−1,k(ξ, t)P̌

sr
j+1,l(ξ, t)ψ

r
l (φ

r
l (0; ξ, t))dξ +

a2(t)∫
φr
l (t;a

0
2,0)

Csj
n−1,k(ξ, t)P̌

sr
j+1,l(ξ, t)ν

r
l (t

r
l (ξ, t))dξ

]}
.

In those terms that contain the unknown functions µrl and κrl , we replace τ = trl (ξ, t),
and leave the rest of the terms unchanged.

Since ∂trl
∂ξ

̸= 0 is in Ω
r1

l , we can express ξ from the relation τ = trl (ξ, t) based on the

implicit function theorem in Ω
r1

l . Let us denote the resulting function by ξ = ρr1t (τ, t);
by the same theorem, it is continuously differentiable and defined at 0 ⩽ τ < ∞, with
(ρr1l (τ, t) ∈ Ω

r1

l ). Similarly, in Ω
r2

l , we can solve the equation τ = trl (ξ, t) with respect to ξ,
which will give a continuously differentiable function ξ = ρr2l (τ, t) defined at 0 ⩽ τ < ∞,
with (ρr2l (τ, t), t) ∈ Ω

r2

l .
Using the introduced functions ρr1l , ρr2l and considering that trl (φrl (t; a01, 0), t) ≡ 0 for

l ∈ Ir+1 , trl (φrl (t; a02, 0), t) ≡ 0 for l ∈ Ir−2 , we obtain

I4 =
m∑

r,s=1

n−1∑
j=0

{
−
∑
l∈Ir+1

∫ t

0

Csj
n−1,k(ρ

r1
l (τ, t), t)P̌

sr
j+1,l(ρ

r1
l (τ, t), t)

∂ρr1l (τ, t)

∂τ
µrl (τ)dτ+

+
∑
l∈Ir−2

∫ t

0

Csj
n−1,k(ρ

r2
l (τ, t), t)P̌

sr
j+1,l(ρ

r2
l (τ, t), t)

∂ρr2l (τ, t)

∂τ
κrl (τ)dτ

}
+Ψ(t), k = 1, N0, (31)

where Ψ(t) is an expression that contains the known smooth functions Csj
n−1,k, P̌

sr
j+1,l and ψrl .

In I5 we change the order of integration

I5 =
m∑

s,r=1

n−1∑
j=0

{ ∑
l∈Ir+1 \Ir−2

∫ t

0

dτ

∫ a2(t)

φr
l (t;a1(τ),τ)

Csj
n−1,k(ξ, t)P̌

sr
j+1,l(ξ, t)S

r
l (φ

r
l (τ ; ξ, t), τ ; v)dξ+

+
∑

l∈Ir+1 ∩Ir−2

∫ t

0

dτ

∫ φr
l (t;a2(τ),τ)

φr
l (t;a1(τ),τ)

Csj
n−1,k(ξ, t)P̌

sr
j+1,l(ξ, t)S

r
l (φ

r
l (τ ; ξ, t), τ, v)dξ+

+
∑

l∈Ir−2 \Ir+1

∫ t

0

dτ

∫ φr
l (t;a2(τ),τ)

a1(t)

Csj
n−1,k(ξ, t)P̌

sr
j+1,l(ξ, t)S

r
l (φ

r
l (τ lξ, t), τ ; v)dξ

}
,
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and replace the variables y = φrl (τ ; ξ, t), given that ξ = φrl (t; y, τ) and there is

φrl (τ ;φ
r
l (t; a1(τ), τ), t) = a1(τ)l ∈ Ir+1 , φrl (τ ;φ

r
l (t; a2(τ), τ), t) = a2(τ)l ∈ Ir−2 , r = 1,m.

As a result, we get

I5 =
m∑

r,s=1

n−1∑
j=0

{ ∑
l∈Ir+1 \Ir−2

∫ t

0

dτ

∫ φr
l (τ ;a2(t),t)

a1(τ)

Csj
n−1,k(φ

r
l (t; y, τ), t)×

×P̌ sr
j+1,l(φ

r
l (t; y, τ), t)S

r
l (y, τ ; v)

∂φrl (t; t, τ)

∂y
dy+

+
∑

l∈Ir+1 ∩Ir−2

∫ t

0

dτ

∫ a2(τ)

a1(τ)

Csj
n−1,k(φ

r
l (t; y, τ), t)P̌

sr
j+1,l(φ

r
l (t; y, τ), t)×

×Srl (y, τ ; v)
∂φrl (t; y, τ)

∂y
dy+

+
∑

l∈Ir−2 \Ir+1

∫ t

0

dτ

∫ a2(τ)

φr
l (τ ;a1(t),t)

Csj
n−1,k(φ

r
l (t; y, τ), t)P̌

sr
j+1(φ

r
l (t; y, τ), t)×

×Srlr(y, τ ; v)
∂φrl (t; y, τ)

∂y
dy

}
, k = 1, N0. (32)

In I6, we change the order of integration and replace the variables ψ(τ ; ξ, t) = y, given
that ξ = ψ(t; y, τ). As a result, we get for k = 1, N0

I6 =
m∑

r,s=1

n∑
l=1

n−2∑
i=0

i∑
j=0

t∫
0

dτ

a2(τ)∫
a1(τ)

Csj
ik (ψ(t;u, τ), t)Q

rls
ij (τ, ψ(t; y, τ), t)v

r
l (e, τ)

∂ψ(t; y, τ)

∂y
dy. (33)

To find ∂ρril (τ,t)

∂τ
(l = 1, n, r = 1,m, i = 1, 2), we use the fact that

at ξ = ρr1l (τ, t) φrl (τ ; ρ
r1
l (τ, t), t) = a1(τ), l ∈ Ir+1 ,

at ξ = ρr2l (τ, t) φrl (τ ; ρ
r2
l (τ, t), t) = a2(τ), l ∈ Ir−2 .

Differentiating these identities in terms of τ , we obtain
∂φrl (τ ; ρ

ri
l (τ, t), t)

∂τ
+
∂φrl (τ ; ρ

ri
l (τ, t), t)

∂ξ

∂ρril (τ, t)

∂τ
= a′i(τ),

where i = 1, for l ∈ Ir+1 , i = 2, for l ∈ Ir−2 . Hence, taking into account (24), we have
∂ρril (τ, t)

∂τ
= −(λrl (ai(τ), τ)− a′i(τ)) exp

(∫ t

τ

λrlx
′(φrl (σ; ρ

ri
l (τ, t), τ), σ)dσ

)
.

For each r = 1,m we denote

Rrq
kl (τ, t) =

m∑
s=1

n−1∑
j=0

Csj
n−1,k(ρ

rq
l (τ, t), t)P̌

sr
j+1,l(ρ

rq
l (τ ; t), t)×

×(λrl (aq(τ), τ)− a′q(τ)) exp

(∫ t

τ

λrlx
′(φrl (σ; ρ

rq
l (τ, t), τ), σ)dσ

)
,

Γrkl(y, τ, t) =
m∑
s=1

n−1∑
j=0

Csj
n−1,k(φ

r
l (t; y, τ), t)P̌

sr
j+1,l(φ

r
l (t; y, τ), t)×

× exp

(
−
∫ t

τ

λrlx
′(φrl (σ; y, τ), σ)dσ

)
, l = 1, n, k = 1, N,



158 G. BEREGOVA, V. KYRYLYCH, O. MILCHENKO

Lrqkl (τ, t) =
m∑
s=1

n−2∑
i=0

i∑
j=0

Bsj
qik(t)Q

rls
ij (τ, aq(t), t), k = 1, N0, q = 1 at l ∈ Ir+1 , q = 2 at l ∈ Ir+2 .

(34)

Then the condition (27), taking into account (28)–(33) and the introduced notation (34),
will be rewritten as follows

m∑
r=1

∑
l∈Ir+1

αr1kl (t)µ
r
l (t) +

∑
l∈Ir−2

αr2kl (t)κ
r
l (t)

 =

=
m∑
r=1

{
−
∑
l∈Ir+1

∫ t

0

[
Rr1
kl (τ, t) + Lr1kl (τ, t)

]
µrl (τ)dτ +

∑
l∈Ir−2

∫ t

0

[
Rr2
kl (τ, t)− Lr2kl (τ, t)

]
κrl (τ)dτ−

−
m∑
s=1

{ ∑
l∈Ir−1

(
n−1∑
j=0

Bsj
1,n−1,k(t)P̌

sr
j+1,l(a1(t), t)

∫ t

trl (a1(t),t)

Srl (φ
r
l (τ ; a1(t), t), τ ; v)dτ+

+
n−2∑
i=0

i∑
j=0

Bsj
1ik(t)

∫ t

0

Qrls
ij (τ, a1(t), t)v

r
l (a1(τ), τ)dτ

)
+

+
∑
l∈Ir+2

(
n−1∑
j=0

Bsj
2,n−1,k(t)P̌

sr
j+1,l(a2(t), t)

∫ t

trl (a2(t),t)

Srl (φ
r
l (τ ; a2(t), t), τ ; v)dτ+

+
n−2∑
i=0

i∑
j=0

Bsj
2ik(t)

∫ t

0

Qrls
ij (τ, a2(t), t)v

r
l (a2(τ), τ)dτ

)
+

+
n∑
l=1

n−2∑
i=0

i∑
j=0

t∫
0

dτ

a2(τ)∫
a1(tτ)

Csj
ik (ψ(t; y, τ), t)Q

rls
ij (τ, ψ(t; y, τ), t)

a2(t)− a1(t)

a2(τ)− a1(τ)
vrl (y, τ)dy

}
−

−
∑

l∈Ir+1 \Ir−2

∫ t

0

dτ

φr
l (τ ;a2(t),t)∫
a1(τ)

Γrkl(y, τ, t)S
r
l (y, τ ; v)dy−

−
∑

l∈Ir+1 ∩Ir−2

∫ t

0

dτ

a2(τ)∫
a1(τ)

Γrkl(y, τ, t)S
r
l (y, τ ; v)dy −

∑
l∈Ir−2 \Ir+1

t∫
0

dτ

a2(τ)∫
φr
l (τ ;a1(t),t)

Γrkl(y, τ, t)S
r
l (y, τ ; v)dy−

−
m∑
s=1

n−1∑
j=0

{ ∑
l∈Ir−1

Bsj
1,n−1,k(t)P̌

sr
j+1,l(a1(t), t)ψ

r
l (φ

r
l (0; a1(t), t))+

+
∑
l∈Ir+2

Bsj
2,n−1,k(t)P̌

sr
j+1,l(a2(t), t)ψ

r
l (φ

r
l (0; a2(t), t))

}}
−Ψ(t) +H1

k(t), k = 1, N0. (35)

Let us transform the condition (22) in a similar way. As a result, we get

m∑
r=1

∑
l∈Ir+1

t∫
0

Rr1
kl (τ, t)µ

r
l (τ)dτ −

∑
l∈Ir−2

t∫
0

Rr2
kl (τ, t)κ

r
l (τ)dτ

 =
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=−
m∑
r=1

{
m∑
s=1

n∑
l=1

n−2∑
i=0

i∑
j=0

t∫
0

dτ

a2(τ)∫
a1(τ)

Csj
ik (ψ(t; y, τ), t)Q

rls
ij (τ, ψ(t; y, τ), t)

a2(t)− a1(t)

a2(τ)− a1(τ)
vrl (y, τ)dy+

+
∑

l∈Ir+1 \Ir−2

t∫
0

dτ

φr
l (τ ;a2(t),t)∫
a1(τ)

