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In this article multiple regression equations are considered. The study is based on a sample
that is influenced by the external environment. This external environment is represented in the
form of factors that influence the main sample. The sample is divided into parts and a multiple
regression equation is constructed for each part. We construct a mixture of regression equations.
There are posed open problems concerning determinination of the coefficients of mixture of
nonlinear regression equations via lasso, ridge and elastic regression estimators.

An external environment explaining some uncertainty has an important impact on a reg-
ression equation. Therefore, it should be taken into account when analyzing the sample.
Let the external environment be given by events A1, A2, . . . , An, which form a complete
group of pairwise incompatible events. Recently, Mayboroda ([1–3]), Miroshnychenko ([4]),
Grün ([5]) with their co-authors investigated mixtures of distributions, as linear, so non-
linear. In particular, there was described the dependencies between the observed variables
by mixture of nonlinear regression models with unknown regression parameters and error
terms distributions different for different components. It was suggested that the mixing
probabilities (concentrations of the components in the mixture) vary from observation to
observation. The authors considered estimators for quantiles of error terms distribution via
weighted empirical distribution functions of the regression models residuals.

Let us consider sample x1, x2, . . . , xn and it is known that the external environment
is described by events A1, A2, . . . , An, which form a sample space of mutually exclusive
outcomes. We highlight statistical data that correspond to the occurrence of each of these
events x(A1), . . . , x(An) and write the regression equation g(x(A1)). If the sample is large
enough, then we can write the regression equations g(x(A1)), g(x(A2)), . . . , g(x(An)). Assu-
ming that n(Ai)

n
→ pi as n → ∞, we obtain the mixture of regression

g(x) = p1g(x(A1)) + p2g(x(A2)) + . . .+ png(x(An)).

Next, consider in more detail the construction of a mixture based on a sample by analogy
to [6].

Consider a probability space (Ω,F ,P) and the sample Y = (y1, y2, . . . , yn) in this space,
where y1, y2, . . . , yn are independent identically distributed random variables. Let these ran-
dom variables depend on the factors X = (X1, X2, . . . , Xm). Given this, each factor can
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be represented as a sample of independent, identically distributed random variables. These
factors describe the impact of the external environment on the sample. But not all factors
have a large impact on each of the sample elements. Therefore, there is a need to “sift” the
sample, that is, divide it into several parts depending on the impact of the factors.

Let divide the sample into parts Y1 = (y11, y12, . . . , y1n1), Y2 = (y21, y22, . . . , y2n2), . . . ,
Yk = (yk1, yk2, . . . , yknk

), where n1 + n2 + . . . + nk = n. Therefore, we obtain k samples
and initial sample can be rewrite Y = (Y1, Y2, . . . , Yk). Assume, Y1 depend on the factors
x11, . . . , x1s1 , Y2 depend on the factors x21, . . . , x2s2 and Yk depend on the factors xk1, . . . , xksk ,
where xij ∈ X, i ∈ {1, . . . , k}, j ∈ {1, . . . , sk}, sk ≤ m. In this case, we obtain the next k
regression equation

Y1 = b10 + b11x11 + b12x12 + . . .+ b1s1x1s1 + ε1,

. . .

Yk = bk0 + bk1xk1 + bk2xk2 + . . .+ bkskxksk + εk.

Here εi is normal distributed random variables with mean E εi = 0 and variance Var(εi) = 1.
Besides, we can construct a multiple regression equation for initial sample and factors

Y = b0 + b1X1 + b2X2 + . . .+ bmXm + ε.
Then, we can submit the last regression equation as a mixture of previous regression equa-
tions

Y = p1Y1 + p2Y2 + . . .+ pkYk + ε.

Consider p1, which is the probability that the random variables from the sample Y1 depend
on x11, . . . , x1s1 . Thus, p1 → n1

n
as n → ∞. Similarly for others, pi → ni

n
. So, the mixture of

multiple regression equations has the next representation

Y =
n1

n
Y1 +

n2

n
Y2 + . . .+

nk

n
Yk + ε.

Let’s substitute the regression equations in mixture

Y = p1(b10 + b11x11 + b12x12 + . . .+ b1s1x1s1 + ε1) + . . .

. . .+ pk(bk0 + bk1xk1 + bk2xk2 + . . .+ bkskxksk + εk).

