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In the paper we apply free products of topological groups for investigating the M-equivalence
of Tychonoff spaces which are infinite disjoint sums of its subspaces. The main result is the
following: Let X = %Xi and for every ¢ € N there exists a topological group G; such

i=1
that F(X;4+1) is topologically isomorphic to the free product F(X;) and G’ Let {ny}32, be
an increasing sequence of the natural numbers and let X = EB Xnk Then X X X. This theorem
give us many examples of topological spaces with topologlcally isomorphic free topological
groups.

We use obtained results for constructing M-equivalent pairs and M-equivalent bundles of
such spaces.

1. Notations. All the spaces in the paper are assumed to be Tychonoff. Let {G;: ¢ € I}
be a family of topological groups. Then a topological group F' is said to be a free topological
product of {G;: i € I}, denoted by ‘*IGi if

1€

1) for each i € I G; is a subgroup in F}
2) F is generated by 'UIGi;
1€

3) for every family {f;: G; — H: i € I} of continuous homomorphisms to a topological
group H there exists a unique continuous homomorphism f: F' — H such that f [¢,= f.
In particular, for finite number of topological groups G1,Gs,...,G, their free product is
denoted by Gy * Gg % - - - x G,,.

For a topological space X denote by F(X) the free topological group on X in Markov
sense. For a topological space X we denote by X the space obtained from X by adding one
isolated point. A subspace Y of a topological space X is called a G-retract of the topological
space X if any continuous mapping f: Y — H from a topological space Y into a topological
group H admits a continuous extension on X.

Topological spaces X and Y are called

M -equivalent (X X Y') if their free topological groups F'(X) and F(Y') are topologically
isomorphic;

r-equal, if the space X contains a retract homeomorphic to Y and the space Y contains
a retract homeomorphic to X;

2020 Mathematics Subject Classification: 22A05.
Keywords: free topological groups; free products of topological groups; M-equivalence; generalized retract.
doi:10.30970/ms.64.1.3-14

(©N. M. Pyrch, 2025



4 N. M. PYRCH

ra-equal, if the space X contains a G-retract homeomorphic to Y and space Y contains
a G-retract homeomorphic to X.

A pair of topological spaces (X,Y) is a space X and its subspace Y. We denote by (V)
the subgroup in F'(X), generated by the set Y. A pair of topological spaces (X, X;) is called
M-equivalent to a pair (Y,Y7), if there exists a topological isomorphism f: F(X) — F(Y)
such that f((X;)) = (Y1). A bundle (X,{X;: 7 € I}) of topological spaces consists of the
topological space X and the family of its subspaces {X;: i € I'}. We say that the bundle
(X, {X;: 1 € I}) is M-equivalent to a bundle (Y,{Y;: i € I}), if there exists a topological
isomorphism h: F(X) — F(Y) such that h((X;)) = (V;) for all i € I.

A bundle (X, {X;: s € S}), where X = SLGJSXS, forms a A-system, if for all different ¢, j €

S we have that X;NX; = K, where K = ﬂSXs. The bouquet \/S(Xs, x) of topological spaces
s€ sE
X, with the distinguished points z, € X, can be defined as quotient space ( ® X,)/( ® {z}).
seS seS

It was proved in [9] that the bouquet of topological spaces does not depend up to M-
equivalence on the distinguished points, so we will write shortly \/SXS. We will write X ~Y
sE

for homeomorphic topological spaces X and Y, and G ~ H for topologically isomorphic
topological groups G and H.

For a topological space X with a distinguished point a we denote by FG(X,a) the
Graev free topological group on X with the identity a. Since FG(X, a) does not depend up
to topological isomorphism on a we will write shortly F'G(X) ([6]). For every topological
space X we have that F'(X) ~ FG(X™). We refer to [2] for basic topological properties of
the free topological groups.