Γrkl(y, τ, t)S
r
l (y, τ ; v)dy +

∑
l∈Ir+1 ∩Ir−2

t∫
0

dτ

a2(τ)∫
a1(τ)

Γrkl(y, τ, t)S
r
l (y, τ ; v)dy+

+
∑

l∈Ir−2 \Ir+1

t∫
0

dτ

a2(τ)∫
φr
l (τ ;a1(t),t)

Γrkl(y, τ, t)S
r
l (y, τ ; v)dy

}
−Ψ(t) +H2

k(t), k = N0 + 1, N. (36)

Equations (35) are the second kind Volterra equations, and equations (36) are of the
first kind with respect to the functions µrl (t) and κrl (t). To reduce the equations (36) to the
second kind Volterra type equations, we consider that

Rr1
kl (t, t) =

n−1∑
j=0

Csj
n−1,k(a1(t), t)P̌

sr
j+1,l(a1(t), t)ω

r1
l (t) = αr3kl (t) k = N0 + 1, N, l ∈ Ir+1 ,

Rr2
kl (t, t) =

n−1∑
j=0

Csj
n−1,k(a2(t), t)P̌

sr
j+1,l(a2(t), t)ω

r2
l (t) = αr4kl (t) k = N0 + 1, N, l ∈ Ir−2 ,

and differentiate (36) in t. Then we get
m∑
r=1

∑
l∈Ir+1

αr3kl (t)µ
r
l (t) +

∑
l∈Ir−2

αr4kl (t)κ
r
l (t)

 =
m∑
r=1

{
−
∑
l∈Ir+1

∫ t

0

(Rr1
kl (τ, t))

′
tµ
r
l (τ)dτ+

+
∑
l∈Ir−2

∫ t

0

(Rr2
kl (τ, t))

′
tκ
r
l (τ)dτ ++

n∑
l=1

Gr
kl(S

r
l (ξ, τ, v), τ, t)

}
, k = N0 + 1, N, (37)

where

Gr
kl(S

r
l (ξ, τ, v), τ, t) = (H2

k(t))
′
t −Ψ′(t)− d

dt

{∫ t

0

(∫ χr
l (τ,t)

γrl (τ,t)

Γrkl(y, τ, t)S
r
l (y, τ ; v)dy+

m∑
s=1

n−2∑
i=0

i∑
j=0

∫ a2(τ)

a1(τ)

Csj
ik (ψ(t; y, τ), t)Q

rls
ij (τ, ψ(t; y, τ), t)

a2(t)− a1(t)

a2(τ)− a1(τ)
vrl (y, τ)dy

)
dτ

}
,

γrl (τ, t) =

{
a1(τ), at l ∈ Ir+1 ,

φrl (τ ; a1(t), t), at l ∈ Ir−2 \Ir+1 ,
χrl (τ, t) =

{
φrl (τ ; a2(t), t), at l ∈ Ir+1 \Ir−2 ,

a2(τ), at l ∈ Ir−2 .

Inequalities (35), (37) form a system of linear integro-functional equations of the Volterra
type with respect to µrl (t) and κrl (t), and the coefficient matrix for these functions in the
left-hand sides of the equations coincides with β(t).

Let us write the system (35), (37) in the operator form

βσ(t)− (Kσ)(t) + (Lv)(t) + H̃(t), (38)
where σ(t) is a column vector consisting of µrl (t) at l ∈ Ir+1 and κrl (t) at l ∈ Ir−2 , r = 1,m,
respectively; K is a matrix linear integral operator of the Volterra type, the elements of
which, for each r = 1,m, are a linear combination of integrals of the form∫ t

0

[
−Rr1

kl (τ, t)− Lr1kl (τ, t)
]
µrl (τ)dτ, l ∈ Ir+1 , k = 1, N0,
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0

[
−Rr2

kl (τ, t)− Lr2kl (τ, t)
]
κrl (τ)dτ, l ∈ Ir−2 , k = 1, N0,∫ t

0

(
Rr1
kl (τ, t)

)′
t
µrl (τ)dτ, l ∈ Ir+1 , k = N0 + 1, N,∫ t

0

(
Rr2
kl (τ, t)

)′
t
κrl (τ)dτ, l ∈ Ir−2 , k = N0 + 1, N

with the known continuous kernels Rri
kl and (Rri

kl(τ, t))
′
t; L is a matrix linear integral operator

of Volterra type, which elements have continuous kernels acting on the vector function v
with components vrj ; H̃(t) is a column of height N with elements containing the functions
hk(t), h′k(t).

Based on the condition (15), we rewrite (38) in the form

σ(t) = β−1(Kσ + Lv + H̃)(t), or
([
I − β−1K

]
σ
)
(t) = β−1(Lv + H̃)(t). (39)

Since K is an integral operator of the Volterra type, which norm is arbitrarily small for
a sufficiently small ε > 0, we can proceed to the equation

σ(t) = [B(Lv + H̃)](t), (40)
where B = (I − β−1K)−1β−1.

On the other hand, the equation (25) in the operator form will be

v(x, t) = (Q̃σ)(x, t) + (L̃v)(x, t) + F̃ (x, t), (41)

where Q̃ is the shift operator, which operates according to the formulas
(Q̃µrl )(x, t) = µrl (t

r
l (x, t)), l ∈ Ir+1 , (Q̃κrl )(x, t) = κrl (t

r
l (x, t)), l ∈ Ir−2 , r = 1,m;

L̃ is a matrix linear integral operator of Volterra type with a continuous kernel. The operator
Q̃ is uniquely defined and for a continuous vector function σ(t) its action Q̃σ(t) is also a
continuous vector function if and only if the consistency conditions (36) are satisfied. It
follows from condition 6) that the functions µrl (t) and κrl (t) given by (40) satisfy the condition
(26) for any v.

Substituting (40) into (41), we arrive at the relation

([I − Q̃BL− L̃]v)(x, t) = (Q̃BH̃ + F̃ )(x, t). (42)
Thus, the problem (20)–(22), (25) is equivalent to the system of equations (42), in which

σ is absent.
Since L and L̃ are integral operators of the Volterra type, (42) can be rewritten as

v(x, t) =
(
I − Q̃BL− L̃

)−1 [
Q̃BH̃ + F̃

]
(x, t). (43)

Thus, we have found the only continuous vector function v that satisfies the integro-
functional equation (25) for all (x, t). Therefore, taking into account (18), we obtain the
image of a single generalized solution of the problem (3)–(6) for each function a ∈ Qh

ε . It
remains only to choose the one for which the conditions (7), (8) are fulfilled from the whole
set of admissible vector functions a(t). Each function a ∈ Qh

ε corresponds to a generalized
solution in Ωε = Ωε,a of the corresponding problem (3)–(6). We denote this solution by
U(x, t; a(t)) (its value at fixed x, t is a function of a(t)).

For each r = 1,m, the dependence U r(a(t), t; a) in the metric of uniform deviation from
a as an element of [C1[0, ε]]

2 satisfies the Lipschitz condition: ∃Lu ⩾ 0, ∀a1, a2 ∈ Qh
ε :

max
0⩽t⩽ε

∣∣U r(a1(t), t; a1)−U r(a2(t), t; a2)
∣∣⩽Lu[max

0⩽t⩽
|a1(t)−a2(t)|+max

0⩽t⩽ε
|a1′(t)−a2′(t)|

]
. (44)
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In order to verify the relation (44), we note that from (18) and (43) we can obtain a priori
estimates for the solution and its derivatives ∂ur

∂t
, ∂ur
∂t

by the given functions. Hence, it follows
that

|U r(x, t; a)| ⩽ U0,
∣∣U r

x
′(x, t; a)

∣∣ ⩽ U1,
∣∣U r

t
′(x, t; a)

∣∣ ⩽ U2

(Uj ≡ const, r = 1,m, (x, t) ∈ Ωε, a ∈ Qh
ε ).

Therefore, on the lines x = ai(t) (i = 1, 2), the dependence of the solution of (3)–(6) on
the functional parameter a satisfies the Lipschitz condition, whence (44) follows.

Since Fi is continuous in Π, it is bounded in any closed subdomain (e.g., for a ∈ Qh
ε ,

|U r(x, t; a)| ⩽ U0), i.e., ∃Φ > 0: |Fi(t, x, y, z)| ⩽ Φ. Let’s choose ε ∈ (0;T1] so small that the
following conditions are satisfied

1) ε < min
{
h
Φ
, 2
Φ

}
;

2) M(ε2/2 + ε)max{1, Lu} < 1.

Consider on Qh
ε the operator Ãa = {Ã1a, Ã2a}, which is given by the system of equations

(Ãia)(t) = a0i + α0
i t+

∫ t

0

dτ

∫ τ

0

Fi(η, ai(η), a
′
i(η), U(ai(η), η; ai(η)))dη, t ∈ [0, ε].

The operator Ã maps Qh
ε into itself and in the metric of the space [C1[0, ε]]

2 is a compres-
sion. Indeed, let a ∈ Qh

ε , t ∈ [0, ε]. Then

|(Ãia)(t)− a0i | ⩽

⩽

∣∣∣∣α0
i t+

∫ t

0

dτ

∫ τ

0

Fi(η, ai(η), a
′
i(η), U(ai(η), η; ai(η)))dη

∣∣∣∣ ⩽ α0
i ε+ Φε2/2 ⩽ ε(α0

i + 1),

|(Ãia)′(t)− α0
i | ⩽

∣∣∣∣∫ t

0

Fi(τ, ai(τ), a
′
i(τ), U(ai(τ), τ ; ai(τ)))dτ

∣∣∣∣ ⩽ Φε ⩽ h,

and therefore ÃQh
ε ⊂ Qh

ε . In addition, (F = (F1, F2))

ρ(Ãa1, Ãa2) ⩽ max
t

∣∣∣∣∣
t∫

0

dτ

τ∫
0

∣∣∣∣∣F (η, a1(η), a1′(η), U(a1(η), η; a1(η)))−
−F (η, a2(η), a2′(η), U(a2(η), η; a2(η)))

∣∣∣∣∣dη
∣∣∣∣∣+

+max
t

∣∣∣∣∣∣
t∫

0

∣∣∣F (τ, a1(τ), a1′(τ), U(a1(τ), τ ; a1(τ)))−F (τ, a2(τ), a2′(τ), U(a2(τ), τ ; a2(τ)))∣∣∣ dτ
∣∣∣∣∣∣ ⩽

⩽M(ε2/2 + ε) max
0⩽t⩽ε

max{|a1(t)− a2(t)|; |a1′(t)− a2
′
(t)|; |U(a1(t), t; a1)− U(a2(t), t; a2)|} ⩽

⩽M(ε2/2 + ε)max{1, Lu}ρ(a1, a2).
Since M(ε2/2+ ε)max{1, Lu} < 1, Ã is a compression operator. Therefore, the existence

and uniqueness of the fixed point of the operator, i.e., the desired solution, which can be
found by iteration, follows from the principle of compressive mappings.

