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The paper considers the problem of approximating Lauricella-Saran’s hypergeometric func-
tions Fy(a1,ag,by,ba; a1, co; 21, 22, 23) by rational functions, which are approximants of bran-
ched continued fraction expansions — a special family functions. Under the conditions of positive
definite values of the elements of the expansions, the domain of analytic continuation of these
functions and their ratios is established. Here, the domain is an open connected set. It is also
proven that under the above conditions, every branched continued fraction expansion converges
to the function that is analytic in a given domain of analytic continuation at least as fast as a
geometric series with a ratio less then unity.

1. Introduction. Special family functions (such as Appell, Horn, Lauricella-Saran, and
other) have been the subject of study by both pure and applied mathematicians from their
inception to nowadays (|24, 25, 35]). The interest in these special functions is largely due to
their importance in applications in various fields of science and engineering ([14, 37]).

Their representations are of considerable matter for the computation of special functi-
ons. Recently, some interesting results have appeared on the representation of Appell’s func-
tions Fy ([1, 21]) and Fy (|28]), Horn’s functions Hs ([3]), Hs (|7], see also [16, 19, 20]), Hg
(I8, 15, 27]), and H7 (|4, 29, 30]), Lauricella-Saran’s functions Fy ([2, 17]) and Fs ([33]),
generalization of hypergeometric functions 3F; ([6]) and 4F3 (|32]), confluent hypergeometric
function <I>§DN) ([5]), and other (|22, 23, 34]) as branched continued fractions (a rather intri-
guing special family of functions).

The Lauricella-Saran’s hypergeometric functions Fy; (|31, 36]) are defined by

+oo b d
a @ r r Z1R9%

Fy(ar, ag, Br, B2 71,72, 2) = E (1)p(@2)grr(B1)prr(Ba)g 1' 2‘ '3’ )
P.g;r=0 (71)p(72) g+ plg'r!

where aq, a2, 61, 82,71,7%2 € C, 71,7% € {0,—1,-2,...}, 2 = (21,22, 23) € C*, (-); is the
Pochhammer symbol.
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Let J ={1,2} and for k > 1
I = {i(k) = (io, 41,02, .. .,0): i €J, 0 <7 < k}.
The following result directly follows from Theorem 3.1 (|33]).
Theorem 1. For each iy € J the function

FM(O% a, B, B2; a1, Y23 Z)
(1 =04 z1)Fular, a0 + 1,80 404, Ba + 07 01,72 + 152)

(2)

where aq, oo, b1, B2, 72 € C, ag, v & {0,—1,—-2,...}, and 517 is the Kronecker symbol, has
a formal branched continued fraction

Gio (Z) + Z pzél)(z) : (3)
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where
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qz'o(z) =1-

and fori(k) € Jp and k > 1
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This study delves the convergence problem of branched continued fractions (3), which, in
turn, provides, in particular, the domains of extension of functions (2). In [24] one can find
analytical extensions of the Lauricella-Saran’s hypergeometric functions F); through their
integral representations. Some results on the convergence of various branched continued
fractions can be found in [9, 12| (see also [10, 11, 26]).

2. Convergence and analytic continuation. The following result is true.

Theorem 2. Let oy be complex number herewith oy ¢ {0,—1,—2,...} and «s, p1, P2, and
o real numbers such that

O<aa+1<v, aa+B1+B+1<27, 0< By, Bi+85#0, Biy <, i0€J.  (7)

Then, for each iy € J, the following statements are true:
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(a) the branched continued fraction (3) converges to a finite value g(©)(z) for each z € D,,
where
zZ3 1— n

D, =3zcR3 2, <1,0< <
" {Z “ =12 " 2

1_
,ogzng"}, 0<n<1; (8

(b) the convergence is uniformly on every compact subset of the domain Int(®,), and
g (z) is analytic on Int(D,));

(c) if gffO)(z) denotes the nth approximant of (3), then for each z € ®,

199(2) — ¢ (2)] < i () .
0= 20(@)((1 - 2@ 1 p(@)"

where

V@%:mm{lfm,@}, (9)
e =2 (1

_1—21

)+@u_@y (10)

1—21

(d) the function ¢\")(z) is an analytic continuation of the function (2) in the domain
Int(®D,)).

Let us set (see [13])

Q\)\(2) = Gy (2), i(n) € Jn, n > 1, (11)
and
2
o Pitk+1)(2)
Qz('(k))(z) = ik (z) + Z - (k+1) ; " 7
ik+1:1 l(k+2)
Gk (2) + >
; i z) +
oy Gien(2) (@)
i1 ditm) ()
where i(k) € Ji, 1 <k <n—1,n>2. Then
() =~ pien)(2)
Qi (2) = qiwy(2) + Z EatladAlay 12)

(n)
ipr1=1 Qi(k+1)(z)

where i(k) € Jx, 1 <k <n—1,n > 2, and the approximants of (3) are written as

2
pi(1)(2)
11=1 Qg?l)) (Z)

Proof of Theorem 2. Let ig be an arbitrary index in J.