2. Infinite unions of topological spaces and M-equivalence. From the definition of
a free product of topological groups and a free topological group it follows that for every
family {X;: i € I} of disjoint topological spaces

<i6691 ) ier (Xi) an (e1< ai)) a1 (Xi, ai)

for every family {(X;,a;): i € I} of topological spaces with the distinguished points a;.
In particular F(X VY) ~ FG(X VY)") ~ FG(X) * FG(Y") ~ FG(X) x F(Y), and
similarly F(X VY) ~ F(X) x FG(Y).

Lemma 1. The free product of topological groups is associative, i.e. if topological group
H; is isomorphic to the free product X G, of the family of topological groups {G;: i € I;},
1€15
where [N, = & for s # k, then ‘*JHJ- is topologically isomorphic to ‘*IGi7 where I = ‘UJ[]-.
VIS 1€ jE

Proof. Consider the topological group G = A*JH ;. For each i € I GG is a subgroup in some H;
JE€

and hence is a subgroup in . The set UI G generates Hj, the set ,UJH ; generates G, hence
1el; JE
the set 'UIGi generates GG. Every family of continuous homomorphisms {f;: G; — H: i € I}
(S
to a topological group H admits extension to the family of continuous homomorphisms
{hj: H; — H: j € J}, which admits extension to continuous homomorphism h: G — H.
From the uniqueness of the free product of topological groups the group 4*JH ; is isomorphic
JE

to the free product ‘*IGi' O
1€
Lemma 2. A free product of topological groups is commutative, i.e. if I is an ordered set,

{G;: i € I} is a family of topological groups, o: I — I is permutation defined on I, then
‘*IGi is topologically isomorphic to A*IGC,(Z»).
1€ 1€
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Proof. Consider the topological group G = ‘*IG(,@). For each i € I (G; is a subgroup in G.
1€

The set 'UIGi ~ .UIGU(i) generates G. Every family of continuous homomorphisms { f;: G; —
1€ 1€

H: i€ I} to a topological group H generates a family {h;: G — H: i € I} of continuous

homomorphisms and hence admits extension to continuous homomorphism A: G — H. From

the uniqueness of the free product of topological groups we conclude that the group G is

topologically isomorphic to the free product '*IGi' ]
1€

Proposition 1. Let X = % X, and K be an arbitrary topological space. If for every i € N
i=1

there exists a topological group G; such that F(X;) ~ F(K) x G;, then X XXaK.
Proof.

F(El X;) = FF(X) = ¥ (Gix F(K)) ~ (:ﬁl Gi) * (EIF(K)) ~
~ (‘fl GZ> * (Efl F(K)) « F(K) ~ (iﬁl (G, * F(K))) « F(K) ~ (E?l F(Xi)> « F(K) ~
~F(X)«F(K)~F(X®K)

Theorem 1. Let X = %Xi and for every i € N there exists a topological group G; such
i=1

that F'(X;11) ~ F(X;) * G;. Let {ng}?2, be an increasing sequence of the natural numbers
and let X = & Xn,. Then X XX
k=1

Proof. Obviously if j > 4 then there exists a topological group G such that F\(X;) >~ F(X;)*
G. Denote P = {ny: k € N}, S = N\ P. The set S as a subset of the ordered set N is ordered,

so we denote its elements sq, sg,..., with the order inherited from N. Put Y = & X, and
ieS

Y, = X,,.. Then Y = X \ X. For every natural number i € S define the natural number

k(i) and the set K; by the induction

KQZQ, ]{,’(Z): mlnl y Ki:{k‘l,k‘z,...,k’i}.
ny>1,
leN\Ki_l

So for every i € N there exists k(i) € N such that ny, > ¢ and from the fact i > j it follows
that k(i) > k(j). Hence, for every element Y;, for every j > i there exists a topological group

Gj such that FI(X,, ) ~ F(Y;) * G;. Put K = {k;: i € N}. Denote by W = & X;. If we
€K
denote W; = Xnkw, then W = @ W,. Denote by V = X \ W. We match to each element
iEN
from Y the sequence from W in the following way:
Yii Zl :Wl@W3@W5@W7@
Yo: Zo=Wo®Ws Wi @& Wi @ ...