3. Hyperbolic Stefan problems for a semilinear system of first order equations in
a curved sector. In Gt := {(x, t) : t ∈ R+, a1(t) < x < a2(t), a1(0) = a2(0) = 0}, where the
functions al ∈ C1(R+), l = 1, 2 are unknown in advance, consider the system of equations

∂ui
∂t

+ λi(x, t)
∂ui
∂x

= fi(x, t;u), i = 1, n, (45)
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where u = col(u1, . . . , un). The conditions on the unknown boundaries are given in the form

a′l(t) =
2∑
r=1

n∑
i=1

∫ t

0

γril(a(τ), τ)ui(ar(τ), τ)dτ + hl(a(t), t), l = 1, 2, (46)

where γril(a(t), t) = γril(a1(t), a2(t), t), hl(a(t), t) = hl(a1(t), a2(t), t) are known functions, and
h1(0, 0) ̸= h2(0, 0).

Let us assume that the following conditions are fulfilled

λi(0, 0)− hl(0, 0) > 0, i = 1, p, λi(0, 0)− hl(0, 0) < 0, i = p+ 1, n, (47)
i.e., none of the characteristics coming from the point (0, 0) falls into the Gt.

Consider the following problem: for some T > 0, find the functions a1, a2 ∈ C1([0, T ]) and
in the domain GT : = {(x, t) : t ∈ [0, T ], a1(t) < x < a2(t), a1(0) = a2(0) = 0} the solution
ui ∈ C1(GT ) (i = 1, n) of system (45) such that for all t ∈ [0, T ] conditions (46) and the
boundary conditions

n∑
i=1

∫ a2(t)

a1(t)

αki(y, t)ui(y, t)dy = Hk(t), k = 1, n (48)

are satisfied, where αki(y, t), Hk(t) are given functions, and Hk(0) = 0.
For each l = 1, 2 we introduce the matrices αl(t) = [αlkj(t)]

n
k,j=1, where

αlkj(t) = αkj(al(t), t), k = 1, n, j = 1, p; αlkj(t) = αkj(a3−l(t), t), k = 1, n, j = p+ 1, n.
It is assumed that

detα1(0) ̸= 0. (49)
Let us differentiate (48) with respect to t and set t = 0. Then, taking into account (46),

we obtain
n∑
i=1

αki(0, 0)(h2(0, 0)− h1(0, 0))ui(0, 0) = H ′
k(0), k = 1, n. (50)

Since the condition (49) is satisfied, the system (50) has a unique solution ui(0, 0).

Definition 1. The solution of the problem (45)–(48) is the set of functions a1, a2 ∈ C1([0, T ])
and the classical solution u(x, t) in the domain GT of the problem (45), (48) that satisfy the
condition (46) for all t ∈ [0, T ].

Theorem 2. Let the following conditions be fulfilled:

1) the system (45) is hyperbolic, i.e., for some T > 0, the functions λi(x, t) are real-valued,
and λi ∈ C2(R× [0, T ]) satisfy (47);

2) the functions fi ∈ C1(R× [0, T ]× Rn), f ′
ix and f ′

iu satisfy the Lipschitz condition with
respect to u;

3) αki ∈ C2(R× [0, T ]), Hk ∈ C2([0, T ]), Hk(0) = 0;

4) the functions γril ∈ C(R2 × [0, T ]), hl ∈ C1(R2 × [T ]), where h1(0, 0) ̸= h2(0, 0) and
satisfy the Lipschitz condition by the first variable with constant Lγ, Lh, respectively;

5) the condition (49) is fulfilled.

Then there exists a ε ∈ (0, T ] such that the problem (45)–(48) has a unique solution in Gε,
defined for all t ∈ [0, ε].
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Proof. Let [C[0, T ]]2 be the space of vector functions continuous on [0, T ]. In [C[0, T ]]2 we
introduce a set

QT := {a(t) = (a1(t), a2(t)) : a ∈ [C1[0, T ]]2, |al(t)| ⩽ T (1 +H), 0 ⩽ t ⩽ T, l = 1, 2},
(where H is some constant that constrains the continuous functions hl(a(t), t)), with the
metric

ρ(a1(t), a2(t)) =
2∑
l=1

max
t

|a1l (t)− a2l (t)|.

For each fixed vector function a ∈ QT , we have the problem (45)–(48).
Let us introduce the following auxiliary functions

ui(a1(t), t) = µi(t), i = 1, p; ui(a2(t), t) = µi(t), i = p+ 1, n. (51)
Let φi(τ ;x, t) be the solution of the Cauchy problem dξ/dτ = λi(ξ, τ), ξ(t) = x. It follows

from the continuity of λi, al and the conditions (46)–(47) that it is always possible to choose
ε0 ∈ (0, T ] such that at t ∈ [0, ε0] the following holds

λi(al(t), t)− al(t) > 0, i = 1, p, λi(al(t), t)− al(t) < 0, i = p+ 1, n, l = 1, 2. (52)
Assuming that in the system (45) the functions ui(x, t) are continuously differentiable

and integrating (45) along the characteristics, we come to the system of integro-functional
equations

ui(x, t) = µi(ti(x, t)) +

∫ t

ti(x,t)

fi(φi(τ ;x, t), τ ;u)dτ, i = 1, n, (x, t) ∈ Gε0 , (53)

where ti(x, t) := min{τ : (φi(τ ;x, t), τ) ∈ Gε0}.
In (53), the functions µi are also unknown, which are found as follows. Let us substitute

(53) into (48):
p∑
i=1

∫ a2(t)

a1(t)

αki(x, t)µi(ti(x, t))dx+
n∑

i=p+1

∫ a2(t)

a1(t)

αki(x, t)µi(ti(x, t))dx+

+

p∑
i=1

∫ a2(t)

a1(t)

αki(x, t)

∫ t

ti(x,t)

fi(φi(τ ;x, t), τ ;u)dτdx+

+
n∑

i=p+1

∫ a2(t)

a1(t)

αki(x, t)

∫ t

ti(x,t)

fi(φi(τ ;x, t), τ ;u)dτdx = hk(t), k = 1, n,

and transform in single integrals the left-hand sides of the obtained equations from the
integration variable x to the variable τ by replacing τ = ti(x, t). In double integrals, we
change the order of integration and replace the variables y = φi(τ ;x, t). As a result, we get

−
p∑
i=1

∫ t

ti(a2(t),t)

αki(ρ
1
i (τ, t), t)

∂ρ1i (τ, t)

∂τ
µi(τ) +

p∑
i=p+1

∫ t

ti(a1(t),t)

αki(ρ
2
i (τ, t), t)

∂ρ2i (τ, t)

∂τ
µi(τ)dτ+

+

p∑
i=1

∫ t

ti(a2(t),t)

dτ

∫ φi(τ ;a2(t),t)

a1(τ)

αki(φi(t; y, τ), t)fi(y, τ ;u)
∂φi(t; y, τ)

∂y
dy+

+
n∑

i=p+1

∫ t

ti(a1),t

dτ

∫ a2(τ)

φi(τ ;a1(t),t)

αki(φ(t; y, τ), t)fi(y, τ ;u)
∂φi(t; y, τ)

∂y
dy = Hk(t), k = 1, n, (54)

where ρli(τ, t) are the same as in Section 2.
By entering the following notation

Rl
ki(τ, t) = αki(ρ

l
i(τ, t), t)(λi(al(τ), τ)− a′l(τ)) exp

(∫ t

τ

λ′ix(φi(σ; ρ
l
i(τ, t), t), σ)dσ

)
,
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where l = 1 at i = 1, p, l = 2 at i = p+ 1, n,

Qki(y, τ, t) = αki(φi(t; y, τ), t) exp

(∫ t

τ

λ′iy(φi(σ; y, t), σ)dσ

)
, (55)

rewrite (54) as follows
p∑
i=1

∫ t

ti(a2(t),t)

R1
ki(τ, t)µi(τ)dτ −

n∑
i=p+1

∫ t

ti(a1(t),t)

R2
ki(τ, t)µi(τ)dτ+

+

p∑
i=1

∫ t

ti(a2(t),t)

dτ

∫ φi(τ ;a2(t),t)

a1(τ)

Qki(y, τ, t)fi(y, τ ;u)dy+

+
n∑

i=p+1

∫ t

ti(a1(t),t)

dτ

∫ a2(τ)

φi(τ ;a1(t),t)

Qki(y, τ, t)fi(y, τ ;u)dy = Hk(t), k = 1, n.

Thus, we have a system of Volterra-type equations of the first order. Let us differentiate
it in t, taking into account that

Rl
ki(t, t) = αki(al(t), t)(λi(al(t), t)− a′l(t)), l = 1, 2, k = 1, n, i = 1, n,

Rl
ki(ti(a3−l(t), t))

dti(a3−l(t), t)

dt
= αki(al(t), t)(λi(al(t), t)− a′l(t)).

As a result, we obtain a system of linear integral equations of the Volterra type of the
second order with respect to µi:

p∑
i=1

αki(a1(t), t)(λi(a1(t), t)− a′1(t))µi(t)−
n∑

i=p+1

αki(a2(t), t)(λi(a2(t), t)− a′2(t))µi(t) =

=

p∑
i=1

αki(a2(t), t)(λi(a2(t), t)− a′2(t))µi(ti(a2(t), t))−

−
n∑

i=p+1

αki(a1(t), t)(λi(a1(t), t)− a′1(t))µi(ti(a1(t), t))−

−
p∑
i=1

∫ t

ti(a2(t),t)

(R1
ki(τ, t))

′
tµi(τ)dτ +

n∑
i=p+1

∫ t

ti(a1(t),t)

(R2
ki(τ, t))

′
tµi(τ)dτ+

+
n∑
i=1

d

dt

{∫ t

ψi(t)

dτ

∫ χ2
i (τ,t)

χ1
i (τ,t)

Qik(y, τ, t)fi(y, τ ;u)dy

}
+H ′

k(t), k = 1, n, (56)

where

ψi(t) =

{
ti(a2(t), t), i = 1, p;

ti(a1(t), t), i = p+ 1, n,

χ1
i (τ, t) =

{
a1(τ), i = 1, p;

φi(τ ; a1(t), t), i = p+ 1, n,
χ2
i (τ, t) =

{
φi(τ ; a2(t), t), i = 1, p;

a2(τ), i = p+ 1, n.

To find the functions µi, we rewrite the system (56) in the operator form

A(t)µ(t) = B(t)(Pµ)(t) + (Kµ)(t) + (Lu)(t) +H ′(t), (57)
where µ(t) = col(µ1(t), . . . , µp(t), µp+1(t), . . . , µn(t)); A(t) = α1(t)Λ1(t); B(t) = α2(t)Λ2(t);
Λl(t) = diag{λ1(al(t), t) − a′l(t), . . . , λp(al(t), t) − a′l(t),−(λp+1(a3−l(t), t) − a′3−l(t)), . . . ,
−(λn(a3−l(t), t) − a′3−l(t))}, l = 1, 2; K is a linear matrix integral operator of Volterra
type with continuously differentiable kernels; L is a nonlinear matrix integral operator of the
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Volterra type, which elements have continuously differentiable kernels acting on the vector-
function f with components fi(x, t;u); H ′ — n-dimensional column vector with components
H ′
k(t); P is a shift operator acting according to the formulas:

(Pµ)(t) = µi(ti(a2(t), t)), i = 1, p; (Pµ)(t) = µi(ti(a1(t), t)), i = p+ 1, n.

Since 0 ⩽ ti(al(t), t) ⩽ t, l = 1, 2, i = 1, n, the operator P translates elements of the
space [C[0, ε0]]

n into elements of the same space. In particular, from the fact that

max
t

|(Pµ)l(t)| ⩽ max
t

|µl(t)|, l = 1, n,

it follows that the norm of the operator P is 1 (at µl(t) ≡ const these inequalities turn into
equations).

