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Symmetric polynomials are objects of study in classical invariant theory. A generalizati-
on of symmetric polynomials is represented by block-symmetric polynomials, also known as
MacMahon polynomials in classical theory. To study algebras of symmetric and block-symmet-
ric polynomials, it is necessary to describe algebraic bases for these algebras.

This paper investigates the structure and properties of block-symmetric and block-super-
symmetric polynomials in Banach spaces. The study extends classical results on symmetric
polynomials to infinite-dimensional settings, particularly in sequence spaces such as £,(C?),
where 1 < p < oo, and in spaces of two-sided absolutely summing series of vectors in C* for
some positive integer s > 1. In this paper, we derive analogs of the Waring-Girard formulas for
block-symmetric and block-supersymmetric polynomials.

Moreover, the paper discusses combinatorial implications, including new identities obtai-
ned by evaluating polynomials at specific points. The finite-dimensional case is also consi-
dered, highlighting algebraic dependencies between supersymmetric and non-supersymmetric
generators. These findings contribute to the broader understanding of symmetric structures in
mathematical analysis and quantum physics. The results further open avenues for applications
in cryptography and functional analysis.

1. Introduction. Symmetric functions on finite-dimensional vector spaces are fundamental
objects in combinatorics and classical invariant theory (see, e.g., [18,24]). The study of
symmetric polynomials in infinite-dimensional spaces was initiated by Nemirovski and
Semenov in [20]. In particular, they constructed algebraic bases for algebras of symmetric
real-valued polynomials on the Banach spaces £, and L,[0, 1] for 1 < p < oo. These results
were later extended in 7] to separable sequence Banach spaces with symmetric bases, as well
as to separable rearrangement-invariant Banach spaces. Algebraic basis plays a crucial role
in the problem of description of spectra of algebras generated by polynomials (|[3,4,22,23]).

Block-symmetric polynomials, also known as MacMahon polynomials, are a natural
extension of symmetric polynomials and can be interpreted as symmetric polynomials on
vector-sequence linear spaces. Their combinatorial properties are discussed in [21]. An alge-
braic basis for the algebra of all symmetric continuous complex-valued polynomials on the
Cartesian power of the complex Banach space ¢, for a fixed 1 < p < oo was constructed
in [14]. The algebras of symmetric continuous polynomials on Cartesian products £, X - - x £,
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for different values of py,...,ps were studied in [1|. Certain generalizations of Newton’s
formulas for algebraic bases of block-symmetric polynomials were derived in [10,13].

In [9], Jawad and Zagorodnyuk examined supersymmetric polynomials and analytic
functions on the space ¢1(Zg) which consists of absolutely summable sequences (z,,), where
n € Zy = Z \ 0. Further generalizations of supersymmetric polynomials to more general
sequence spaces were considered in [2]. Applications of algebraic bases of supersymmetric
polynomials to models of ideal gases in quantum physics were proposed in [5]. Additionally,
supersymmetric polynomials over finite fields and their applications in cryptography were
explored in [6].

The work in [11] examined polynomial algebras that are both block- and supersymmetric
in infinite-dimensional Banach spaces of absolutely summable sequences of vectors in C®.
Algebraic bases for such algebras were developed, and Newton-type relations linking different
bases were established in [11].

This paper introduces analogs of Waring-Girard formulas for block-symmetric polynomi-
als in the spaces ¢;(C?) and ¢,(C®) for p > 1 and for block-supersymmetric polynomials.

