Maremaruuni Crymii. T.63, Nel Matematychni Studii. V.63, No.1

YK 517.98
T. V. VASYLYSHYN

ISOMORPHISMS OF ALGEBRAS OF SYMMETRIC
FUNCTIONS ON SPACES /,

T. V. Vasylyshyn. Isomorphisms of algebras of symmetric functions on spaces £,, Mat. Stud.
63 (2025), 77-87.

The work is devoted to the study of algebras of entire symmetric functions on some Banach
spaces of sequences. A function on a vector space is called symmetric with respect to some fixed
group G of operators acting on this space, or G-symmetric, if it is invariant under the action of
elements of the group G on its argument. For different vector spaces there exist some natural
groups of symmetries. In the case of vector spaces of sequences the most natural are groups of
operators permuting coordinates of sequences. Such groups of operators are generated by some
groups of bijections on the set N of positive integers. The most commonly used for this purpose
is the group S of all bijections on N. We consider entire functions and polynomials that are
symmetric with respect to the group of operators, generated by S, on the complex Banach space
2,(C™) of all absolutely summable in a power p € [1, +00) sequences of n-dimensional complex
vectors. We construct some natural isomorphism between the space £,(C™) and its partial case
— the classical Banach space £,,. Also we construct the group of operators on ¢, that is consistent
with the isomorphism and the above-mentioned group of operators on ¢,(C™). This group is
generated by the subgroup of S, elements of which permute elements of N “by blocks”. We obtain
the isomorphism between Fréchet algebras of complex-valued entire functions of bounded type
on ¢, and £,(C™) that are symmetric with respect to the above-mentioned respective groups
of operators. The respective subalgebras of continuous symmetric polynomials on these spaces
are also isomorphic.

Introduction. The most general notion of symmetry of a function on a vector space is
introduced in [1]. A function on a vector space is called symmetric with respect to some
fixed group G of operators acting on this space, or G-symmetric, if it is invariant under
the action of elements of the group G on its argument. In the case of Banach spaces with
some symmetric structure it is natural to consider groups of operators that preserve this
structure. For example, if a Banach space has a symmetric Schauder basis, then commonly
used group is the group of operators permuting elements of this basis. One of such spaces
is the Banach space ¢, of all absolutely summable in a power p € [1,+00) sequences of real
or complex numbers. In [6, 7, 12| there were studied algebras of continuous polynomials
that are symmetric with respect to the group of all permutations of coordinates of elements
of £,. One of the key properties of such algebras is that they have countable algebraic bases
(see definition below). Consequently, algebras of entire symmetric functions of bounded type
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on ¢, belong to the class of the so-called countably generated algebras (see [13, 14]). This
property is significantly used in the description of the spectra of such algebras [4, 5].

In [9], it is constructed a countable algebraic basis of the algebra of symmetric continuous
polynomials (see Theorem 3 below) on the complex Banach space ¢,(C") of all absolutely
summable in a power p € [1, +00) sequences of n-dimensional complex vectors. Consequently,
the Fréchet algebra of entire symmetric functions of bounded type on this space is countably
generated. We extend these results to functions on ¢, that satisfy weaker symmetry requi-
rements than the classical ones. We construct some natural isomorphism between spaces £,
and /,(C"). Although ¢, and ¢,(C") are isomorphic, the properties of symmetric functions
with respect to classical groups of symmetry on these spaces are different. For example, each
algebraic basis of the algebra of all continuous symmetric polynomials on ¢, is the sequence
of polynomials that cannot contain more than one m-homogeneous element for each integer
m > p. Meanwhile, in the case n > 2 the algebraic basis of the algebra of all continuous
symmetric polynomials on ¢,(C") contains more than one m-homogeneous element for each
integer m > p. We construct some special group of operators Ge, ¢, on £,, consistent with
the classical group of symmetry on ¢,(C") and with the above-mentioned isomorphism. This
group is a proper subgroup of the classical group of all operators of permutation of coordi-
nates of elements of /,. Elements of the group Ge, ¢, permute coordinates of elements of £, “by
blocks” of the length n. We show that the Fréchet algebra of entire functions of bounded type
on ¢, that are symmetric with respect to this group is isomorphic to the above-mentioned
Fréchet algebra of entire symmetric functions of bounded type on ¢,(C"). The respective
subalgebras of continuous symmetric polynomials on these spaces are also isomorphic. We
construct an algebraic basis of the algebra of continuous Ge,, ¢,-symmetric polynomials on ¢,
as the image (with respect to the isomorphism of algebras) of the above-mentioned algebraic
basis of the algebra of continuous symmetric polynomials on £,(C").