Ya: Zs =Wi @ Wia @ Wy @ Was @ ...
YnZ Zn = W2n71 @ W2n71+2n+1 @ W2n71+2x2n+1 @ W2n71+3x2n+1 @ e

In these sums every W; meets exactly one time. If 1 = 2™ - [, where [ is odd then W; is in
(m + 1)-th row.
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Obviously, W = % Z;. From Proposition 1 it follows that Z, X Z,dY,. So,
i=1

X:X@Y:V@W@Y:V@<§12n>®(n&ElYn) :V@( & (Zn@Yn)> M

n=1

%V@<§12">:V@W:X'

]

Subsets K; and K, of topological spaces X are called parallel G-retracts of X if there
exist continuous homomorphisms R;: F'(X) — (K;) and Ry: F'(X) — (K3) such that

1) Ri(z) =z for all z € K7

2) Ry(z) = x for all z € Ky;

3) R]_ORQZR]_, R20R1 :RQ.

Recall that a continuous surjective mapping p: X — Y is called R-quotient if a real-
valued function ¢ on Y is continuous iff the composition ¢ o p: X — R is continuous. If
p: X — Y is mapping of a space X onto a set Y, then there exists and unique completely
regular topology on Y, called the R-quotient topology, which makes the mapping p R-
quotient. This topology can be described as the finest completely regular topology on Y maki-
ng the mapping p continuous. If K is a subspace of Tychonoff space X, then R-quotient space
X/K is Tychonoff ([9]). Obviously, if quotient space X/K is Tychonoff then quotient and
R-quotient topologies coincide. So, in this article if Y is a closed subspace of Tychonoff space
X under X/Y we will understand R-quotient space. If K; and K, are parallel G-retracts
of X then R-quotient spaces X/K; and X/K, are M-equivalent ([11]). This proposition is
a generalization of the Okunev’s theorem from [9] and similarly was proved for R-quotient
topologies on X/K; and X/K».

Proposition 2. If K is a G-retract of a topological space X, then X is M-equivalent to
(X/K)V K.

Proof. If K is a G-retract in X, then there exists a continuous homomorphism R: F(X) —
F(K) such that R(a) = a for all a € K [10]. Let b € K, h: K — K; be some homeomorphi-
sm, H: F(K) — F(K;) continuous homomorphic extension of the mapping h, by = h(b).
Consider the bouquet Y = (X, b)V (K7, by ). Define the mapping ry: Y — F(K) in the followi-
ng way: r(r) = R(x) if v € X and ry(z) = h™!(x) if x € K,. Denote by R;: F(Y) — F(K)
the homomorphic extension of the mapping r;. Put Ry = H o Ry: F(Y) — F(K;). Then
RioRy = H710R2032 = H710R2 =Ry, RooRi=HoRioRy=HoR|=R,. SO, Rl(Y)
and Ry(Y) are parallel G-retracts and hence Y/K X Y/Ky,ie., X X (X/K)V K. O

Proposition 3. If a topological space X contains a G-retract K, M-equivalent to Y, then
there exists a topological group G such that F(X) ~ F(Y) % G.

Proof. Let K be an G-retract of a topological space X. From the fact that X X (X/K)V K,
so F(X) ~ F(K) * FG(X/K). Since F(K) and F(Y) are topologically isomorphic then
F(X) ~ F(Y) * FG(X/K). O

Proposition 4. If a topological space X contains a G-retract K such that R-quotient space
X/K is M-equivalent to 'Y, then there exists a topological group G such that

F(X)~F(Y)xG.
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Proof. Let K be an G-retract of topological space X. From the fact that X ~ (X/K) Vv
K it follows that F(X) ~ F(X/K) * FG(K). Since F(X/K) and F(Y) are topologically
isomorphic then F(X) ~ F(Y) * FG(K). O

Retractions r; and ry of a space X are called orthogonal if the mappings r ory and r9ory
are constant. The images of the space X under orthogonal retractions K; and K5 are called
orthogonal retracts of the space X.