1.1. Symmetric polynomials. Let X be a complex Banach space and let Sy be the semi-
group of all permutations of the natural numbers N. A function f on X is called symmetric
if it remains unchanged under any permutation from Sy, meaning that for every o € Sy,
f(w1,20,...) = f(Zo), Tog2), - - -)
for each o € Sy. The algebra of all continuous symmetric polynomials on X is denoted by
Ps(X).
It is known that the polynomials

Fi(z) = Zxﬁ, keN
n=1
form an algebraic basis in the algebra Ps(¢;) ([7]). That is, for any polynomials P € Pg(¢;)
there exists a unique polynomial Q(t4,...,t,) in several complex variables such that P(z) =
Q(Fi(x),..., Fy,(x)). Polynomials Fj, are known as power symmetric polynomials. The alge-
braic basis is not unique, and we also consider the following alternative bases in Py(¢1): the
elementary symmetric polynomial basis, given by

Gn(z) = Z Ty X,

’il <<’Ln
and the complete symmetric polynomial basis, defined as

H,(x) = Z Ty X,
These bases are connected through the well-known Newton identities:

n

nGn =Y (-1 'GuyFr, neN, (1)
k=1
nH, =Y H, F, neN. (2)
k=1

Let Z, denote the set of all nonnegative integers, Z — the set of all vectors A =
(A1, ..., An), where \; € Z,. We will use standard notations |[A|; = A; + 2\ + ... + nA,,
A = M+ X+ A, A= NN FA = BN EM Let we denote by
1222 ot = 22 for 2, = (1,2,...,n). It is well known that elementary and complete
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symmetric polynomials can be expressed in terms of power symmetric polynomials using the
Waring-Girard formulas (see, e.g., [19], pp. 6-7):

I ®)

and
77 Z 1 oA
o w

[Al1=n
where A € Z7.
Let we denote by 2z, = (0, ---1n), Apn = (Aps o5 M), [Mpnlt =P+ .o+ 0, [ M| =
Mo F oot A, 20 = Al = A AL Fan = (Fyy ..., Fy) and Fpnt =
(F)* ... (F,)*. In [8], the Waring-Girard formulas were extended to the Banach space

Cp,p>1:
_ 1\t Apnl
G(p) — E L p,n
n )\p,n)\ ‘ p,n
Ppmli=n “Pn pan
and )
HY = ) S
Ap.m|1=n P10 )‘pm'

where G® and HY are elementary and complete symmetric polynomials on ¢,,.

1.2. Block-symmetric polynomials. We denote by ¢,(C*) = (,(N,C*), 1 < p < oo the
linear space of all sequences

T = (T1,Ta,...,Tj,...), (4)

.,:vg-s)) € C* for j € N, and the series > >

j=1r=1

such that z; = (:U;l), .

[P
xr j converges.

Vectors x; in (4) are referred to as the vector coordinates of x. The linear space £,(C?)

endowed with the norm y
[e’e) S p
r p
= (3]
j=1 r=1

(r)
$]

is a Banach space. A polynomial P on the space ¢,(C?) is called block-symmetric (or vector-
symmetric) if:

P(:L‘l,xg, ey Ty e s ) = P(wg(l), Ls(2)y s Lo(m)y - - )
for every permutation o € Sy and z,, € C°. We denote by Pys(¢,(C?)) the algebra of all
block-symmetric polynomials on ¢,(C?).

More information about algebra Pys(¢,(C?)) can be found in [1,14,16] and in references
therein. Note that in combinatorics, block-symmetric polynomials on finite-dimension spaces
are known as MacMahon symmetric polynomials (see [21]).

Throughout this paper, we consider multi-indexes k = (k1, ks, . . ., ks) with non-negative
integer components k1, ks, . .. , ks and we will use the standard notations |k| = ki +ko+- - -+ks,
and k! = k’ﬂkfg' e k’s'

According to polynomials ([14])

Hk(x) _ Hkl,kz,...,ks<x) _ Z H (xgr))m

=1 r

<
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form an algebraic basis in Pys(¢,(C?)), 1 < p < 0o, where z = (21, ..., 2y, ...) are in £,(C?),
T = (175-1), e 58)) € C* and [p] is a ceiling of p. According to [21], these polynomials are
known as The Power Sum MacMahon Symmetric Functions.
In the case of the space ¢1(C?) there exist another important algebraic basis (see [17,21,
24)):
Re(x) = Rbte(a) = 3 [Ta8) .
i< <ch Jj= kj (5>
1<5<s’
In [21] these polynomials are referred to as the Elementary MacMahon Symmetric Functions.
Let H(z)(t) and R(x)(t) be the generating functions for H¥(x) and R¥(x) according