Note that if we consider the sequence of groups Ge, ¢,, where instead of n we substitute
powers of some integer a > 2, then each element of the sequence contains the next element
as a proper subgroup. Consequently, the conditions of the symmetry with respect to the
next element are weaker than the conditions of the symmetry with respect to the current
one. Therefore such sequences of groups can be used in investigations of the so-called weakly
symmetric functions on ¢, (see [3, 18]). Firstly, the notion of weak symmetry was defined in
[18], Weak symmetric functions are applied to the approximation of non-symmetric functions
by symmetric functions.

1. Preliminaries. Let N be the set of all positive integers. Let Z, be the set of all nonnega-
tive integers.

Symmetric mappings. Let A, B be arbitrary nonempty sets. Let S be an arbitrary fixed
set of mappings that act from A to itself. A mapping f: A — B is called S-symmetric if
f(s(a)) = f(a) for every a € A and s € S.

The algebra H,(X). Let X be a complex Banach space. Let Hy(X) be the Fréchet algebra
of all entire functions f: X — C, which are bounded on bounded sets endowed with the
topology of uniform convergence on bounded sets.

Let

[fllr = sup [f(z)|

[zl <r

for f € Hy(X) and r > 0. The topology of H,(X) can be generated by an arbitrary set of
norms {|| - ||,: » € I'}, where I" is any unbounded subset of (0, +00).
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The algebras H, s(X) and Pg(X). Let X be a complex Banach space. Let S be a set of
operators on X. Let H, ¢(X) be the subalgebra of all S-symmetric elements of Hy(X). By
[16, Lemma 3|, H, s(X) is closed in Hy(X). So, Hy s(X) is a Fréchet algebra. Let Pg(X) be
the subalgebra of Hj, ¢(X) consisting of all S-symmetric continuous polynomials on X.

Algebraic basis. Let A be a unital commutative algebra over the field C. For every
polynomial (): C* — C of the form

k kn
Q(Zlu S 7Zn) = Z a(k1,...,kn)211 T Zp s

(kl,...,kn)GQ

where o, r,) € C and () is some nonempty finite subset of Z7 , let us define the mapping
Qa: A" — A by

QA(ah QR Jan) = Z Oé(k1,.4.,kn)a]1i1 T afzna (1>
(K1 ek ) EQ
where ay,...,a, € A (we consider the zeroth power a? of an element a; to be the unit
element of A).
Let a,aq,...,a, € A. The element a is called an algebraic combination of a4, ..., a, if

there exists a polynomial Q: C" — C such that a = Qa(ay, ..., a,).
A nonempty set B C A is called an algebraic basis of A if every element of A can be
uniquely represented as an algebraic combination of some elements of B.

Isomorphisms of Fréchet algebras of entire symmetric functions. We will use the
following result, the item a) of which is proven in [19, Theorem 2| and the items b) and c)
are proven in [17, Theorem 4]).

Theorem 1. Let X and Y be complex Banach spaces. Let S; and S, be semigroups of
operators on X and Y resp. Let txy: X — Y be an isomorphism such that
1) for every x € X and sy € Sy, there exists sy € Sy such that txy(s1(z)) = s2(txy(2));
2) for every y € Y and so € So, there exists s; € Sy such that L)_(’ly<82(y)) = sl(a;(yly(y)).
Then
a) the mapping

I: f - Hbyg2(Y) — f olxy € Hb,Sl(X> (2)

is an isomorphism, i.e., I is a continuous linear multiplicative bijection;
b) the restriction of I to Ps,(Y) is an isomorphism between algebras Ps,(Y') and Ps, (X);
c) if Ps,(Y) has some algebraic basis B, then I(B) is an algebraic basis in Pg, (X).