Proposition 5. If a topological space X contains orthogonal G-retracts K, and Ky ([10])
such that X/{K, K5} is M-equivalent to Y, then there exists a topological group G such
that F(X) ~ F(Y) *G.

Proof. By Proposition 2 F(X) ~ FG(K;) * F(X/K7). Let p: X — X/K; be a R-quotient
mapping. By Proposition 2 from [10] p(K3) is homeomorphic to K5 and is G-retract in X /K.
Hence, F(X/K) ~ F(X/{K, K2} x FG(p(K>)). Thus, F(X) ~ FG(K))« F(X/{Ky, K2))*
FG(p(Ky)) ~ F(Y) x FG(K;) x FG(p(K3)). O

Topological space X is called an absolute G-retract if X is G-retract of every topological
space Y that contains X as closed subspace. Similarly to proposition 5 we can prove

Proposition 6. If a topological space X contains disjoint absolute G-retracts K1, Ko, ..., K,
such that X /{K,, Ks, ..., K,} is M-equivalent to Y, then there exists a topological group H
such that F(X)~ F(Y) * H.

From Theorem 1 and Proposition 3 it follows

Theorem 2. Let X = %Xi and every X,y contains G-retract (retract) homeomorphic

=1

to X;. Let {ng}?2, be an increasing sequence of the natural numbers and let X = % X,
k=1

Then X X X.

From the fact that every closed subspace of a zero-dimensionally metrizable space is
a retract in this space we obtain

Corollary 1. Let X = @ XZ, where every space X, is zero-dimensionally metrizable and

contains a closed subspace homeomorplnc to X;. Let {nx}32, be an increasing sequence of

the natural numbers and let X = GB Xp,- Then X XX
k=1

Denote by I = [0, 1] the closed unit interval with the topology generated by the standard
euclidian metric. Since [ is an absolute retract we obtain

Corollary 2. Let X = % X; and for every 1 € N the space X; is nontrivial path connected.
i=1
Then X ~ X & 1.

From Theorem 1 and Proposition 4 it follows

Theorem 3. Let X = %XZ- and every X, contains G-retract (retract) K; such that
i=1
quotient space X;11/K; is homeomorphic to X;. Let {n;}?2, be an increasing sequence of

the natural numbers and let X = 2{3 Xy, Then X e
k=1
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Lemma 3. If for all k = 1,...,n there exists a topological group Gy, such that F(X)
F (Y x Gy). The there exists a topological group G such that F(X; ® Xo ® -+ & X,,)
FYieoYod---@Y,) *xG.

11

Proof. F(X1®Xo® - ®X,) =~ F(X))* F(Xy) - x F(X,) ~

~ F(Y))*« G * F(Yy)«Gyx---x F(Y,) x G, ~

~(F(Y1)*«F(Yo) s %« F(Y,))* (G xGax---xG) ~FY10Ys®---dY,) *xG,
where G =G xGa x -+ x G,,. O

Denote by N the set of natural numbers with the discrete topology.

Proposition 7. Let X = % X; and for every i € N there exists a topological group G; such
i=1
that F(X;41) ~ F(X;) * G;. Then X X N x X.

Proof. Apply Theorem 1 for the disjoint sum of the topological spaces Z = A1 B Ay P AsD. ..
defined as

Z=X1)e(X1)e(X)d(X18X2)d(X38X3)d (X128 X0 X3P X3)®
@<X4@X4@X4@X4)®(X1®X2@X3@X4@X4@X4@X4)69

Denote by D, a discrete space containing ¢ elements. Here Ag, = D, X Xj, Agk—1 =
X1 Xo® - ® Xy @ D,,_, X Xi, where a;, is a sequence satisfying recurrence relation
ay = ap_1+k —2, a; = 1. Solving this relation we obtain that a;, = %k2 — %k +1 (|1, chapter
11.2]).

Note that Z ~ N x X. By Theorem 1 Z X & Ay = & Dy, x X;.
i=1 i=1
Denote Z; = % Ao
i=1
Apply Theorem 1 for the disjoint sum of the topological spaces

1=X10 X0 X586 X358 X, Xy Xy XyB...