(see [21]) o
NI
k|=1 i=1
= > J]tR4), R°=1.
Ik|=0 i=1

As shown in [17] and [21],
R@0 = 3 [Tl = [0+ e+ o)
Furthermore, from [21], another algebraic basis of homogeneous polynomials E*(z) is

derived from the generatmg function
[e.9]

ki K (o 1 0
0= LI -l
These polynomials are known as the Complete Homogeneous MacMahon Symmetric Func-
tions.

Conversely, each polynomial F,(t;z™M +t,0® +- .- +t,2)) and G, (L2 +tex® +- -+
ts2(*)) can be expressed as a linear combination of block-symmetric polynomials H*(z) and
RX(x), respectively. This follows directly from explicit calculations,

Go(tizW 4+ tox® + - 2l Z thithe ks RY (1) (6)

and =
Fu(tix™ 4+ ta® + o t2l)) = > “li—l!t’flt’g"’ - ths HY(2), (7)

where z = (2, ..., 2(¥). e

Let w be the isomorphism of Py (¢1(C*)) to itself defined so that w(H¥) = (—1)kl+1 fk
for every multi-index k. In other words, if P € Py(¢1(C?)) is of the form
P(z) = Q(H*, H™,... ,H),
where () is a polynomial in several variables, then
w(P)(x) = Q(w(H ), w(H™),...,w(H")).

The following proposition, proved in [11], establishes an important property of w.

Proposition 1. For every multi-index k,
w(R¥) = E* and w(E*)= Rk
For given multi-indexes k and q we denote by k — q = (k1 — q1, k2 — q2, ..., ks — ¢5). In

addition, we write k > q whenever k; > ¢, ko > qo, ..., ks > ¢s. From [10, 13] follows the
following generalization of Newton’s formula (1)
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K|
- lal -
nRE = (=171 > —!Hqu q,
7=1 la|=7, k>a
In [11], the following generalization of Newton’s formula (2) was proved

k|

Z Z |Q|Hquq

J=1la|=j, k>q
Let we denote by q™ = (¢*, 45", . .., ¢)") — multi-index with non-negative integer entries

",y A = g gl M = Mgy - gl

= =3 T =3 Y e

lq?|=i =19’ |=j J=p |9i|=j

In [12| was proved next analogues of Waring-Girard formulas for the block-symmetric poly-
nomials on the space ¢;(C?).

Theorem 1. For every \ € Zi,/\? €Zi,i€{l,...,n}, k= (ki,k2),qd" = (¢}, %) € Z% we

have A
n-|A S '
Rk (—1)n+ H H 1. <qu> i
Z 2z Z AT
[Ali=n A9 [l1=x;, 1<i<n =1 la’[=i v
[xar|l2=ky, r=1,2
and

P OE NPV 1§ ()" L ()

— n
Ar=n a2y, 1<i<n = all=
IAar o= kT, r=12

In the case of the spaces £,(C?), where p is positive integer, analogs of the Waring-Girard
formulas were proven in [12].

-1 n+{Ap,n| | | 1 i )\?i
Riy= > % ) HH (|3’) o (Hq> '

I)\p,n|1:n p;n HAqilllf 27 pSZSTL =1 ‘q |_’L
A ll2=Fr, r=1,2

and

i

1 ! 1o
B- Y Ly IT(9) 5 )

‘)\p,nh:n p;n ”)‘q Hl “ p<Z<’I’LZ 1 ‘q |_7,
IART lo=kKr, T=1,2

1.3. Block-supersymmetric polynomials. In [11]| was studied algebra of block-supersym-
metric polynomials. Let us denote by ¢1(C3,) the space of sequences

2= (i 2y 21y Pl ey 2y ) = (W) = (o Yy YT T, )

o0 o0 S )
el = > Mzl = >0 > 127,

i=—00 i=—o00 j=1

with

where both = = (z1,...,2,,...) and y = (Y1, -, Yn,...) are in £,(C?), z; = (:l?l(-l),... :v(-s))
and y; = (yfl), e ,yfs)) are in C® with z, = z,,, 2, =y, for n e N.