The space (,(C"). Let n € N and p € [1,4+00). Let us denote £,(C") the vector space of all

sequences ¢ = (1,2, ...), where z; = (xg-l), e ,acg-")) € C" for j € N, such that the series

Do D et |:)3§-S)|p is convergent. The space £,(C") with norm
oo n (s) 1/p
folen = (2 47 )
=1 s=1

is a Banach space. If n = 1, then as usual we will write ¢,(C) = ¢,,.

2. The main result.
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2.1. Isometrical isomorphism between /¢, and ¢,(C"). Let n € N and p € [1, +00). Let
us construct an isomorphism between ¢, and ¢,(C"). Let ¢: ¢, — ¢,(C") be defined in the
following way. For y = (y1,v2,...) € £, let

Wy) =z, (3)
where
n 1 n
:E:((:Egl),...,:rg)),(:vg),...,xé)),...) (4)
is such that
7 = Y ines (5)

for every j € Nand s € {1,...,n}. Let us show that the mapping ¢ is well defined.

Lemma 1. For every y € {,, the element (y), defined by (3), belongs to ¢,(C") and
le(@)lle,cmy = 1ylle,-

Proof. Let y = (y1,¥2,...) € {,. Then the series > *_, |y|? is convergent. Let z = i(y).
Then, taking into account (4) and (5),

Yo =3 vl = D lyml” (6)
j=1 s=1 j=1 s=1 m=1

By (6), since the series > ", [y |” is convergent, it follows that the series 3 7%, >0 ]xg-s) |P
is convergent too. Therefore z € £,(C"). Also, by (6), ||||¢,cr) = |[¥lle,- O

Let us define the mapping s,: N — N x {1,...,n} in the following way. Let m € N.
Then there exist unique j € N and s € {1,...,n} such that m = (5 — 1)n + s. We set

() = (J, 5). (7)
It can be checked that the mapping s, is a bijection. Evidently,
2, ((7,8) = (7 — Dn+s (8)

for every (j,s) € Nx{1,...,n}.
Let us establish some properties of the mapping ¢.

Lemma 2. The mapping ¢, defined by (3), is surjective.

Proof. Let us show that ¢ is surjective. Let x = ((xgl),...,xgn)), (xél), . ,xg”)),...) €
(,(C"). Let us construct y = (y1,y2, ...) € €, such that «(y) = z. For m € N, we set

Y = 237, (9)

where (j, s) = s,(m) and the mapping s, is defined by (7). Let us show that y € ¢,. By (9),

Slyalr = > PP
m=1

(4,5)€2n (N)
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Since sz, is surjective, s, (N) = N x {1,...,n}. Consequently,
IS w wEe
(4,8)E€5n (N) 7j=1 s=1
Therefore

ST lyalr =33 PP (10)
m=1

j=1 s=1

Since z € (,(C"), the series in the right-hand side of the equality (10) is convergent. Con-
sequently, the series in the left-hand side of the equality (10) is convergent too. Therefore
y € L.

Let us show that ¢(y) = x. Let z = ¢(y). Let us show that z = x. Let

z= ((zgl),...,z@), (zél),...,zén)),...).
Let jo € Nand so € {1,...,n}. By (5),

20 = Yooty so- (11)
Let mg = (jo — 1)n + so. Then
YGo—1)n+so = Ymo- (12)
Since mg = (jo — 1)n + Sp, by the definition of the mapping ,, it follows that (jo, s¢) =
#,(mg). Consequently, by (9),
Ymg = 2. (13)

By (11),(12) and (13), z](jo) = xg»zo). Thus, z = x. O

Theorem 2. Let n € N and p € [1,+00). The mapping ¢, defined by (3), is an isometrical
isomorphism between ¢, and (,(C").

Proof. 1t can be checked that ¢ is linear. By Lemma 1, ¢ is isometrical. Therefore, since
every linear isometrical mapping is injective, it follows that ¢ is injective. By Lemma 2, ¢ is
surjective. So, ¢ is bijective. Thus, ¢ is an isometrical isomorphism. O

2.2. Algebras of symmetric functions on ¢, and ¢,(C"). Let B be some set of bijections,
acting from N to itself. Let X be an arbitrary vector space of sequences of scalars or vectors
such that (zy1), Tp(2),...) € X for every b € B and (x1,29,...) € X. For b € B, let the
operator ¢, x : X — X be defined by

gb,X(<x17x27 .. )) = (%(1)7%(2), .- ')7 (14>

where (x1,2s,...) € X. Let
GB7X = {gb7X: b e B}, (15)

where operators g, x are defined by (14). It can be checked that if B is a group with respect
to the operation of composition, then G x is also a group.