From the conditions of (47) and (49) it follows that detA(t) ̸= 0 for small t. Therefore,
(57) can be rewritten as µ(t) = [A−1B(Pµ)](t) + [A−1Kµ](t) + [A−1Lu](t) + [A−1H ′](t) and
denote by [Mµ](t) = [A−1B(Pµ)](t). Taking into account (47), we obtain the estimate

|Λ−1
1 (0)Λ2(0)| =

∣∣∣∣(λ1(0, 0)− a′2(0)) · · · (λp(0, 0)− a′2(0))

(λ1(0, 0)− a′1(0)) · · · (λp(0, 0)− a′1(0))
×

×(a′1(0)− λp+1(0, 0)) · · · (a′1(0)− λn(0, 0))

(a′2(0)− λp+1(0, 0)) · · · (a′2(0)− λn(0, 0))

∣∣∣∣ < 1. (58)

Since α1(0) = α2(0), P (0) = I and (58) holds, |M(0)| < 1. It is obvious that |M(0)| < 1
for some β1 ∈ (0, ε0] at t ∈ [0, β1]. So there exists (I −M)−1. Then

µ(t) = [(I −M)−1A−1(Kµ+H ′)](t) + [(I −M)−1A−1Lu](t).
Since K is an integral operator of the Volterra type, it follows that its norm for sufficiently

small β1 > 0 is also arbitrarily small. So,

µ(t) = [L0Lu](t) + [L0H
′](t), (59)

where L0 = (I − (I −M)−1A−1K)−1(I −M)−1A−1.
On the other hand, the system of equations (53) in the operator form is

u(x, t) = [Q̃µ](x, t) + [L1u](x, t), (60)

where Q̃ is a shift operator similar to the P operator, and L1 is a nonlinear integral operator
of the Volterra type. Substitute (59) into (60). We get

u(x, t) = [Q̃L0H
′](x, t) + [Q̃L0Lu](x, t) + [L1u](x, t). (61)

Thus, we have an equation that corresponds to the system (53), but no longer contains
the functions µi.

Let us choose C such that |µ(0)| < C (i.e., |(I − M)−1A−1H
′(0)| < C). Then, for a

sufficiently small β2 ∈ (0, ε0], the operator Bu, defined by the right-hand side of (61), maps
the ball Sβ2 = {u(x, t) : ∥u∥ = maxi,x,t |ui(x, t) ⩽ C|} into itself. Indeed, let’s take β2 so small
that |Q̃L0L|+ |Q̃(I− (I−M)−1A−1K)−1| ⩽ 1 (this is possible because L, L1, K are Volterra
operators and ∥Q̃∥ = 1). Then ∥Bu∥ ⩽ |Q̃L0L + L1|C + |Q̃(I − (I −M)−1K)−1|C ⩽ C.
Thus, BSβ2 ⊂ Sβ2 .

Since the functions fi(x, t;u) (i = 1, n) in (R× [0, T ]×Rn) satisfy the Lipschitz condition
in u, and L and L1 are Volterra, then for a sufficiently small β3 ∈ (0, T ] the operator B
satisfies the Lipschitz condition in u with an arbitrarily small constant, i.e., it is a contraction.
Therefore, according to Banach’s theorem, there exists a single fixed point. Thus, for each
vector function a ∈ Qε1 , where ε1 = min{β1, β2, β3}, we have found a single continuous
solution u(x, t).
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Let us prove the existence of a continuously differentiable solution. To do this, we formally
differentiate (53) in x and write the result in the operator form

∂u(x, t)

∂x
= [QT 1µ′](x, t) + Ψ1(x, t, u) + [F 1u](x, t) +

[
N1∂u

∂x

]
(x, t), (62)

where ∂u(x,t)
∂x

= col(∂u1(x,t)
∂x

, . . . , ∂un(x,t)
∂x

); T 1 is a diagonal matrix with bounded elements; Ψ1

is an expression constructed from known continuous vector functions; F 1, N1 are nonlinear
Volterra-type interior operators.

Let us formally differentiate (54) with respect to t, and we obtain
p∑
i=1

αki(a1(t), t)(λi(a1(t), t)− a′1(t))µ
′
i(t)−

n∑
i=p+1

αki(a2(t), t)(λi(a2(t), t)− a′2(t))µ
′
i(t) =

=

p∑
i=1

αki(a2(t), t)(λi(a2(t), t)− a′2(t))
dti(a2(t), t)

dt
µ′
i(ti(a2(t), t))−

−
n∑

i=p+1

αki(a1(t), t)(λi(a1(t), t)− a′1(t))
dti(a1(t), t)

dt
µ′
i(ti(a1(t), t))−

−
p∑
i=1

(
d

dt
[αki(a1(t), t)(λi(a1(t), t)− a′1(t))] +

((
R1
ki(τ, t)

)′
t

)
|τ=t

)
µi(t)+

+
n∑

i=p+1

(
d

dt
[αki(a2(t), t)(λi(a2(t), t)− a′2(t))] +

((
R2
ki(τ, t)

)′
t

)
|τ=t

)
µi(t)+

+

p∑
i=1

(
d

dt
[αki(a2(t), t)(λi(a2(t), t)− a′2(t))] +

((
R1
ki(τ, t)

)′
t

) ∣∣
τ=ti(a2(t),t)

dti(a2(t), t)

dt

)
×

×µi(ti(a2(t), t))−

−
n∑

i=p+1

(
d

dt
[αki(a1(t), t)(λi(a1(t), t)− a′1(t))] +

((
R2
ki(τ, t)

)′
t

) ∣∣
τ=ti(a1(t),t)

dti(a1(t), t)

dt

)
×

×µi(ti(a1(t), t))−

−
p∑
i=1

∫ t

ti(a2(t),t)

(R1
ki(τ, t))

′′
ttµi(τ)dτ +

n∑
i=p+1

∫ t

ti(a1(t),t)

(R2
ki(τ, t))

′′
ttµi(τ)dτ+

+
n∑
i=1

d2

dt2

{∫ t

ψi(t)

dτ

∫ χ2
i (τ,t)

χ1
i (τ,t)

Qik(y, τ, t)fi(y, τ ;u)dy

}
+H ′′

k (t), k = 1, n,

and write the results in operator form

A(t)µ′(t) = B(t)T (t)(Pµ′)(t) + (M1µ)(t) + (L2u)(t) +H ′′(t), (63)
where

T (t) = diag

{
dt1(a2(t), t)

dt
, . . . ,

dtp(a2(t), t)

dt
,
dtp+1(a1(t), t)

dt
, . . . ,

dtn(a1(t), t)

dt

}
.

Given (47) and the fact that

dti(a3−l(t), t)

dt
=

(λi(a3−l(t), t)− a′l(t)) exp
(
−
∫ t
ti(a3−l(t),t)

λ′ix(φi(σ; a3−l(t), t), σ)dσ
)

λi(al(ti(a3−l(t), t)), ti(a3−l(t), t))− a′l(ti(a3−l(t), t))
,
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where l = 1 at i = 1, p, l = 2 at i = p+ 1, n,

obtain

0 <
dti(a3−l(t), t)

dt

∣∣
(0,0) =

λi(0, 0)− a′3−l(0)

λi(0, 0)− a′l(0)
< 1.

From this and from the continuity of the functions ∂u(x,t)
∂x

it follows that for sufficiently
small ε2 ∈ (0, T ] the inequalities

0 <
dti(a2(t), t)

dt
< 1, i = 1, p; 0 <

dti(a1(t), t)

dt
< 1, i = p+ 1, n, t ∈ [0; ε2].

Thus, |A−1(t)B(t)T (t)| < 1 at t ∈ [0, ε2], so (63) is rewritten as follows

µ′(t) = (I − A−1BTP )−1
[
(M1µ)(t) + (L2u)(t) +H ′′(t)

]
.

We substitute this result into (62).
The resulting operator equation with respect to ∂u(x,t)

∂x
is similar to (61). By similar

considerations, there exists a single continuous vector function ∂u(x,t)
∂x

in the domain Gε2 .
Taking this into account and equation (45), we also obtain that ∂u

∂t
∈ [C(Gε2)]

n.
Thus, for each vector function a ∈ Qε3 , where ε3 = min{ε1, ε2}, we have found the

corresponding classical solution to the problem (45)–(47) in the domain Gε3 . We denote this
solution by U(x, t; a). It remains only to choose the one for which the conditions (48) are
satisfied from the whole set of admissible vector functions a(t).

Following the same reasoning as in Section 2, we obtain that for every i = 1, n, the
dependence Ui(a(t), t; a) in the metric of uniform deviation from a as an element of [C[0, ε4]]2,
ε4 ∈ (0, T ] satisfies the Lipschitz condition: ∃Lu ⩾ 0, ∀a1, a2 ∈ Qε4 :

max
0⩽t⩽ε4

∣∣Ui(a1r(t), t; a1)− Ui(a
2
r(t), t; a

2)
∣∣ ⩽ Lu max

0⩽t⩽ε4

∣∣a1(t)− a2(t)
∣∣ , r = 1, 2. (64)

Let us choose ε4 > 0 so small that the following conditions

ε4 < min

{
1

nΓU0

,
1

2nΓLu + 2nU0Lγ
,

1

2Lh + 1

}
(65)

are satisfied, here Γ is the constant that limits the continuous function γrli(a, t) at a ∈ Qε3 ;
U0 is the constant for Ui(x, t; a) from Subsection 2.3.

Consider on Qε4 the operator D : a→ Da, which acts according to the formula

(Da)l(t) =
2∑
r=1

n∑
i=1

∫ t

0

dτ

∫ τ

0

γril(a(η), η)Ui(ar(η), η; a)dη +

∫ t

0

hl(a(τ), τ)dτ, l = 1, 2. (66)

The operator D maps Qε4 into itself and in the metric [C[0, ε4]]
2 is a compression. Indeed,

from the conditions of the theorem on the functions γril(z, t), hk(z, t) and the fact that
Ui(x, t; a) are continuous, it follows that Da ∈ [C[0, ε4]]

2. In addition, given (65), we have

|(Dal(t))| ⩽
2∑
r=1

n∑
i=1

∫ t

0

dτ

∫ τ

0

|γril(a(η), η)Ui(ar(η), η; a)|dη +
∫ t

0

|hl(a(τ), τ)|dτ ⩽

⩽ ε24nΓU0 + ε4H ⩽ ε4(1 +H).