(here X; meet a; times).
This sequence contains a subsequence {X;}, so Z; g X;. Hence, Nx X ~ Z Nz, X
i=1
X. O
Corollary 3. Let X = % X; and for every © € N there exists a topological group G; such
i=1

that F(X;41) ~ F(X;) % G;. Let D be a finite discrete topological space. Then X N DxX.
Proposition 8. Let Y be a G-retract of the space X. Then N x (X &Y) MNxX.

Proof. By Proposition 1 we have that Y &N x X X Nx X. Since the relation of M -equivalence
is additive, then from the fact X; i X5 it follows N x X, XN x Xs.
So, Nx (Y@&Nx X)X NxNxX, ie, Nx(X®Y)~XNxX. 0

Corollary 4. For every nonempty space X we have that N x X NNx X @ N.

Proposition 9. IfY is a G-retract of the space X. Then N x (X & X/Y) XN x X.
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Proof. By Corollary 1 from [11] we have that Y & X/Y X X+, From Corollary 4 it follows
that Nx X ~»NXx X ®Nx X XNx XO@Nx X N=Nx X &N x X*. So Nx X ~
NXX@NXXJF%NXX@NX(X/YEBY):NX(XGBY)@NX(X/Y).FromProposition8
it follows that N x (X @ Y) ~ N x X. Hence, Nx X X Nx (X ®Y)® N x (X/Y) X
Nx X ®&Nx (X/Y)=Nx (X ®X/Y). 0

From Proposition 8 it follows

Proposition 10. Let X and Y be rg-equal spaces. Then N x X NNxY.

In [3] Borsuk study r-equal spaces, in particular, r-invariants. Since many topological
properties, in particular, cardinal invariants, for a topological spaces X and N x X coincide,
we can conclude that the long list of M-invariants (|2, chapter 7.10]), are also r-invariants.

Corollary 5. Let X and Y be a zero-dimensional metrizable spaces such that
1) X contains closed subspace homeomorphic to 'Y,
2) Y contains closed subspace homeomorphic to X.

Then Nx X ¥ NxY.

Proposition 11. Let X and Y be a spaces such that X contains G-retract Kx such that
X/ K x is homeomorphic toY and Y contains G-retract Ky such that Y /Ky is homeomorphic

toX. ThenNx X ¥ Nx VY.

Proof. From Proposition 9 it follows that N x X X~ N x (X & X/Kx) X~ N x (X @) and
NxYXNx(YaY/Ky) XNx (Y ®X). Hence, Nx X X Nx Y. 0

Denote by Z the group of integers with the discrete topology. We say that the isomorphism
i: F(X)— F(Y) is special if the mapping e} o ¢ is constant mapping, where e}.: F(Y) — Z
is homomorphism extending function ey : Y — Z, equal 1 on Y.

Proposition 12. For every Tychonof X and its G-retract Y we have that F'(X) X F(X)aY.
M

In particular, F(X) ~ F(X) @ X for every space.

Proof. Let e: X — 7 be a continuous mapping defined as e [x= 1, F: F(X) — Z is
homomorphism, extending the mapping e. Put G4(X) = E~'(i). For every n,m € N
subspaces G,,(X) and G,(X) are homeomorphic (homeomorphisms we can define by the
formula h(z) = z - a"™, where a € X). Since X C G1(X), and X is a G-retract of the
space F'(X), then X is a G-retract in the space G1(X). Subspace Y is G-retract in X, and
space X is a G-retract of the space G1(X), so Y is G-retract in the space G1(X). Since

F(X) = & G;(X), and every space G;(X) contains G-retract homeomorphic to Y, so by
i€l
Proposition 1 we have that F'(X) d FX)aY. O

Proposition 13. For every space X and its G-retract Y we have that F'(X) X F(X)®F(Y).