Let S be the group of all bijections, acting from N to itself. Let n € N and p € [1, +00).
Let us consider G g, cn)-symmetric functions on £,(C"), where the group Gs g, cr) is defined
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by (15). Usually such functions are called symmetric (see |2, 9, 15]) or block-symmetric (see
[8, 10, 11]).

Let us define the so-called power sum symmetric polynomials on ¢,(C"). For a multi-
index k = (ki,...,k,) € Z%, let (k) = k1 + ... + k. For every k € Z7 such that (k) > [p],
where [p] is the ceiling of p, let us define the mapping Hy: £,(C") — C by

Hiw) =3 TT @)™ (16)

Jj=1

v}

1
s>0

o

where © = ((:1:%1), . ,xﬁ”)), (xgl), . ,xén)), .. ) € [,(C"). Note that Hy is a Gsyg,cr)-
symmetric (k)-homogeneous polynomial. By [9, Proposition 2|, the polynomial Hy is conti-
nuous. We will use the following result from [9]:

Theorem 3 (|9], Corollary 15). Let n € N and p € [1,+00). The set of polynomials
{Hy: k € Z; such that (k) > [p]} (17)

is an algebraic basis of the algebra PGS’ZP(M)(EP(C")) of all G's g, cr)-symmetric continuous
complex-valued polynomials on £,(C").

Note that the analogical result for the real case is established in [15].
Let n € N. Let us construct the group of operators on ¢,, whose elements permute
coordinates of elements of £, by blocks of the length n.

.....

.....

-----

.....

.....

..........

and sz, are bijections, it follows that 0, , is a bijection too.
Let
O, ={0,n: 0 €S}, (20)

where 6, ,, is defined by (19). Since, for every o € S, the mapping 6, ,, is a bijection, acting
from N to itself, it follows that ©,, is a subset of S.
Let us establish some properties of mappings, defined by (18) and (19).

Lemma 3. For every n € N and 01,05 € S,

(0'1 X ld{l n}) ¢} (0'2 X ld{l n}) = (0'1 ¢} 0'2) X ld{l 77777 n}- (21)

777777777
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Proof. For (j,s) € Nx {1,...,n}, by (18),

((o1 X idq,.ny) © (02 X idp1m}) ) (G 8) = (o1 X idqr, . ny) ((02(4), 5)) =
= (01(02()), 8) = (61 002)(4),5) = ((01 0 72) x id1,..ny)((j, 5))-