Thus, DQε4 ⊂ Qε4 . Let us show that the operator given by (66) is compressible. Since

max
0⩽t⩽ε4

|(Da1)l(t)− (Da2)l(t)| ⩽ max
0⩽t⩽ε4

2∑
r=1

n∑
i=1

∫ t

0

∫ τ

0

|γril(a1(η), η)Ui(a1r(η), η; a1)−

−γril(a2(η), η)Ui(ar2(η), η; a2)|dηdτ + max
0⩽t⩽ε4

∫ t

0

|hl(a1(τ), τ)− hl(a
2(τ), τ)|dτ ⩽
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⩽ max
0⩽t⩽ε4

2∑
r=1

n∑
i=1

∫ t

0

∫ τ

0

(∣∣γril(a1(η), η)− γril(a
2(η), η)

∣∣ · ∣∣Ui(a1r(η), η; a1)∣∣+
+
∣∣γril(a2(η), η)∣∣ · ∣∣Ui(a2r(η), η; a2)∣∣) dηdτ+

+ε4Lhρ(a
1(t), a2(t)) ⩽ ε24n(U0Lγρ(a

1(t), a2(t)) + ΓLuρ(a
1(t), a2(t)))+

+ε4Lhρ(a
1(t), a2(t)) ⩽ ε4 (ε4n (U0Lγ + ΓLu) + Lh) ρ(a

1(t), a2(t)),

then, given (65), we have ρ((Da1)(t), (Da2)(t)) ⩽ ε4 (2εn (U0Lγ + ΓLu) + 2Lh) ρ(a
1(t), a2(t))

< ε4 (2Lh + 1) ρ(a1(t), a2(t)) < ρ(a1(t), a2(t)). Therefore, the Banach theorem implies the
existence and uniqueness of the fixed point of the operator, i.e. a(t). Next, we take ε =
min{ε3, ε4} and, using the already known vector function a(t), we choose the corresponding
unique solution u(x, t) = U(x, t; a) from the domain Gε.

3.1. Commentary. In the case when q characteristics starting from the point (0, 0) fall into
the domain Gt, i.e.

λi(0, 0)− a′1(0) > 0, i = 1, p+ q, λi(0, 0)− a′1(0) < 0, i = p+ q + 1, n,

λi(0, 0)− a′2(0) > 0, i = 1, p, λi(0, 0)− a′2(0) < 0, i = p+ 1, n, (67)
a problem with integral conditions of the type (48) (there must be n + q conditions) is
incorrect, because detα1(0) = 0 always holds. Indeed:

α1(0) =

 α11 . . . α1,p α1,p+1 . . . α1,p+q α1,p+1 . . . α1,n

. . . . . . . . . . . . . . . . . . . . . . . . . . .
αn+q,1 . . . αn+q,p αn+q,p+1 . . . αn+q,p+q αn+q,p+1 . . . αn+q,n

∣∣∣∣∣
(0,0)

,

hence, detα1(0) = 0. Now let us show by an example that if the condition 5) of Theorem
3.1 is not fulfilled, then the correctness of the problem (45)–(48) is violated.

Let Q be the sector in the plane x0t bounded by the rays a1(t) = k1t and a2(t) = k2t,
where −1 < k1 < 1, −1 < k2 < 1, k1 < k2. Let us consider the system in Q{

∂u1
∂t

+ ∂u1
∂x

= 0,
∂u2
∂t

− ∂u2
∂x

= 0,
(68)

with the following conditions{∫ k2t
k1t

[(x− 1)u1(x, t) + u2(x, t)]dx = −t,∫ k2t
k1t

[(x+ t+ 1)u1(x, t) + (t− 1)u2(x, t)]dx = t.
(69)

This problem is derived from problems (45), (47), (48) if n = 2, p = 1, ak(t) are known,
and the coefficients and free terms are equal to the corresponding constants and functions.
Here, all the assumptions of Theorem 3.1 are fulfilled except for the condition (49), since

detα1(0) =

∣∣∣∣−1 1
1 −1

∣∣∣∣ = 0.

Let us put {
u1(k1t, t) = µ1(t),

u2(k2t, t) = ν2(t).

Using the method of characteristics, we find{
u1(x, t) = µ1(

x−t
k1−1

), k1t ⩽ x ⩽ k2t;

u2(x, t) = ν2(
x+t
k2+1

), k1t ⩽ x ⩽ k2t

and substitute into the conditions of (69). After replacing the variables and differentiating
the resulting system of equations in t, we obtain
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

(k2 − 1)(k2t− 1)µ1(
k2−1
k1−1

t)− (k1 − 1)(k1t− 1)µ1(t) + (k2 + 1)ν2(t)−

−(k1 + 1)ν2(
k1+1
k2+1

t) = (1− k1)
∫ k2−1

k1−1
t

t µ1(τ)dτ − 1;

(k2 − 1)(k2t+ t− 1)µ1(
k2−1
k1−1

t)− (k1 − 1)(k1t+ t− 1)µ1(t) + (k2 + 1)(t− 1)×

×ν2(t)− (k1 + 1)(t− 1)ν2(
k1+1
k2+1

t) = 2(1− k1)
∫ k2−1

k1−1
t

t µ1(τ)dτ−
−(k2 + 1)

∫ t
k1+1
k2+1

t
ν2(τ)dτ + 1.

This implies, in particular, that at the point (0,0) this system:{
(k1 − k2)µ1(0) + (k2 − k1)ν2(0) = −1,

(k2 − k1)µ1(0) + (k1 − k2)ν2(0) = 1

has many solutions. Therefore, the problem (68)–(69) is incorrect.

4. The generalized hyperbolic Darboux-Stefan problem. Consider the system (45)
in Gu,T := {(x, t) : 0 < t ⩽ T, au,1(t) < x < au,2(t), au,1(0) = au,2(0) = 0} with unknown
boundaries au,k(t), k = 1.2, which are subject to the following conditions

dau,k
dt

= hk(t;u), u = col(u1, . . . , un), k = 1, 2, (70)

where the right-hand sides in (45) and (70) are Volterra-type functionals.
Let’s define the behavior of the characteristics of the system (45) passing through the

vertex of the sector Gu,T :

λi(0, 0)− a′u,1(0) > 0, i = 1, p+ q; λi(0, 0)− a′u,1(0) < 0, i = p+ q + 1, n,

λi(0, 0)− a′u,2(0) > 0, i = 1, p; λi(0, 0)− a′u,2(0) < 0, i = p+ 1, n, p, q ∈ [0, n], (71)
i.e., q characteristics that start from the point (0, 0) fall into the sector. Let us denote

I+k = {i : λi(0, 0) > a′u,k(0)}, I−k = {i : λi(0, 0) < a′u,k(0)}, k = 1, 2.

The boundary conditions

ui(au,1(t), t) = gi1(t; {ui′(au,1(t), t)}), i ∈ I+1 , i
′ ∈ I−1 ,

ui(au,2(t), t) = gi2(t; {ui′(au,2(t), t)}), i ∈ I−2 , i
′ ∈ I+2 , t ∈ [0, T ] (72)

are set, i.e., the right-hand sides of (72) contain only those sets of indices i′ that are not
present in the left-hand sides; gi1 : [0, T ]× Rn−p−q → R, gi2 : [0, T ]× Rp → R.

Let us introduce the metric space ST of "sets"v = {ui, au,k} (i = 1, n, k = 1, 2), where
ui ∈ C(Gu,T ), au,k ∈ C1([0, T ]), au,1(t) ⩽ au,2(t), with the metric

ρ(v1, v2) = max{max
k,t

|au1,k(t)− au2,k(t)|,max
i,x,t

|u1i (x, t)− u2i (x, t)|},

hereinafter, for any r : [a, b] → R, the notation r means the extension of r by R by the
formulas r(x) = r(a) (x < a), r(x) = r(b) (x > b).

Let us find the values of the functions ui(0, 0) ≡ ui,0 (i = 1, n) from the boundary
conditions (72), namely, from the system

ui(0, 0) = gi1(0;up+q+1,0, . . . , un,0), i = 1, p+ q; ui(0, 0) = gi2(0;u1,0, . . . , up,0), i = p+ 1, n.
(73)

To do this, we solve the system of nonlinear equations
u1,0 = g11 (0; gp+q+1,2(0;u1,0, . . . , up,0), . . . , gn,2(0;u1,0, . . . , up,0)) ,

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

up,0 = gp1 (0; gp+q+1,2(0;u1,0, . . . , up,0), . . . , gn,2(0;u1,0, . . . , up,0)) .

(74)
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Let us introduce vector functions
G1(xp+q+1, . . . , xn) = col (g11(0;xp+q+1, . . . , xn), . . . , gp1(0;xp+q+1, . . . , xn)) ,

G2(x1, . . . , xp) = col (gp+q+1,2(0;x1, . . . , xp), . . . , gn,2(0;x1, . . . , xp)) .
Here, G1 : Rn−p−q → Rp, and G2 : R → Rn−p−q, then the composition of these vector

functions is G1 ◦ G2 : Rp → Rp. If in the space Rp with the metric d(x, y) = max
1⩽k⩽p

|xk − yk|
∀x, y ∈ Rp the following compression condition

g1g2 < 1 (75)
is satisfied, where g1 is the Lipschitz constant for G1 and g2 is the Lipschitz constant for G2,
then there exists a unique solution of (74) that can be found by simple iteration.

Having the solution of the system (74), we find

up+1,0 = gp+1,2(0;u1,0, . . . , up,0),

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

up+q,0 = gp+q,2(0;u1,0, . . . , up,0),

up+q+1,0 = gp+q+1,2(0;u1,0, . . . , up,0),

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

un,0 = gn,2(0;u1,0, . . . , up,0).

(76)

Therefore, if the condition (75) and the consistency conditions
gp+1,1(0;up+q+1,0, . . . , un,0) = gp+1,2(0;u1,0, . . . , up,0),

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

gp+q,1(0;up+q+1,0, . . . , un,0) = gp+q,2(0;u1,0, . . . , up,0)

(77)

are satisfied, then ui,0 is determined in the only way from the boundary conditions (72).
Hence, it follows from conditions (70) and (71) that

λi(0, 0) ̸= hk(0;u0), u0 = col(u1,0, . . . , un,0), k = 1, 2, i = 1, n. (78)
Let us denote by φi(τ ;x, t) the solution of the Cauchy problem dξ/dτ = λi(ξ, τ), ξ(t) = x

(x, t) ∈ Gu,T , i = 1, n. Let Li(x, t) be the corresponding integral curves, and
ti(x, t;u) := min{τ : (φi(τ ;x, t), τ) ∈ Gu,T}.

It is obvious that 0 ⩽ ti(x, t;u) ⩽ t. If ti(x, t;u) > 0, then φi(ti(x, t;u);x, t) = au,1(ti(x, t;u))
or φi(ti(x, t;u);x, t) = au,2(ti(x, t;u)). It follows that the characteristic Li(0, 0), defined only
in the case a′u,1(0) < λi(0, 0) < a′u,2(0) (i.e. i = p+ 1, p+ q) divides Gu,T into two components
Gi1
u,T and Gi2

u,T . It is obvious that at λi(0, 0) < a′u,1(0) (λi(0, 0) > a′u,2(0)) we have Gi1
u,T =

∅, Gi2
u,T = Gu,T (respectively Gi1

u,T = Gu,T , Gi2
u,T = ∅). Then, for t > 0, the condition

φi(ti(x, t;u);x, t) = au,1(ti(x, t;u)) (φi(ti(x, t;u);x, t) = au,2(ti(x, t;u))) is equivalent to the
fact that (x, t) ∈ Gi1

u,T (respectively (x, t) ∈ Gi2
u,T ).