(a) To prove this statement, we will use the method of establishing the truncation error
bounds from Theorem 1 ([6]). Let z be an arbitrary fixed point in (8). It is obvious that
under conditions (7), the elements (5) are nonnegative.

9 (2) = giy(2) +
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Let us evaluate (6). Using (7) and (8), for any i(k) € Jx, k > 1, we obtain

k-1 k-1
art By Hh+ Y O+ 1 Bsip + Y 00"
i (z) > 1 — r=0 v(z) — r= v(z) =
Gk (2) > — (2) p—— ()
2k +1
:1—0424_61+62+ i v(z) >1—2v(z) >n.
Yo+ k
Here we used that
e S
e S -
r=0 r=0
for any i(k) € Ji, k > 1.
Thus,
Qi) (2) = iy (2) = 1—20(z) = >0, i(k) €Jp, 1<k <n, n>1 (13)

Next, let us evaluate |gnlf’r)k( ) — g¥)(z)| for n > 1 and k > 1. To do this, we will
use the well-known formula for the difference of two approximants of a branched continued

fraction ([13]), and write it in the form

gl (z) — gl (z) =
[(n+1)/2] [n/2]

ZZ Z pz(l) z) H Pi2r)(2) H Pi2r+1)(2)

i1=lis=1  ipp1=1 2(1) (z) ;o Qz(Qr 1)( )Q%)r( ) 7o Ql(gr)( z)Q); q§T+1)(Z)

whereg=n—+k,p=n,ifn=2s,andg=n,p=n+k,ifn=2s—1, s > 1.
Using (11)—(13), for any m > 1 we have

and for any i(k) € Ji, 1 <k <m,

2 2
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Next again, for any i(k) € Jx, K > 1, by (5), (7) and (8) we obtain

2 o (@2 FF) <5Zk +Z(SM>
1—622)?
Zpi(k) (z) = Z 0 )

24,%(1 — 51’11(21 — 24,%)

= = (etk-1D(e+k) (1—2)? B
1 — 5 2’1 Z4—ik,(1 — 511k2’1 — Z4—ik) zZ3 zZ3
= 1-— 1-— = .
- Zl (1 — 21)2 1-— 1 1-— 1 + 22( 22) M(Z)
23
Thus,

pr(z)

(1 =2v(2))((1 = 2v(2))? + p(z))"

Therefore, due to the arbitrariness of £ and given that for arbitrary fixed z € ®,,

pr(z)
(1= 2v(2))((1 = 2v(2))* + pu(2))"

1989 (z) — gl ()| < n>1k>1.  (14)

—0 as n — 4oo,

it follows (a).
(b) Let £ be an arbitrary compact subset of Int(®,,). Then, using (8)—(10) and (13), from
(14) for n > 1 and k& > 1 we have

(1 _ n2)n+1 (1 _ n2)n+1
nm?+1—n>r n

1649) (2) — gl (z)] <

for all z € £. Next, if ¢ and p are arbitrary integer numbers such that ¢ > 1 and p >n > 1,
then, for all z € £,

9p52(2) = 957 (2)] < 19,74 (2) — 95 (2)] + |9 (2) — 91 (2)].

Therefore, due to
(1—n2)n+!
n

—0 as n— +oo,

it follows (b).
(c) follows from (14) if we pass to the limit as k — +oc.
(d) Here we will use the PF method (|2, 5]). It known that the series (1) converges in the
domain (see, [36])
D.r=1{z2€C || <k, |2l <1, |z <1}

where x and 7 are positive numbers such that x + 7 = 1. In addition, it is clear that
Fy(a, as, a1, fo;11,72;0) = Fy(ar, ao + 1, 81 + 65, B + 67 51,72 + 1;0) = 1.
Therefore, there exists 0 < € < 1 such that function (2) is analytic in domain

QI{”T9777€ =

1-— 1— 2
:{z€R3:O<Z1<€min{KJ,77}, 0<Zz<¥, O<zg<€min{7,( 477) }},
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and D, ;5. C (Dyr NInt(D,)), in particular, D, -, 1/2 C (Dy,r N Int(D,)).
Let z be an arbitrary fixed point in ®,, ., .. Then it is obvious that the elements (4)-(6)
are positive. This means that (see, |2, 13])

95 (z) < g4, (2) < g8\ (2) < gy \(2), n>1,

which in turn means that the sequences of even and odd approximants of (3) converge to a
finite value g()(z). It should be note that this system of inequalities expresses the so-called
property of fork for branched continued fractions.