So, the equality (21) holds. O

Lemma 4. For every n € N and 01,09 € S,

eal,n o 90’2,77, == 90’100‘2,71'
Proof. Taking into account (19) and Lemma 3,

05y © 05y = 2, © (01 X idgy n}) 03,0, 0 (02 X idg n}) 0, =

~~~~~

]
Proposition 1. For every n € N, the set O,,, defined by (20), is a subgroup of the group S.

Proof. As it was mentioned above, ©,, is a subset of S. Let us show that ©,, is a subgroup
of S.

Let ay,as € ©,,. Let us show that a; o as € ©,,. By (20), there exist 01,09 € S such that
ay = 0y, », and ay = 0, ,,. By Lemma 4, a1 0 a3 = 05,00,.,- Since 01,02 € S and S is a group,
it follows that oy 0 09 € S. Consequently, 0,,00,n € O, that is, a; 0 ay € O,,.

Let a € ©,. Let us show that the inverse element of a belongs to ©,,. By (20), there
exists ¢ € S such that a = 6,,. Since 0 € S and S is a group, it follows that o' € S.
Consequently, 0,-1, € 6,,. By Lemma 4,

a o 90*1,71 = ea,n o 90*1,71 = 9000*1,71 = ee,n
and
90'—1,71 ca= 00'—1,71 © ea,n = 90—100',71 = ee,na

where e is the identity element of the group §. Note that e xidy ., is the identical mapping

,,,,,

on N x {1,...,n}. Consequently, taking into account (19), 6., = e. So, 6,-1,, is the inverse
element of a.
Thus, ©,, is a subgroup of S. O

Let us show how elements of the group ©,, act on elements of N.
Lemma 5. Let n € N, 0 € § and m € N. Let (j,s) = s,(m). Then
Oon(m) = (0(j) — Dn + s,
where 0, ,, is defined by (19).
Proof. By (19), (18) and (8), taking into account that (j,s) = »,(m),

Oon(m) = (36," 0 (0 X idg1,. n}) © 56,) (M) =
= (56, 0 (0 x idpu.a) ) (G, 9)) = 2,7 ((0(j), 5) = (0(j) — Dn + 5.
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Let us show that, in fact, elements of the group ©, permute subsets {1,...,n}, {n +
1,...,2n},... of N.

Corollary 1. Let n € N, 0 € S and k € N. Then
O {(k—=1)n+1,...,(k—Dn+n})={(c(k) —n+1,...,(c(k) = )n+n}, (22)
where 0,,,, is defined by (19).

Proof. By (7),
’ s, ((k = Dn+s) = (k, s)

for every s € {1,...,n}. Consequently, by Lemma 5,
Orn((E—1)n+s)=(ck) —1)n+s
for every s € {1,...,n}. Therefore the equality (22) holds. O

Let n € N and p € [1,400). Let Geo, , be the group of operators on ¢, defined by (15),
where ©,, is defined by (20). Let us prove some properties of elements of groups G, cn)
and G@mgp.

Lemma 6. For every 0 € S and y € (),

L(Qea,n,ép (?J)) = Yo ,tp(Cn) (L(y)), (23)
where ¢ is defined by (3), gs,.,¢, and go¢,(cny are defined by (14), and 0,,,, is defined by (19).
Proof. Let 0 € S and y = (y1,¥2,...) € {,. Let us show that the equality (23) holds.

Let sequences © = (z1,%a,...),2 = (21, 22,...) € {,(C"), where x,, = (x%), o ,x,(g)),zm =
(zy(é), e ,zr(,?)) € C" for m € N, be defined by

x = 1(9o,..0,(v)) (24)
and

Z = Yo,t,(Cn) (é(y)) (25)

Let us show that x = 2.
Let (j,s) € Nx {1,...,n}. Let us show that x§~s) = zj(»s).
Let us find the value of :1:§~S). Let v = (v, vg,...) € £, be defined by

v = geg,n,zp(y)- (26>
By (24) and (26),
x = 1(v).
Therefore, by (3),
SU;S) = VU(j-1)n+s- (27)
By (14) and (26),
V(j—1)n+s = Y0o,n((j—1)n+s)- (28>

So, by (27) and (28),

IES) = Y050 ((j—1)n+s)- (29>



ISOMORPHISMS OF ALGEBRAS OF SYMMETRIC FUNCTIONS 85

By Lemma 5, taking into account that, by (7), »,((j — 1)n + s) = (4, s),
Oon((j—Dn+s)=(c(j) —1)n+s. (30)
By (29) and (30),
$§5) = Y(o(j)-1)n+s- (31)

Let us find the value of ZJ(-S). Let w = (wy,ws,...) € £,(C"), where w,, = (wq(q%), . ,wg)) €
C" for m € N, be defined by

w = 1(y). (32)
By (25) and (32),
2= Gou,cmy (w). (33)
By (14) and (33), z; = we,(;) and, consequently,
z](s) = wc(fs()j). (34)
By (3) and (32),
W) = Yo (35)
By (34) and (35),
2" = Yoty-nts (36)