Assuming that in the system (45) the functions ui are continuously differentiable and
λi(au,k(t), t) ̸= hk(t;u), k = 1, 2, i = 1, n (79)

is fulfilled, and integrating (45) over the characteristics, we come to the system of integro-
functional equations

ui(x, t) = ωi(x, t;u) +

∫ t

ti(x,t;u)

fi(φi(τ ;x, t), τ ;u)dτ, i = 1, n, (x, t) ∈ Gu,T , (80)

ωi(x, t;u) =


gi1(ti(x, t;u);up+q+1(au,1(ti(x, t;u)), ti(x, t;u))

. . . , un(au,1(ti(x, t;u)), ti(x, t;u))), at (x, t) ∈ Gi1
u,T ,

gi2(ti(x, t;u);u1(au,2(ti(x, t;u)), ti(x, t;u))

. . . , up(au,2(ti(x, t;u)), ti(x, t;u))), at (x, t) ∈ Gi2
u,T .
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Definition 2. The generalized solution of the problem (45), (70)–(72) is the set v ∈ ST of
functions that satisfy the condition (79) and the system of equations (70), (80).

Theorem 3. Let the following assumptions hold:

a) all the functions λi(x, t) (i = 1, n) are real, except λi ∈ C1 (R× [0, T ]);

b) each functional fi(x, t;u) and continuous under v ∈ ST , (x, t) ∈ Gu,T , and accordingly
hk(t;u) is defined and continuous under [0, T ]×ST , moreover, in some neighborhood of
an arbitrary point of ST these functional satisfy the Lipschitz condition in u and there
exists M > 0 such that if u(., .) satisfies the Lipschitz condition with constant L in x,
then fi(., .;u) satisfies the Lipschitz condition with constant ML in x;

c) the functions gi1 are defined on [0, T ] × Rn−p−q, gi2 — on [0, T ] × Rp and satisfy the
Lipschitz condition with constant Tg0(T ) for all variables, where g0(T ) is bounded at
T ∈ (0,∞); and the functions gik(0; {ui′,0}) satisfy the condition (75) and the matching
condition (77).

Then, for some ε > 0, there exists a unique generalized solution of the problem (45), (70)–77
at t ∈ [0, ε].

Proof. Let us choose any ε ∈ (0, T ], α > 0, δ, σ ⩾ 1 and denote by S = Sε,α,δ,σ a subset of
Sε consisting of sets v = {ui, au,k} for which the following conditions hold:

1) the functions (au,k(t)− hk(0;u0)t) satisfy the Lipschitz condition with constant α;

2) functions ui satisfy the Lipschitz condition in x with constant δ;

3) if (xj, tj) ∈ Gu,ε, j = 1, 2, and t1 ̸= t2 and∣∣∣∣x2 − x1
t2 − t1

− hk(0;u0)

∣∣∣∣ ⩽ α, |xj − hk(0;u0)tj| ⩽ αtj, j = 1, 2, (81)

and i ∈ I−1 ∪ I+2 , then |ui(x2, t2)− ui(x1, t1)| ⩽ σ|t2 − t1|.
The set S is not empty if δ and σ are sufficiently large. Indeed, let us denote by ui,0ε(x, t) =

ui,0, au0ε,k(t) = hk(0;u0)t, t ∈ [0, ε], v0ε = {ui,0ε, au0ε,k}, then v0ε ∈ S (this can be verified
by directly checking conditions 1)–3)). In addition, the set S is closed in Sε, because if
lim
m→∞

vm = v, where the sequence of sets is vm ∈ S, then conditions 1)–3) are also satisfied
for v, i.e. v ∈ S.

On S, we define the operator A as follows: let v ∈ S, then Av = {Aiu, aAu,k}, where
Aiu : GAu,ε → R, and GAu,ε is bounded on the sides by the lines

aAu,k(t) :=

∫ t

0

hk(τ ;u)dτ, k = 1, 2, 0 ⩽ t ⩽ ε, (82)

and the values of the function Aiu are given by the formula

(Aiu)(x, t) = ωi(x, t; Ãu) +

∫ t

ti(x,t;Ãu)

fi(φi(τ ;x, t), τ ; Ãu)dτ, i = 1, n, (x, t) ∈ GAu,ε, (83)

where Ãu = {Ãiu}, and Ãiu is the restriction of the function ui by GAu,ε. It is obvious that
ti(x, t; Ãu) = ti(x, t;Au).

It follows from the continuity of the given functions and functionalities that when ε0,
α0 (> 0) are sufficiently small, then when 0 < ε ⩽ ε0, 0 < α ⩽ α0 in S, the relation
(79) is satisfied and therefore the definition of the operator A makes sense. Furthermore, for
v ∈ S, (x, t) ∈ Gu,ε, uniform estimates hold: |fi(x, t;u)| ⩽ F , |hki(t;u)| ⩽ H, |λi(x, t)| ⩽ Λ,
|λi(aAu,k(t), t)−hk(t;u)| > γ > 0, and, given the conditions of Theorem 3. 1, the functionals
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fi satisfy with respect to u and x, the functionals hk satisfy with respect to u, the functions λi
satisfy with respect to x, and the functions gik satisfy the Lipschitz condition with constant
f0, Mp, h0, λ0, and εg0(ε), respectively, for all arguments.

Next, we will use the consequence of the Lipschitz condition for λi:

|φi(τ ;x1, t)− φi(τ ;x2, t)| ⩽ |x1 − x2|eλ0|t−τ |, i = 1, n. (84)
Indeed, from the definition of the functions φi(τ ;xj, t) we have

φi(τ ;xj, t) = φi(t;xj, t) +

∫ τ

t

λi(φi(η;xj, t), η)dη, j = 1, 2.

Then

|φi(τ ;x1, t)− φi(τ ;x2, t)| ⩽ |x1 − x2|+
∫ t

τ

|λi(φi(η;x1, t), η)− φi(η;x2, t)|dη ⩽

⩽ |x1 − x2|+
∫ t

τ

λ0|φi(η;x1, t)− φi(η;x2, t)|dη.

Using Gronwall’s lemma, we obtain (84).
Let us establish the conditions under which the operator A reflects S into itself, that is,

when v ∈ S for Av, 1)–3) are true.
1. Since condition 1) is satisfied for v, then ∀tj ∈ [0, ε] (j = 1, 2), we have

|aAu,k(t2)− aAu,k(t1)− hk(0;u0)(t2 − t1)| =

=

∣∣∣∣∫ t2

0

hk(τ ;u)dτ −
∫ t1

0

hk(τ ;u)dτ − hk(0;u0)(t2 − t1)

∣∣∣∣ =
=

∣∣∣∣∫ t2

t1

hk(τ ;u)dτ − hk(0;u0)(t2 − t1)

∣∣∣∣ = ∣∣∣∣∫ t2

t1

dau,k(τ)

dτ
dτ − hk(0;u0)(t2 − t1)

∣∣∣∣ =
= |au,k(t2)− au,k(t1)− hk(0;u0)(t2 − t1)| ⩽ α|t2 − t1|.

Thus, condition 1) for Av is satisfied.
2. Consider different cases:
a) when (xj, t) ∈ Gi1

u,ε or Gi2
u,ε simultaneously (j = 1, 2). Let (xj, t) ∈ Gi1

u,ε be (i = 1, p+ q)
and x1 < x2 for certainty, then ti(x1, t;u) > ti(x2, t;u). Using (83) and the notation ∆Φj =
Φ1 − Φ2, we have

|∆(Aiu)(xj, t)| ⩽
t∫

ti(x1,t;Au)

|∆fi(φi(τ ;xj, t), τ ; Ãu)|dτ +
ti(x1,t;Au)∫
ti(x2,t;Au)

|fi(φi;x1, t), τ ; Ãu|dτ+

+|∆gi1(ti(xj, t;Au); (Ãp+q+1u)(aAu,1(ti(xj, t;Au)), ti(xj, t;Au)), . . . ,

(Ãnu)aAu,1(ti(xj, t;Au)))| ⩽ εMδ|∆φ(τ ;xj, t)|+ F |∆ti(xj, t;Au)|+ εg0(ε)σ|∆ti(xj, t;Au)|.
Since

|∆ti(xj, t;Au)| = |ti(x2, t;Au)− ti(x1, t;Au)| ⩽
∣∣∣∣∂ti(θ, t;Au)∂θ

∣∣∣∣ |x2 − x1| =

=

∣∣∣∣∣∣
exp

(∫ t
ti(θ,t;Au)

λ′iθ(φi(σ; θ, t), σ)dσ
)

λi(aAu,1(ti(θ, t;Au)), ti(θ, t;Au))− a′Au,1(ti(θ, t;Au))

∣∣∣∣∣∣ |∆xj| ⩽ 1

γ
eλ0|∆xj|, (85)

then, given (84), we obtain |∆(Aiu)(xj, t)| ⩽ (εMδ+ (F + εg0(ε)σ)
1
γ
)eλ0ε|∆xj|. Thus, if one

has (
ε0Mδ + (F + ε0g0(ε0)σ)

1

γ

)
eλ0ε0 ⩽ δ, (86)
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then condition 2) is satisfied for Av.
A similar result is obtained when (x, t) ∈ Gi2

u,ε, i = p+ 1, n.
b) if (x1, t) ∈ Gi1

u,ε, (x2, t) ∈ Gi2
u,ε, i = p+ 1, p+ q (for other i this case coincides with case

a)). Let us assume for certainty x1 < x2, ti(x1, t;Au) > ti(x2, t;Au), then (see a)):

|∆(Aiu)(xj, t)| ⩽
(
εMδ + F

1

γ

)
eλ0ε|∆xj|+

+
∣∣∣gi1(ti(x1, t;Au); (Ãp+q+1u)(aAu,1(ti(x1, t;Au)), ti(x1, t;Au)), . . .

. . . , (Ãnu)(aAu,1(ti(x1, t;Au)), ti(x1, t;Au)))−
−gi2(ti(x2, t;Au); (Ã1u)(aAu,2(ti(x2, t;Au)), ti(x2, t;Au)), . . .

. . . , (Ãpu)(aAu,2(ti(x2, t;Au)), ti(x2, t;Au)))
∣∣∣ ⩽ (εMδ + F

1

γ

)
eλ0ε|∆xj|+

+
∣∣∣gi1(ti(x1, t;Au); (Ãp+q+1u)(aAu,1(ti(x1, t;Au)), ti(x1, t;Au)), . . .

. . . , (Ãnu)(aAu,1(ti(x1, t;Au)), ti(x2, t;Au)))−
−gi1(ti(x3, t;Au); (Ãp+q+1u)(aAu,1(ti(x3, t;Au)), ti(x3, t;Au), ti(x3, t;Au)), . . .

. . . , (Ãnu)(aAu,1(ti(x3, t;Au)), ti(x3, t;Au)))
∣∣∣+

+
∣∣∣gi2(ti(x3, t;Au); (Ã1u)(aAu,2(ti(x3, t;Au)), ti(x3, t;Au)), . . .

. . . , (Ãpu)(aAu,2(ti(x3, t;Au)), ti(x3, t;Au)))−
−gi2(ti(x2, t;Au); (Ã1u)(aAu,2(ti(x2, t;Au)), ti(x2, t;Au)), . . .

. . . , (Ãpu)(aAu,2(ti(x2, t;Au)), ti(x2, t;Au)))
∣∣∣ ⩽

(here (x3, t3) ∈ Li(0, 0), then (aAu,j(ti(x3, t;Au)), ti(x3, t;Au)) = (0, 0))

⩽

(
εMδ + F

1

γ

)
eλ0ε|∆xj|+ εg0(ε)σ(|ti(x1, t;Au)− ti(x3, t;Au)|+

+|ti(x3, t;Au)− ti(x2, t;Au)|) ⩽
(
εMδ + F

1

γ

)
eλ0ε|∆xj|+

+εg0(ε)σ
1

γ
eλ0ε(|x1 − x3|+ |x3 − x2|) ⩽

(
εMδ + (F + εg0(ε)σ)

1

γ

)
eλ0ε|∆xj|.