Proof. By Proposition 3 from [10] we obtain that there exists a special topological homo-
morphism h: F(X) — F(Y) such that h(x) = x for all z € F(Y). Since h is special, then
h(G1(X)) = G1(Y), and subspace G1(Y) is retract of the space G1(X). From Proposition 7

it follows that F(X) ~ N x G1(X) 2 N x (G1(X) @ G1(Y)) ~ F(X) @ F(Y). O
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Proposition 14. Let X and Y be rg-equal spaces. Then F(X) X F(Y).
Proof. From Proposition 13 it follows that F(X) ~ F(X)®F(Y) and F(Y) %~ F(X)®F(Y).
Hence, F(X) X F(Y). 0

For a topological space X denote by F},(X) the free paratopological group on X ([5]), by
F,(X) the free quasitopological group on X (|4]).

Proposition 15. For every topological space X and its G-retract Y we have that

F(X) R F(X)0Y, F(X)~F(X)oY.

In particular, F,(X) X F,(X) & X and F,(X) X F,(X) & X for every space X.

Proof. Since every continuous mapping from Tychonoff space X into topological group H
admits continuous extension into F,(X), we make the conclusion that subspace X is G-
retract of the space F,(X). The rest proof is similar to the proof of Proposition 12. O

Denote by S(X) = & X the free topological semigroup on X. Taking in this sum the
n=1

powers of X divisible by some natural number &, we obtain subspace in S(X) homeomorphic
to S(X*).

Proposition 16. Let X be a Tychonof space, n,m € N. Then S(X) Koxm x S(X™).

Proof. Apply Theorem 1 for the sequence Y; = X* and its subsequence Z; = X™ - X", [J
From Proposition 7 it follows

Proposition 17. Let X be a space. Then S(X) X N x S(X)~S(Nx X)~ S(S(X)).

Proposition 18. For every space X and its retract Y we have that

S(X)sSY)X S(X)aY.

M
~

S(X)

00 k—1 00
Proof. Let k € N. Then S(X) = & X" = ( @ X”) ® ( & X”). Since for n > k X"
n=1 n=k

n=1

contains retract homeomorphic Y* then by Proposition 1 we have o xn M < S X "> DYF.
n=~k n=k

k-1 o0
So S(X) X ( ) X”) ® ( ® X”) ®Y* = S(X)®Y*. By the additivity of the relation of M-
n=1

n=~k
equivalence we have Nx S(X) X & (S(X)®Y*) = NxS(X)@( & Y’“) =S(X)®S(Y). O
k=1 k=1

Corollary 6. Let X and Y be an r-equal spaces. Then S(X) X S(Y).

Proposition 19. For every space X and its retract Y we have that S(X) < S(X xY).
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Proof. Apply Theorem 2 for disjoint sum of the sequence
SX)=XoX’eoX*®...
By this theorem S(X) is M-equivalent to the space Z; = & X2
n=1

Similarly the space S(X x Y') is M-equivalent to the space Zy =

i B3

(X xY)¥.
1
Apply Theorem 2 for sequence

Z7=X0XxYp X’ X’xY?’pX'oX'xY*'®...

By this theorem the space Z is M-equivalent to the space Z; = % X?" and to the space
n=1

SR 2 X 28 2, N 3(X xY).

]

Proposition 20. Let X, Xs, ..., X,, be such topological spaces, that there exist a topologi-
cal groups G+, Go,...,G, with

F(X5)~ F(X1) %Gy, F(X3)~F(Xy)*xGa,.....,F(X1) ~ F(X,)*G,.

Then Nx X; X Nx X, % ... XNxX,.
Proof. Consider the space

Z=X10X0® X, X0 Xo0D--- X, X0 Xo0D--- DX, D...
By Theorem 1 Z X Nx X;, ZXNx Xy, ..., ZXNx X, 0
3. Equivalence of the bundles and infinite unions.
Proposition 21. If a topological space X is the disjoint infinite sum X = @ X; of its
nonempty subspaces X;, then FG(X) ~ F(X). “

Proof. Let a; € X; be an arbitrary points. Then the space K = {a;: i € I} is infinite discrete
and is retract in X. Applying Proposition 2 for Graev free topological groups we obtain

FG(X) ~ FG((X/K)V K) ~ FG(X/K)V K @ {ao}) ~ FG(X @ {ao}) ~ F(X).
]

From Proposition 21 it follows that for spaces being disjoint infinite sum of its nonempty
subspaces the relations M-equivalence and M*-equivalence ([12]) coincide. So, we make
a conclusion that the spaces X and X are M*-equivalent.