Let us consider the next polynomials on ¢;(C3,):
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T*(z) = H*() Z H () Z H = (kn,....ky).

k|>1 k|>1

A polynomial P on £,(C3, ) is calle|d| block—supersymgztatmc if it is an algebraic combina-
tion of polynomials {Tk}T:‘:1 . We denote by Pysyp the algebra of all block-supersymmetric
polynomials on £1(C3,).

In [11] was proved that polynomials 7% form an algebraic basis in Pyg,p, and that

W™ (ylz) = ZRk VE* ¥(—y), n=(ng,...,n,).
k<n

form other algebraic basis on ¢;(C3, ).

Let us denote by A an algebraic isomorphism from Pys = Pys(£1(C?)) to Pysyp such that
A: H ——T% k= (ky,..., k). Note that A(R¥) = Wk,

From [11] follows Newton-type formulas for block-supersymmetric polynomials
k|

and
. 7=1|a|=j, k>2q
where Wk = A(Ek).

2. Main results.
2.1. Analogues of Waring-Girard formulas for the block-symmetric polynomials
on the space ¢;(C?). In a similar way as in [8] we obtain next theorem

Theorem 2. For every \;, )\ kjqp € Zy,ie{l,... n},je{l,... s} we have

Ol 1 ) AP

_ n _
IAli=n IAD 1=As, 1<i<n =1 |¢']=i
1 =y 1<r<s

and

i

DI TS HHﬂ@ﬂ‘@V- ©

i=n " 3’ =, 1<i<n ==
IAar [z=ky, 1<r<s

Proof. From formulas (6) and (7) we have that
&l o qn n n
Fo(tiz™ + a® + .+ t2) = Y ’gnl'ﬁ’l A HY (2, 2, .., xy)

la™|=n

and
Go(tizW +tor® + . 4t Z thithe R RM(xy, a0, ... 1), (10)
|k|=n

From direct calculations we obtain

"l

n ' n n >\n
(Fu(tiz® + 1,2 + . 4 ta@))™ = ( > a”l! (% et g (xl,xg,...,:ics)> -

la™[=n
n n
> )\?1 > q?)‘g )\ |

- & n|| A "
= Y 4" e T I1 (‘Z"U (He)Y™ . (1)

[Aan |1 =X la™|=n

la™|=n
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If we put (10) and (11) to the formula (3) we obtain

Z gk gk RK( = Z (—1)m+
1 2 e by $1,.’L'2,...,$s —_— Z%\)\'
|k‘:n |)\\1:n
X (Fl(tlx(l) + ...+ tsx(s))))\l X ... X (Fn(tlx(l) o+ tsx(s))))‘"
12: q%Aclll 12: q;)‘?l Y | |q1|‘
X( Z tllq - T - q' H ( 11.
I = [T A g V4
lg'=1
Z Qf/\zn Z qsAn )\ | nl| A
l[a™|=n [q™|=n n-. |q |
x( Z fla ] T H (qnl )
H/\qn“l:/\n 1 n ‘qn|:n .
\q |=n
n+\)\|
- Z Z’\)\'
[Al1=n
il\ | aN iy WA 1 (|q'|!
r=1|q"|=r r=1|q"|=r ' .
<30 ] [T TT o (15
A [l =i =1 |qi|=i 7
1<i<n
n+\)\| |
Z Z [A9tllzyflags H H <|q !
= t -ty =
q’ di
M1=n & A9 [ =X i=1q|=i A
1<i<n

If equate multipliers at the all powers of ¢;,1 < ¢ < s we obtain the required formula (8).
By applying the isomorphism w to Equation (8), we have

E*=w(R) = )