Thus, the fulfillment of condition 2) for Av is ensured by the condition (86).
3. Let (xj, tj) ∈ GAu,ε, i = 1, 2, with t1 < t2 and the conditions of (81) are satisfied, and
i ∈ I−1 ∪ I+2 . Let us take k = 2, i ∈ I+2 for certainty, then we get

|(Aiu)(x1, t1)− (Aiu)(x2, t2)| ⩽

⩽

∣∣∣∣ ∫ t1

ti(x1,t1;Au)

|fi(φi(τ ;x1, t1), τ ; Ãu)|dτ −
∫ t2

ti(x2,t2;Au)

|fi(φi(τ ;x2, t2), τ ; Ãu)|dτ
∣∣∣∣+

+
∣∣∣gi1(ti(x1, t1;Au); (Ãp+q+1u)(aAu,1(ti(x1, t1;Au)), ti(x1, t1;Au)), . . .

. . . , (Ãnu)(aAu,1(ti(x1, t1;Au)), ti(x1, t1;Au)))−
gi1(ti(x2, t2;Au); (Ãp+q+1u)(aAu,1(ti(x2, t2;Au)), ti(x2, t2;Au)), . . .

. . . , (Ãnu)(aAu,1(ti(x2, t2;Au)), ti(x2, t2;Au)))
∣∣∣ ⩽ F |t2 − t1|+

+εMδ max
0⩽τ⩽t1

|φi(τ ;x1, t1)− φi(τ ;x2, t2)|+ (F + εg0(ε)σ)|ti(x2, t2;Au)− ti(x1, t1;Au)|.
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Taking into account (81), we have |x2 − x1| ⩽ (α +H)|t2 − t1|;

|ti(x2, t2;Au)− ti(x1, t1;Au)| ⩽ |ti(x2, t2;Au)− ti(x2, t1;Au)|+

+|ti(x2, t1;Au)− ti(x1, t1;Au)| ⩽
∣∣∣∣∂ti(x1η;Au)∂η

∣∣∣∣ |t2 − t1|+
∣∣∣∣∂ti(θ, t;Au)∂θ

∣∣∣∣ |x2 − x1| ⩽

⩽

∣∣∣∣∣∣
λi(x1, η) exp

(∫ η
ti(x1,η;Au)

λ′ix(φi(σ;x1, η), σ)dσ
)

λi(al(ti(x1, η;Au)), ti(x1, η;Au))− a′l(ti(x1, η;Au))

∣∣∣∣∣∣ |t2 − t1|+

+

∣∣∣∣∣∣
exp

(∫ t2
ti(θ,t2;Au)

λ′ix(φi(σ; θ, t2), σ)dσ
)

λi(al(ti(θ, t2;Au)), ti(θ, t2;Au))− a′l(ti(θ, t2;Au))

∣∣∣∣∣∣ |x2 − x1| ⩽

⩽
1

γ
eλ0ε(Λ + α +H)|t2 − t1|;

(l = 1 at (x1, η) ∈ Gi1
Au,ε, l = 2 at (x1, η) ∈ Gi2

Au,ε, for (θ, t2) similarly);
|φi(τ ;x2, t2)− φi(τ ;x1, t1)| ⩽ |φi(τ ;x2, t2)− φi(τ ;x2, t1)|+ |φi(τ ;x2, t1)− φi(τ ;x1, t1)| ⩽

⩽

∣∣∣∣∂φi(τ ;x2, η)∂η

∣∣∣∣ |t2 − t1|+
∣∣∣∣∂φi(τ ; θ, t1)∂θ

∣∣∣∣ |x2 − x1| ⩽

⩽

∣∣∣∣λi(x2, η) exp(∫ η

τ

λ′ix(φi(σ;x2, η), σ)dσ

)∣∣∣∣ |t2 − t1|+

+

∣∣∣∣exp(∫ t1

τ

λ′ix(φi(σ; θ, t1), σ)dσ

)∣∣∣∣ |x2 − x1| ⩽ eλ0ε(Λ + α +H)|t2 − t1|.

Thus,

|(Aiu)(x1, t1)− (Aiu)(x2, t2)| ⩽
(
F +

(1
γ
(F + εg0(ε)σ) + εMδ

)
(Λ + α +H)eλ0ε

)
|t2 − t1|.

So, if

F +

(
1

γ
(F + ε0g0(ε0)σ) + ε0Mδ

)
(Λ + α0 +H)eλ0ε0 ⩽ σ, (87)

then the operator Av has the property 3).
Suppose that all above conditions providing the inclusion of AS ⊂ S are met. Let us

determine when the mapping A is compressible. Let vj ∈ S (j = 1, 2) and ρ(v1, v2) = ρ.
Then

|∆aAuj ,k(t)| ⩽
∫ t

0

|∆hk(τ ;uj)|dτ ⩽ εh0ρ, 0 ⩽ t ⩽ ε.

Let us also define

ρ(Ãu1, Ãu2) = max{max
k,t

|aAu1,k(t)− aAu2,k(t)|,max
i,x,t

|Ãiu1(x, t)− Ãiu2(x, t)|}.

There are various options for the relative positioning of the domains Gu,ε and GAu,ε,
which define Ãiu(x, t) in different ways.
I) Thus, with au,1 < aAu,1 < aAu,2 < au,2, we have

Ãiu(x, t) =


ui(aAu,1(t), t), x ⩽ aAu,1(t);

ui(x, t), aAu,1(t) < x < aAu,2(t);

ui(aAu,2(t), t), x ⩾ aAu,2(t).

II) In the case of aAu,1 < au,1 < au,2 < aAu,2, we obtain
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Ãiu(x, t) =


ui(au,1(t), t), x ⩽ au,1(t);

ui(x, t), au,1(t) < x < au,2(t);

ui(au,2(t), t), x ⩾ au,2(t).

III) If au,1 < aAu,1 < au,2 < aAu,2, then

Ãiu(x, t) =


ui(aAu,1(t), t), x ⩽ aAu,1(t);

ui(x, t), aAu,1(t) < x < au,2(t);

ui(au,2(t), t), x ⩾ au,2(t).

IV) If aAu,1 < au,1 < aAu,2 < au,2, then

Ãiu(x, t) =


ui(au,1(t), t), x ⩽ au,1(t);

ui(x, t), au,1(t) < x < aAu,2(t);

ui(aAu,2(t), t), x ⩾ aAu,2(t).

To find ρ(Ãu1, Ãu2), we also consider different variants of the placement of the domains
Gu1,ε, GAu1,ε, Gu2,ε and GAu2,ε:
a) at aAu1,1 < au1,1 < au2,1 < aAu2,1 < au2,2 < aAu1,2 < au1,2 < aAu2,2, we have

max
i,x,t

|Ãiu1(x, t)− Ãiu2(x, t)| =



max
i,x,t

|u1i (au1,1(t), t)− u2i (aAu2,1(t), t)|, x ⩽ au1,1(t);

max
i,x,t

|u1i (x, t)− u2i (aAu2,1(t), t)|, au1,1(t) < x ⩽ aAu2,1(t);

max
i,x,t

|u1i (x, t)− u2i (x, t)|, aAu2,1(t) < x ⩽ au2,2(t);

max
i,x,t

|u1i (x, t)− u2i (au2,2(t), t)|, au2,2(t) ⩽ x < aAu1,2(t);

max
i,x,t

|u1i (aAu1,2(t), t)− u2i (au2,2(t), t)|, x ⩾ aAu1,2(t);

b) if aAu2,1 < au2,1 < au1,1 < aAu1,1 < aAu1,2 < au1,2 < au2,2 < aAu2,2, then we get

max
i,x,t

|Ãiu1(x, t)− Ãiu2(x, t)| =



max
i,x,t

|u1i (aAu1,1(t), t)− u2i (au2,1(t), t)|, x ⩽ au2,1(t);

max
i,x,t

|u1i (aAu1,1(t), t)− u2i (x, t)|, au2,1(t) < x ⩽ aAu1,1(t);

max
i,x,t

|u1i (x, t)− u2i (x, t)|, aAu1,1(t) < x < aAu1,2(t);

max
i,x,t

|u1i (aAu1,2(t), t)− u2i (x, t)|, aAu1,2(t) ⩽ x < au2,2(t);

max
i,x,t

|u1i (aAu1,2(t), t)− u2i (au2,2(t), t)|, x ⩾ au2,2(t);

c) in the case of aAu2,1 < aAu1,1 < au2,1 < au1,1 < au1,2 < au2,2 < aAu1,2 < aAu2,2, we have

max
i,x,t

|Ãiu1(x, t)− Ãiu2(x, t)| =



max
i,x,t

|u1i (au1,1(t), t)− u2i (au2,1(t), t)|, x ⩽ au2,1(t);

max
i,x,t

|u1i (au1,1(t), t)− u2i (x, t)|, au2,1(t) < x ⩽ au1,1(t);

max
i,x,t

|u1i (x, t)− u2i (x, t)|, au1,1(t) < x < au1,2(t);

max
i,x,t

|u1i (au1,2(t), t)− u2i (x, t)|, au1,2(t) ⩽ x < au2,2(t);

max
i,x,t

|u1i (au1,2(t), t)− u2i (au2,2(t), t)|, x ⩾ au2,2(t);

d) if aAu1,1 < au1,1 < au2,1 < aAu2,1 < aAu2,2 < au2,2 < aAu1,2 < au1,2, then
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max
i,x,t

|Ãiu1(x, t)− Ãiu2(x, t)|=



max
i,x,t

|u1i (au1,1(t), t)− u2i (aAu2,1(t), t)|, x ⩽ au1,1(t);

max
i,x,t

|u1i (x, t)− u2i (aAu2,1(t), t)|, au1,1(t) < x ⩽ aAu2,1(t);

max
i,x,t

|u1i (x, t)− u2i (x, t)|, aAu2,1(t) < x < aAu2,2(t);

max
i,x,t

|u1i (x, t)− u2i (aAu2,2(t), t)|, aAu2,2(t) ⩽ x < aAu1,2(t);

max
i,x,t

|u1i (aAu1,2(t), t)− u2i (aAu2,2(t), t)|, x ⩾ aAu1,2(t);

e) if au2,1 < aAu2,1 < au1,1 < aAu1,1 < aAu1,2 < au1,2 < aAu2,2 < au2,2, then

max
i,x,t

|Ãiu1(x, t)− Ãiu2(x, t)|=



max
i,x,t

|u1i (aAu1,1(t), t)− u2i (aAu2,1(t), t)|, x ⩽ aAu2,1(t);

max
i,x,t

|u1i (aAu1,1(t), t)− u2i (x, t)|, aAu2,1(t) < x ⩽ aAu1,1(t);

max
i,x,t

|u1i (x, t)− u2i (x, t)|, aAu1,1(t) < x < aAu1,2(t);

max
i,x,t

|u1i (aAu1,2(t), t)− u2i (x, t)|, aAu1,2(t) ⩽ x < aAu2,2(t);

max
i,x,t

|u1i (aAu1,2(t), t)− u2i (aAu2,2(t), t)|, x ⩾ aAu2,2(t);

f) in the case of aAu1,1 < au1,1 < aAu2,1 < au2,1 < au2,2 < aAu2,2 < aAu1,2 < au1,2, we obtain

max
i,x,t

|Ãiu1(x, t)− Ãiu2(x, t)|=



max
i,x,t

|u1i (au1,1(t), t)− u2i (au2,1(t), t)|, x ⩽ au1,1(t);

max
i,x,t

|u1i (x, t)− u2i (au2,1(t), t)|, au1,1(t) < x ⩽ au2,1(t);

max
i,x,t

|u1i (x, t)− u2i (x, t)|, au2,1(t) < x < au2,2(t);

max
i,x,t

|u1i (x, t)− u2i (au2,2(t), t)|, au2,2(t) ⩽ x < aAu1,2(t);

max
i,x,t

|u1i (aAu1,2(t), t)− u2i (au2,2(t), t)|, x ⩾ aAu1,2(t).