From Theorem 1 and Corollary 5 from [12] for one-element system S we obtain

Proposition 22. Let X = %Xi and each X,y contains G-retract homeomorphic X;, I,
i=1
I, be infinite subsets of the set of natural numbers with infinite complements. K1 = & X;,

i€l
Ky = @ X;. Then the pairs (X, K1) and (X, K) are M-equivalent.

i€l
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Proof. Denote J; = N\I;, Jo =N\L, T} = & X;,To = & X;. Then X ~ K;®T; ~ Ky®Ts.

1€1 1€J2
By Theorem 1 77 % Ty X Ky X Ky X X. Let s1: F(Ky) — F(K,), so: F(T)) — F(T3)
be a topological isomorphisms. Define the mapping s: Ky & Ty — F(K, @ T3) by putting
s(x) = s1(z) ifx € Ky and s(z) = so(x) if o € Ty. The extension s*: F(K,®T)) — F(K.®T3)
of the mapping s to the homomorphism of the free topological groups is an isomorphism (|7,
Exercise 8.8]). By construction s((K;)) = (K>). O

Corollary 7. Let X be a space, ni,ng, my,ms € N, ny,no > 2. Then
(S(X), X™ x S(X™)) X (S(X),X™ x S(X")).

Theorem 4. Let X = %X,- and for every i € N there exists a topological group G; such
i=1
that F(X;.1) ~ F(X;) * G; and
LCchLC---CI,CN, 1 CLHhC---CJ,CN
are subsets of the set of natural numbers such that the sets Iy, Jy, Iy \ -1, Ji \ Je—1

(k=2,...,n), N\ I,, N\ J,, are infinite. Put A; = @& X. B, = @& Xj. Then
kel kEjs

(X, A1, A, ... Ay) X (Y, By, Bs, ... Bn).

+
Proof. The R-quotient space Ay /Ay_1 is homeomorphic to ( <) Xi) , similarly By./By_1

i€l \ 11
+
is homeomorphic to ( S5) Xi) . By Proposition 1,
i€Jp\Jk—1
+
( @ Xi> is M-equivalent to & X;
1€l \Ij—1 1€l \I—1
and N
< &) Xz-> is M-equivalent to &  X;.
1€\ Jk—1 1€\ Jk—1
Both the spaces are & X, and @ X, are M-equivalent to X, so the spaces

1€\ —1 i€k \Jk—1

+ +
( @ XZ»> and ( @ Xi) are M-equivalent
i€l \I—1 1€\ Jr—1

and hence M*-equivalent. Similarly A; Y B, and X JAm, ) Y/B,.
Hence, by Theorem 4 from [12] we obtain (X, Ay, As, ... Ap) X (Y,B1,Bs,...By). O

Corollary 8. Let X be aspace, 1 <nj <ng < - <ng, 1 <mg < mg < --- < my be
natural numbers such that n;|n; 1, m;lm;yq fori € {1,...,k —1}. Then

(S(X), S(X™),S(X™),...S(X™)) X (S(X), S(X™), S(X™),...S(X™)).