Next, we will consider

n>1

)

FM(Oél,OézaﬁlaB%Oél;%; ) o (io)(z>

(1-— 6}021)FM(041, as + 1,81 + 5}0,52 + 02 1,72 + 1;2) In
where (see [33])

10"

Far(aq, ag, By, Beyan,72:2)
(1 =0 21) Far(an, ag + 1, By + 03, B2 + 07 5 a1, 72 + 15 2)
2
Pi)(2)
- q’i()(Z) + Z 2 ( ) )
Pi2)\Z
Gi(1)(z) + Z
pz(nJrl) Z

in+1=1 “i(n+1) <Z>

i1=1

and, for i(n+1) € Jpi1, n > 1,

Fy <@1,042+”+1’51+Z5}T,52+Z(5¢2T;041,72+”+1;Z>

(n+1) r=0 r=0
Gz n—i—l)( ) n+1 n+1 ’
(1=6;,,,21)Fu <041,042 +n+25 +Z(5¢17.732 +Z52~2,.;041,72 +n+2;z)
r=0 r=0
Let
? Pi(k+1)(2)
n+1 i(k+1
Gl (@) = qi(2) + ; (@) :
1= (k42
S Gy (2) + (E+2)
M (k+2)(2) + 2
k+2 - Z Di n+1) Z
n+1
in+1=1 Gz n+1)<z)
where i(k) € Jr, 1 <k <n,n > 1. Then
Z Z . ~
GOV (z) = ) + Z D) k) e dp 1<k <n n> 1. (15)

Jrl
lk+1 1 ?k+1) (Z)

It is obvious that Qg?k)) (z) # 0 and Gg?k))(z) # 0 for all indices and for all z € ®,, ;...
Then, using (11), (12), (15), and the above-mentioned formula for the difference of two
approximants of the branched continued fraction ([13]), for n > 1 we obtain

oy (on, o, Br, Bos a1, 723 2) g(zo)( ) =
(1—=0fz1)Fula, a0+ 1,80+ 0, 8o + 02 00,72 + 152) 7"

7,07
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n+1

2 2 2 Hpi(”(z)
= (1) RZZ Z n+l =

i1=142=1 iny1=1 H G(EH—l) ﬁ Q o
r=1

r=1

Therefore, for all z € ©,, -, . we have

i Fy(aq, as, B, Pa; aq, o; i
A0 < T et L o Rt e <A 120
Since by the property of fork for all z € ©, ;.
Jdim g3 (z) = Tim g (2) = 9 (),
then also for all z € D, .,
g(i0)<z) _ FM(Oél, gz, B1, Bo; a1, Y25 2 )
(1- (52'1051)FM(CV17 as+ 1,58 + 510, Ba + 510, ap, o+ 1;2)
Finally, applying Theorem 2 ([2]) gives (d). O

When oy = ; = 0 and 75 is replaced by 75 — 1, from Theorem 2 we have the following:

Corollary 1. If iy = 1, a; be complex number herewith oy ¢ {0, —1,—2,...}, B2 and 72 be
real numbers such that 0 < By < v — 1 and 5 > 2, then the following statements are true:

(a) the branched continued fraction

5 (16)

Pi(1)(2)
Qi0<z) + Z 2 p( )(Z>
=1 i(2
_|._ P S S
@2::1 Gi(2)(z)+

converges to a finite value g\")(z) for each ® n» Where

Bip +1(1 - 51'2021)24in B Ba—iy (1= 53021)21+¢0
’72—1 1—2’1 ’)/2—1 1—2’1

qz'o(z) =1-

and for i(k) € J, and k> 1

Bi, + 6”“
it (2) = ( Z (1— 51'2k21)224_¢,€(1 — 5},621 -z i)
i(k) (2+k’—2)(2+k—1) 1—21 5
5%*’””2‘5% B3 uﬁ#Zglk
r=0 (1— 5,-2k21)24_¢k
Qi) (2) = 1 — _

72"‘]{?—]. ].—21 72"‘]{?—1 1—21
herewith $; = 0, and ®,, is defined by (8);

1
(1—0;,21)214i,
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(b) the convergence is uniformly on every compact subset of (8) to the function g(i®)(z)
analytic in Int(®,);

(c) if gT(fO)(z) denotes the nth approximant of (16), then for each z € D,

' (z)
(1— v(2)3(1 — 2v(2))2 + pu(z))" 1’ n =1,

where v(z) and p(z) are defined by (9) and (10), respectively;

19%)(2) — 91 (2)| <

(d) the function g")(z) is an analytic continuation of the function

(1 = 21) Far(en, 1,1, Ba; cn, 723 2)
in the domain Int(®,)).

It should be note that the similar consequence is also true if 7o = 2, ap = B3 = 0, and
72 is replaced by 75 — 1. In Theorem 2 and Corollary 1, statements (a) and (c) are also
true without the condition z; < 1 in (8). The validity of (b) and (d) for complex z will be
considered in the next paper.

Example 1. From Example 3.1 in [33| we have

1— 2 —
In S :<@— Z3)(L—@MMOJJJJJ@):

(1—21)(1—22) 1—21
<3
Z9 —
1 Z3 1— z3 1
zZ3 21—21( 1—21) 522(1-22)
1—22— + +

-2 1—12 _3_ = + 1—§z _1_z
27 21—z . 27 21—

By Corollary 1, the branched continued fraction (17) converges and represents a single-valued
branch of the function

1-— 21 — R3
(1 — Zl)(l — 22)
in the domain ¥, =, NR, where D, is defined by (8) and

In

R={zcR% (1 -2 —2z)(1—2)(1—2z) >0}
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