[Al1=n

(=1

> I

X

X1 =

> I

1<i<n =1 l¢'|=i

A,

[[ADT||o= k, , 1<r<s

_ n
Al1=n A =N, 1<i<n =1 |¢']=i
[IA9r|l2=FK,, 1<r<s

—1)ntHAl
-5 Y

— n i
|/\|1_n H)\q l1=Xs,

( 1)2)\14-3)\2—!- A (n+1)A, H H

1<i<n =1 q'|=

(IAA [|2=kr, 1<r<s

(— 1)L +21

b

:y|"

> 11

n

(qu

A (1=, 1<i<n =L lg']=i
(IAA7||2=k;, 1<r<s

> I

noT A =N, 1<i<n S IE=

[[ADT||2= kr, 1<r<s

1
pYs

7

)\q

)

1

[

(3

Z

Iq !
)\q

i

(_1)\qil>\?i <Hqi)/\i _

i

)\q

)" )"

qi

i

(‘qzll) (Hq)A _

()’
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Formula (3) is useful in combinatorics. It is well-known combinatorial identity

—1)ntHIAl
> o
Zp Al
Ai=n "
It can be obtained if we compute G,(e;) using (3), where e; = (1,0,0,...). In [12] we

obtained some new combinatorial identity

i

Oy I (M) e

|Al1=n " IAD 1 =0, 1<i<n =L l']=i
A" o=k =12
In the case ¢1(C*) let e; = (1,0,...,0,...), where 1 = (1,...,1) and 0 = (0,...,0). Then
—— ——

S S
HX(e;) =1 and R¥(e;) = 0. By the similar way we obtain next combinatorial identity

L

S LS Y (%) -

— n
Ali=n IAQ [[1=N;, 1<i<n =1 1a']=
[[AAT ||o=ky, 1<r<s

2.2. Analogues of Waring-Girard formulas for the block-symmetric polynomials
on the space /,(C?). In the case of spaces £,(C?), where p is positive integer numbers we
can obtain analog of the Waring-Girard formulas. If p is not integer, then we can take [p]
instead of p.

Proposition 2. For every )\Z,)\ ki g, €Ly, i €{p,...,n},j€{1,... s} we have

1

k (=1)"+Aen % \' o A%
e X SOy () et
IAp,nl1=n P ||,\q l1=X;, p<i<n =P l@'|=i

AL lo=kyr, 1<r<s
and

Be Y = Y TH(9) )"

[Ap,n|1=n “PT ||>\q l1=Ai, p<i<n ® =P |qt|=i
H>‘ 7LH2 kr, 1<r<s

Proof. 1f we put F; =0, for all 1 <1i < p to the formulas (12) we obtain

—1 n+|Ap,n|
>tk RNy, ) =Y (/\)—,X
|k|=n [Ap,nl1=n pn )\p,n‘
(1) (s) )\p (1) (S) An (—1)n+|>\p,n|
x (Fp(tix® 4 ) oo (Bt o 82 @) = Y Doy 1
[Apnli=n “P" 7P

> g S oany sy A .
x( Z = Lt H (|qp!.) (qu)A;l ) X ... %
IT » q’!

(B FESN lqP|=p la?|=p
z q?Ag z Q’g A% )\ | | n | | >\’IL q
« ( Z th"lzn t\q"\:n n: H q | (an))\n _
1 o .. S n —_
)\q qnl
H>\qn|‘1:>\qn |q,,],;‘[:n n |qn‘:n

3 (—1):::"’” b tuxzauzn = v ( | )Ai <Hqi)k?i.

z
[Ap,nli=n b A9 1 =M\;, p<i<n =p |¢*|=i




218 V. V. KRAVTSIV, P. Y. DOLISHNIAK, R. Y. STAKHIV

If equate multipliers at the all powers of ¢;,1 < i < s we obtain the required formula (13).
By applying the isomorphism w to equation (13) as in Theorem 2 we obtain (14). O