Denote b0 = p1b10 + p2b20 + . . .+ pkb0 and ε = p1ε1 + p2ε2 + . . .+ pkεk. Then, rearrange the
factor elements and obtain the multiple regression equations

Y = b0 + b1X1 + b2X2 + . . .+ bmXm + ε.

As the fact, we obtain such an elementary assertion.

Proposition 1. Let the sample Y = (Y1, Y2, . . . , Yn) are depend on X = (X1, X2, . . . , Xm)
and Yi = bi0+ bi1xi1+ bi2xi2+ . . .+ bisixisi +εi, where xij ∈ X, i ∈ {1, . . . , k}, j ∈ {1, . . . , sk}.
Then Y can be represented as a mixture of multiple regression equations

Y = p1Y1 + p2Y2 + . . .+ pkYk + ε,

where pi → ni

n
, i ∈ {1, . . . , k}, n → ∞ and ε ∼ N(0; 1)

Let us consider an example. А sample of 100 observations for profit modeling are given.
All observations are divided into three economic periods: Stable (50 observations), Crisis (30
observations), and Recovery (20 observations). Let’s consider 6 factors that affect profit in
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different economic periods: demand, price, inflation, costs, investment and subsidies. They
are denoted by X1, . . . , X6, respectively. In the Stable period, profit is mainly driven by
demand and price, reflecting a typical market equilibrium. For the Crisis period, inflation
and costs play a crucial role, showing how financial instability affects profitability. And in the
Recovery period, investment and subsidies become key, as external support and reinvestment
contribute to economic recovery. So, we have the most important factors for each period.
Then we present the data in a table, where each observation includes the following variables:
Period — The economic period in which the data was recorded (Stable, Crisis, or Recovery).

Factor 1 — The main factor of influence, which varies depending on the period. In the
stable period, it is demand (measured in units), in the crisis period — inflation. (percentage),
and in the recovery period — investment (monetary units).

Factor 2 — The secondary influencing factor, which also depends on the period. In the
stable period, it is price (monetary units per unit), in the crisis period — costs (monetary
units), and in the recovery period — subsidy (monetary units).

Profit — The resulting profit (monetary units), influenced by the two factors above.
A fragment of the table is given below:

Period Factor1 Factor1 Name Factor2 Factor2 Name Profit
Stable 98.49 Demand 29.46 Price 282.96
Stable 107.91 Demand 26.02 Price 292.38
Stable 103.98 Demand 27.43 Price 281.74
Stable 97.47 Demand 24.14 Price 235.71
Stable 111.94 Demand 21.62 Price 241.68
Crisis 10.42 Inflation 72.46 Costs 161.37
Crisis 12.31 Inflation 83.51 Costs 142.98
Crisis 11.54 Inflation 91.32 Costs 131.47
Crisis 6.85 Inflation 51.27 Costs 178.32
Crisis 15.24 Inflation 87.96 Costs 124.57

Recovery 45.68 Investment 7.12 Subsidy 50.47
Recovery 50.14 Investment 14.23 Subsidy 53.78
Recovery 73.65 Investment 5.87 Subsidy 74.92
Recovery 46.78 Investment 12.14 Subsidy 71.32
Recovery 39.21 Investment 13.65 Subsidy 58.94

Table 1: Profit

Then, we construct a regression equation for each of the periods. Here Y1 is “Profit” in
Stable, Y2 is “Profit” in Crisis, Y3 is “Profit” in Recovery After calculation, we obtain three
multiple regression equations with the corresponding coefficients of determination

Y1 = −240 + 2.7X1 + 9.45X2, R2 = 0, 9775,

Y2 = 239.45 + 0.096X2 − 1.586X3 − 0.97X4, R2 = 0, 987,

Y3 = 6.98− 0.024X4 + 0.94X5 + 0.11X6, R2 = 0, 995.

Then, we need to calculate probability

p1 =
50

100
= 0.5, p2 =

30

100
= 0.3, p3 =

20

100
= 0.2
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Now, we can construct the mixture of this regression equations

Y = p1Y1 + p2Y2 + p3Y3 = −46.78− 1.35X1 + 4.75X2 − 0.48X3 − 0.29X4 + 0.19X5 + 0.02X6.

Open Problems. In this article, mixture of multiple regression equations are considered.
But there are possible cases, when regression estimators are defined other methods then the
least squares method. In particular, the most powerful methods of regression shrinkage and
selection of estimators are the lasso method ([7–9]), the ridge estimation ([10]), the elastic
net ([11,12]). For these cases mixture of multiple regression equations are not considered yet.
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