Since

max
i,x,t

|u1i (au1,1(t), t)− u2i (aAu2,1(t), t)| ⩽ max
i,x,t

{|u1i (au1,1(t), t)− u2i (au1,1(t), t)|+

+|u2i (au1,1(t), t)− u2i (aAu2,1(t), t)|} ⩽ ρ+ δmax
t

|au1,1(t)− aAu2,1(t)| ⩽

⩽ ρ+ δmax
t

|aAu1,1(t)− aAu2,1(t)| ⩽ ρ(1 + δεh0);

max
i,x,t

|u1i (x, t)− u2i (aAu2,1(t), t)| ⩽ max
i,x,t

{|u1i (x, t)− u2i (x, t)|+

+|u2i (x, t)− u2i (aAu2,1(t), t)|} ⩽ ρ+ δmax
x,t

|x− aAu2,1(t)| ⩽

⩽ ρ+ δmax
t

|au1,1(t)− aAu2,1(t)| ⩽ ρ(1 + δεh0);

max
i,x,t

|u1i (x, t)− u2i (x, t)| ⩽ ρ;

max
i,x,t

|u1i (x, t)− u2i (au2,k(t), t)| ⩽ max
i,x,t

{|u1i (x, t)− u2i (x, t)|+

+|u2i (x, t)− u2i (au2,k(t), t)|} ⩽ ρ+ δmax
x,t

|x− au2,k(t)| ⩽

⩽ ρ+ δmax
t

|aAu1,k(t)− au2,k(t)| ⩽ ρ+ δmax
t

|au1,k(t)− au2,k(t)| ⩽ ρ(1 + δ);

max
i,x,t

|u1i (aAu1,2(t), t)− u2i (au2,2(t), t)| ⩽ ρ+ δmax
t

|aAu1,2(t)− au2,2(t)| ⩽

⩽ ρ+ δmax
t

|au1,2(t)− au2,2(t)| ⩽ ρ(1 + δ);
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max
i,x,t

|u1i (aAu1,k(t), t)− u2i (au2,k(t), t)| ⩽ ρ+ δmax
t

|aAu1,k(t)− aAu2,k(t)| ⩽ ρ(1 + δεh0);

max
i,x,t

|u1i (aAu1,1(t), t)− u2i (x, t)| ⩽ ρ+ δmax
x,t

|x− aAu1,1(t)| ⩽

⩽ ρ+ δmax
t

|aAu1,1(t)− aAu2,1(t)| ⩽ ρ(1 + δεh0);

max
i,x,t

|u1i (aAu1,2(t), t)− u2i (x, t)| ⩽ ρ+ δmax
x,t

|x− aAu1,2(t)| ⩽ ρ(1 + δεh0);

max
i,x,t

|u1i (au1,k(t), t)− u2i (au2,k(t), t)| ⩽ ρ+ δmax
t

|au1,k(t)− au2,k(t)| ⩽ ρ(1 + δ);

max
i,x,t

|u1i (x, t)− u2i (aAu2,k(t), t)| ⩽ ρ+ δmax
x,t

|x− aAu2,k(t)| ⩽

⩽ ρ+ δmax
t

|aAu1,k(t)− aAu2,k(t)| ⩽ ρ(1 + δεh0);

max
i,x,t

|u1i (aAu1,k(t), t)− u2i (aAu2,k(t), t)| ⩽ ρ+ δmax
t

|aAu1,k(t)− aAu2,k(t)| ⩽ ρ(1 + δεh0),

then

ρ(Ãu1, Ãu2) ⩽ max {εh0ρ, ρ(1 + δ), ρ(1 + δεh0)} = max{1 + δ, 1 + δεh0} . (88)
Taking into account the definition of the metric in ST , we obtain

ρ(Av1, Av2) = max
{
εh0ρ,max

i,x,t

∣∣∣∆Aiuj(x, t)∣∣∣ }.
If (x, t) ∈ GAu1,ε ∩GAu2,ε and for certainty ti(x, t;Au1) < ti(x, t;Au

2), k = 1, then

|∆(Aiuj)(x, t)| = |∆(A− iuj)(x, t)| ⩽

∣∣∣∣∣∆
∫ t

ti(x,tlAuj)

fi(φ(τ ;x, t), τ ; Ãu
j)dτ

∣∣∣∣∣+
+
∣∣∣∆gi1(ti(x, t;Auj); (Ãp+q+1u

j)(aAuj ,1(ti(x, t;Au
j)), ti(x, t;Au

j)), . . .

. . . , (Ãnu
j)(aAuj ,1(ti(x, t;Au

j)), ti(x, t;Au
j)))
∣∣∣ ⩽

⩽ F |ti(x, t;Au2)− ti(x, t;Au
1)|+ εf0ρ(Ãu

1, Ãu2)+

+
∣∣∣∆gi1(ti(x, t;Au1); (Ãp+q+1u

1)(aAuj ,1(ti(x, t;Au
1)), ti(x, t;Au

1)), . . .

. . . , (Ãnu
1)(aAuj ,1(ti(x, t;Au

1)), ti(x, t;Au
1)))
∣∣∣+

+
∣∣∣∆gi1(ti(x, t;Auj); (Ãp+q+1u

j)(aAu2,1(ti(x, t;Au
j)), ti(x, t;Au

j)), . . .

. . . , (Ãnu
j)(aAu2,1(ti(x, t;Au

j)), ti(x, t;Au
j)))
∣∣∣ ⩽

⩽ F |ti(x, t;Au2)− ti(x, t;Au
1)|+ εf0ρ(Ãu

1, Ãu2)+

+εg0(ε)δ
∣∣∣aAu1,1(ti(x, t;Au1))− aAu2,1(ti(x, t;Au

1))
∣∣∣+

+εg0(ε)max
{
max
i,x,t

|∆ti(x, t;Auj)|; max
i,x,t,

p+q<l⩽n

|∆(Ãlu
j)(aAu2,1(ti(x, t;Au

j)), ti(x, t;Au
j))|
}
.

(89)
From the following

λi(aAu1,1(t), t) =
aAu1,1(ti(x, t;Au

1))− aAu2,1(ti(x, t;Au
2))

ti(x, t;Au1)− ti(x, t;Au2)
,

the estimate

|λi(aAu1,1(t), t)(ti(x, t;Au1)− ti(x, t;Au
2))| ⩽ |aAu1,1(ti(x, t;Au1))− aAu2,1(ti(x, t;Au

1))|+
+|aAu2,1(ti(x, t;Au1))− aAu2,1(ti(x, t;Au

2))| ⩽ εh0ρ+ h1(t;u)|ti(x, t;Au1)− ti(x, t;Au
2)|
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follows. Hence, we get

|ti(x, t;Au1)− ti(x, t;Au
2)| ⩽ εh0ρ

|λi(aAu1,1(t), t)− h1(t;u)|
⩽

1

γ
εh0ρ.

Taking into account (89) and (88), we obtain

|∆(Aiuj)(x, t)| ⩽ F
1

γ
εh0ρ+ εf0ρmax{1 + δ, 1 + δεh0}+ εh0ρ+

+εg0(ε)max
{1
γ
εh0ρ; max

i,x,t,
p+q<l⩽n

(
|∆(Ãlu

1)(aAu2,1(ti(x, t;Au
j)), ti(x, t;Au

j))|+

+|∆(Ãlu
j)(aAu2,1(ti(x, t;Au

2)), ti(x, t;Au
2)
)
)
}
⩽

⩽

(
F

γ
+ εg0(ε)δ

)
εh0ρ+ εf0ρmax{1 + δ, 1 + δεh0}+ εg0(ε)×

×max
{1
γ
εh0ρ;σmax

i,x,t
|ti(x, t;Au1)− ti(x, t;Au

2)|+ ρ(Ãlu
1, Ãlu

2)
}
⩽

⩽

((F
γ
+ εg0(ε)δ

)
εh0 + εf0max{1 + δ, 1 + δεh0}+ εg0(ε)max

{1
γ
εh0;

1

γ
σεh0 +max{1 + δ, 1 + δεh0}

})
ρ ⩽

⩽

((F + σεg0(ε)

γ
+ εg0(ε)δ

)
εh0 + (εf0 + εg0(ε))max{1 + δ, 1 + δεh0}

)
ρ. (90)

Consider the case when (x, t) ∈ GAu2,ε, but (x, t) /∈ GAu1,ε. Then, assuming k = 1 for
certainty, we obtain

|∆(Aiuj)(x, t)| ⩽ |(Aiu2)(x, t)− (Aiu
1)(aAu1,2(t), t)| ⩽

⩽ |(Aiu2)(x, t)− (Aiu
2)(aAu1,2(t), t)|+ |(Aiu2)(aAu1,2(t), t)− (Aiu

1)(aAu1,2(t), t)| ⩽
⩽ δ|x− aAu1,2(t)|+ |∆(Aiu

j)(aAu1,2(t), t)|,
with |x− aAu1,2(t)| ⩽ |aAu2,2(t)− aAu1,2(t)| ⩽ εh0ρ, and (aAu1,2(t), t) ∈ GAu1,ε ∩GAu2,ε, that
is, we have come to a case that has already been analyzed. Therefore

|∆(Aiuj)(x, t)| ⩽

⩽ δεh0ρ+

((
F + σεg0(ε)

γ
+ εg0(ε)δ

)
εh0 + (εf0 + εg0(ε))max{1 + δ, 1 + δεh0}

)
ρ.

So, the condition for the compression of the operator A : S → S is as follows

ε0

(
h0

(
δ + ε0g0(ε0)

(
δ +

σ

γ

)
+
F

γ

)
+ (f0 + g0(ε0))max{1 + δ, 1 + δε0h0}

)
< 1. (91)

Now let’s show that the set of all these conditions is compatible. Indeed, let us first choose
ε0, α0 as we said at the beginning of the proof. Then we choose σ > F + F (Λ + α0 +H)/γ
and δ > F

γ
(note that σ and δ can be considered as large as desired). Next, for fixed α0, σ,

δ, we reduce ε0 so that the following ratios (86), (87), and (91) are fulfilled. Then, according
to the Banach theorem on compressible mappings in S, there exists a unique solution of the
system of equations (70), (80) satisfying the condition (79), and therefore v is a generalized
solution of the problem (45), (70)–(72).
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Remark 1. From the proof of the theorem and equations (80), it follows that ui(x, t) satisfies
the Lipschitz condition in all variables.

Remark 2. If it is known a priori that the boundaries of the sector Gu,T are linear functions,
and fi, hk, gi,k are also linear in u, then Theorem 4.1 holds for all t ∈ [0, T ] ⊂ [0,∞).
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