2.3. Analogues of Waring-Girard formulas for the block-supersymmetric poly-
nomials on the space ¢,(C5, ). To obtain some Waring-Girard formulas for block-supersym-
metric polynomials, we have to apply the isomorphism A to corresponding Waring-Girard
formulas for block-symmetric polynomials. Applying A to (8) and (9), we obtain

woam - 3 U () ) -

— n
A1=n 1A 1=, 1<i<n =L lal=
IAar|la=ky, 1<r<s

n A s
S s () )
n )\q i)
Ar=n H/\q l1=Xs, 1<i<n =1lg|=i
AT ||a=k,, 1<r<s
and 1 “ .
—~ . 1 i i
meear= Y Y I () (o)™
Pr=n ”)\q [[1=Xi, 1<i<n i=1 lg?|=1

[A9r|l2=ky, 1<r<s

Loy () )

M=n et =, 1<i<n S
X" [a=kr 1<r<s

2.4. The finite dimensional case for block-supersymmetric polynomials. Let us
denote by (ﬁl(C%))m the finite-dimensional Banach space of all sequences
2= (Zomy - 2-1l21, oo 2m) = (YT) = Yo - Y1]T1, -, Tn)

and Py, — the algebra of block-supersymmetric polynomials on the (61( %O))m. Clearly,
(44(Cs, 0))m is a subspace of ¢1(C$,). The number of homogeneous polynomials T* for
|k| < 2m and 2ms independent variables is given by

i”: I+1D)(1+2)...(I+s—1)

— (s —1)! '
The set of generators consists of supersymmetric polynomials and block-supersymmetric
polynomials that are not supersymmetric. The number of supersymmetric polynomials 7%
in (El(C%O))m is equal to 2ms. These supersymmetric polynomials are algebraically indepen-
dent. The other elements of the system generators are block-supersymmetric but not super-
symmetric polynomials. We say that a system 705, of generating elements in P, is
reasonable if it contains 2ms algebraically independent supersymmetric polynomials.

Thus, the system of generators consisting of the restrictions of T% to (¢, ((C%O))m must

have at least

L+ 1) + 2) l+s—-1
v Z 2 1)( )
algebraic dependencies. The same is true if we take another algebraic basis instead of T%.
It is known [11] in the case (¢1(C%,)), with vectors
()
e

— 2sm

1

xTr) = X = ygl)
(ylz) = (y1|z1) = (( yf) )

the following identities holds
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616 — 56— 266 =0,

1 1 2 2 1 1
where 7020 = z{) — 4V 2(2)51, T(O’l(l): o~y = 527(3(2(’2 = (%’1% )222)— Wi")? = &,
7O = (lﬁ )2 - (yl )2 =&, T = Tywy =y Yy =6,

and
WsWio — w%w4 — wgwg =0,
where WO i Sy, = WOU i < yi? < W= sl e 007 =
WO = —27y” + (7)) = wa, WD =2y y” — 2y y” — a7y = ws
The following theorem demonstrates algebraic dependencies between generating elements

of P™

vsup"*

Theorem 3. Let 773, be a reasonable system of the generating elements of Py, . Then for
every nonsupersymmetric polynomial ¢ in 7y, there exist supersymmetric polynomials by,
such that

" DT e (=)D g e g1 (1) e = 0,

where r is the number of nonzero elements k;,i = 1,...,s in the multi-index k.

'rfl_l

Proof. In [15], a method for determining algebraic dependencies in a reasonable system
of polynomial generators is presented. It was proven that for every block-symmetric but
nonsymmetric polynomial £ in a reasonable system of the form (5), there exist symmetric
polynomials a; such that

g —a T e ()T e a4 (=)™ gy =0, (15)

where r is the number of nonzero elements k;,7 = 1,...,s in the multi-index k. Applying
the isomorphism A to identity (15), we obtain

r—1

A = Aa) )™ T+ (=)™ T A (g1 ) AE) + (= 1) ™ A1)

= T L (=) e 41 4 (= 1) e = 0,

where 1p = A(§) is block-supersymmetric but nonsupersymmetric polynomials and b, =
A(ay) are the supersymmetric polynomials. O
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