By (31) and (36), a;g-s) = z](-s). Thus, = 2. So, the equality (23) holds. O
Corollary 2. For every o0 € S and x € {,(C"),
U (Go by () = Gty (), (37)

where ¢ is defined by (3), gs,.,.¢, and go¢,cny are defined by (14), and 0,,, is defined by (19).
Proof. Let 0 € S and = € (,(C"). Let us show that the equality (37) holds. Substituting
y = ¢ !(z) into Lemma 6, we obtain ¢(gp, ¢, (:7())) = g, (cn)(z). Consequently,
(1G0T (@)))) = 7 (Gt (@)
that is, go,..¢, (¢ (2)) = ¢7 (9o, cn)(2)). So, the equality (37) holds. O
Let us apply Theorem 1 to algebras of entire symmetric functions on ¢, and £,(C").

Theorem 4. Let n € N and p € [1,+00). Let ¢ be the isometrical isomorphism between ¢,
and (,(C"), defined by (3). Then
a) the mapping

I: fe Hvas,ep(ccm(gp(Cn)) — folL € Hvaen,L’p (Ep) (38)

is an isomorphism, where Hb,GS}ZP(M)(Ep(C")) is the Fréchet algebra of entire G's g, cn)-sym-
metric functions of bounded type on £,(C") and Hy,,, , ({;) is the Fréchet algebra of entire
Ge, ¢,-symmetric functions of bounded type on {y;

b) the restriction of the isomorphism I to Pgg, cn ((,(C")) is an isomorphism between
algebras of polynomials Pcg, cn ((,(C")) and Pe,, , (4y);

c) the set of polynomials

{I(Hy): k € Z such that (k) > [p]} (39)
is an algebraic basis of the algebra Pc, , ({y), where polynomials Hy are defined by (16).
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Proof. Let us substitute £, ¢,(C"), Ge, r,, Gs,cn, ¢ instead of X, Y, Sy, S, 1x,y respectively
into Theorem 1. Let us check the conditions of Theorem 1.

Note that, by Theorem 2, ¢ is an isometrical isomorphism between ¢, and £,(C").

Let us show that the condition 1) of Theorem 1 holds. Let « € £, and s; € Ge,,. By
(15) and (20), there exists o € S such that s; = gg, ¢, Where 0,, is defined by (19). Let
S92 = Jo,0,(Cny, Where go 4 (cny is defined by (14). Note that s, € Gs g, (cn). By Lemma 6, where
we substitute x instead of y, ¢(gs,...,(%)) = o, cm) (¢(2)), that is, u(s1(z)) = sa((z)). So,
the condition 1) of Theorem 1 holds.

Let us show that the condition 2) of Theorem 1 holds. Let y € £,(C") and sy € Gs g, (cn)-
By (15), there exists o € S such that sy = gy, (cn)- Let s1 = go,.,.0,» Where gy, , ¢, is defined
by (14) and 6, is defined by (19). Note that s; € Ge, r,. By Corollary 2, where we substitute
y instead of z, t ™ (go,c)(¥)) = Go,..0, (7 (y)), that is, t 7 (s2(y)) = s1(¢7*(y)). So, the
condition 2) of Theorem 1 holds.

Thus, the conditions of Theorem 1 hold. Therefore, by the item a) of Theorem 1, the
mapping I, defined by (38), is an isomorphism. By the item b) of Theorem 1, the restriction
of the isomorphism I to Pg oen) (¢,(C™)) is an isomorphism between algebras of polynomials
Pas g eny (L,(C")) and Pe,, , (£,). By Theorem 3, the set (17) is an algebraic basis of the
algebra PGs,z,,(cn)(gp(Cn))' Consequently, by the item c¢) of Theorem 1 the set (39) is an
algebraic basis of the algebra Pg, , (¢p). O

Let us represent elements of the algebraic basis (39) in the explicit form.

Lemma 7. Let n € N and p € [1,400). For every k = (ki,...,k,) € Z7 such that (k) > [p]
and for every y = (Y1, Y2, ...) € {,,

= Z H Yi-1) n+s ks (4())

]:1 s=1
ks>0

where Hy is defined by (16) and I is defined by (38).

Proof. By (38), I[(Hy) = Hy o, where ¢ is defined by (3). Therefore

I(He)(y) = Hi(e(y))- (41)
Let x = ((aigl), e ,x§”)), (:Egl), . ,:cé”)), ...) € £,(C") be defined by
r = u(y). (42)

By (3), 2 = Y(j—1)n+s for every (j,s) € Nx{1,...,n}. Therefore, taking into account (16),

CAGED DN VICURED DY | (TERIAS (43)
j=1 s=1 J=1 s=1
s >0 ks>0
By (41), (42) and (43), the equality (40) holds. O
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