Proposition 23. Let X = % X; and for every v € N there exists a topological group G;

=1
such that F(X;+1) ~ F(X;)*G;. Let {I;: s € S}, {Js: s € S} be subsets of the set of natural
numbers, which form A-system and satisfying following conditions:
1) the sets I \ Iy and Jg \ Jy are both infinite or equal;
2) the sets Iy and Jy are both infinite or equal, where Iy = ﬂSIS, Jo = ﬂSJS.
sE se€
PUtASI @X“ Bs: EBX“ AOI @X“ BOI EBX@

i€l 1€J; ST 1€Jo

Then the bundles (X,{As: s € S}) and (X,{Bs: s € S}) are M-equivalent.
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+
Proof. The R-quotient space Ag/Agy is homeomorphic to < & Xi> , similarly B,/Bjy is
iEIs\IO

+
homeomorphic to ( &) XZ») . If the sets I\ I and J,\ Jp are equal then A,/Aq and B,/ By
iGJs\Jo

are homeomorphic. If the sets I \ Iy and J; \ Jy are both infinite, then by Proposition 1

+ +
( @ Xz-> is M-equivalent to & X, and ( ® Xz) is M-equivalent to & X;. Both
i€I\Io i€l\Io i€Js\Jo i€Js\Jo

_l’_
the spaces are @ X, and @ X, are M-equivalent to X, so the spaces < S5 XZ-) and
€I\ 1o i€Js\Jo i€ls\ 1o

+
( @ XZ) are M-equivalent and hence M*-equivalent. Similarly, the spaces Ay and By are
iGJs\Jo

M-equivalent. So, by Theorem 3 from [12]| the bundles (X,{As: s € S}) and (X,{Bs: s €
S}) are M-equivalent. O

Proposition 24. Let X = @ X, and for every i € N there exists topological group G; such

that F(X;41) ~ F(X;) *G,. Let 11, I, Ji, Jo be a subsets of the set of natural numbers such
that

1) sets Iy N I and J; N Jy are both infinite or equal;

2) sets I \ Iy and J; \ Jy are both infinite or equal;

3) sets Iy \ I and Jy \ Jy are both infinite or equal;

4) sets N\ (I; U Iy) and N\ (Jy U Jy) are both infinite or equal.

Put A, = & X;, Ay= & X;, By = @ Xi, By = @ X;. Then (X, A1, Ay) X (X, By, Bs).

ieh i€l ie i€
Proof. Similarly to Proposition 23 we check that from the condition 1 it follows that
A1/Ay ™~ Bi/Bs,
from the condition 2 follows that As/A; S By /By, from the condition 3 follows that A; N
Ay M B1N By, from the condition 4 follows X/(A;UA,) 2 X/(B1UBs3). Applying Theorem 6
from [12] we obtain that (X, Ay, As) X (X, By, Ba). O
Corollary 9. Let X be a space. Then the following are equivalent:
n n M m m
1) (S(X), S(X™), 5(X™)) ~ (5(X), S(X™), S(X™));
2)( n=1<= m; = 1)/\(n2: 1 <= my = 1)/\(711|TL2 <:>m1|m2)/\(n2]n1 <~
ma|my).
Proof. (1 = 2)
np=1<= 95(X)=5X") <= S(X)=95X") <= m; =1;

ny =1<= 5(X)=95(X") < S(X) = 5(X™) <= my =1,
ning <= S(X™) C S(X™) < S(X™) C S(X™) <= my|my;
na|ny <= S(X™) C S(X™) <= S(X™) C S(X™) <= ma|m;.

(2 = 1) Let us check that conditions 1-4 from proposition 24 hold. Consider the
sequence X,, = X" and the sets I} = {n1k: k € N}, Iy = {nok: k € N}, J; = {m1k: k € N},
Jy = {ka’ ke N}

Condition 1. The set Iy NIy = {l1k: k € N}, where [; is least common multiple of n; and

ng, and the set J; N Jy = {lok: k € N}, where [; is least common multiple of m; and my are
both nonempty. So, both the sets I; N I; and J; N Jy are nonempty.
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Condition 2. The set I; \ I3 is empty if ng|n; and infinite otherwise. The set J; \ Jo is

empty if mg|m; and infinite otherwise. Condition 3 is checked similarly.

Condition 4. The set N\ (I; U I5) is empty if (n; = 1) V (ny = 1) and infinite otherwise,

the set N\ (J; U Js) is empty if (my; = 1) V (my = 1) and infinite otherwise. O
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