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COMPOSITION OF ENTIRE FUNCTION AND ANALYTIC FUNCTIONS
IN THE UNIT BALL WITH A VANISHED GRADIENT

A. 1. Bandura, T. M. Salo, O. B. Skaskiv. Composition of entire function and analytic functions
in the unit ball with a vanished gradient, Mat. Stud. 62 (2024), 132-140.

The composition H(z) = f(®(z)) is studied, where f is an entire function of a single complex
variable and ® is an analytic function in the n-dimensional unit ball B, n > 2, with a vanished
gradient. We found conditions by the function ® providing boundedness of the L-index in joint
variables for the function H, if the function f has bounded Il-index for some positive continuous
function [ and L(w) = I(®(w))(max{1, |®;, (w)|},..., max{1,|®], (w)|}): B" — R%.

Such a constructed vector-valued function L: B" — R’ allows us to consider a function ¢
with a nonempty zero set for its gradient. The obtained results complement earlier published
results with grad ®(w) = V®(z) = (agﬂ) Yoo %(,w)) # 0. We prove the following statement
(Theorem 3): Suppose that the function i: C — ]R: satisfies some condition for the regularity
of behavior. Let g: C — C be an entire function of bounded [l-index N(g,!), and ®: B” — C
be an analytic function such that the vector-valued function L(w): B" — R’ defined above
also satisfies some conditions for regularity of behavior. If there exists Cy > 1 such that for all
w € B" and for all J € Z7 \ {0} with || J|| < N(g,l) + 1, one has

12 (w)] < Co(1(@(w)))Y N @D (|V[D(w))”,

then the analytic function H(w) = g(®(w)): B™ — C has bounded L-index in joint variables.

1. Introduction. We examine some compositions of entire and analytic functions with usage
of the notion of L-index in joint variables. Our investigation is a generalization of the results
of paper [1] to the case where the first-order partial derivatives of the inner analytic function
can vanish in the unit ball, i.e., at least one of them (or each of them) has nonempty zero
set (the case of non-vanished gradiend in the unit ball was studied in [3]).

Let us recall some standard notations from [1-6|. Let R” and C" be n-dimensional real
and complex vector spaces, respectively, n € N. Denote R, = (0,4+00), 1 = (1,...,1) € R",

0=(0,...,00eR", 1,=(0,...,0, _1_ ,0,...,0),

j-th place

B”:{z:(zl,...,zn)e(cn: |z|:\/|21|2+...+|zn|2<1}.

For K = (ki,...,k,) € Z7, let us write | K| = ki + -+ + kn, K! = k! - ... k,l. For
A= (ay,...,a,) €C", B=(by,...,b,) € C", we will use formal notations without violation
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of the existence of these expressions A+ B = (ay £ by,...,a, £b,), AB = (a1by,...,anby),
A/B = (ay/by,...,a,/b,), and if A, B € R", then A® = a}'al? - ... ab, max{A4; B} =
(max{as; by }, max{as; b}, ..., max{an;b,}), and the notation A < B means that a; < b; for
all 7 € {1,...,n}. Similarly, the relation A < B is defined.
We denote the K-th order partial derivative of the entire function F(z) = F(z1,...,2,)
b
' Il g Hk1tethn [

K n
FE () = i NI where K = (ki,...,k,) € Z.
Let L(2) = (lh(2), ..., ln.(2)), where [;(z): B” — R, is a continuous function such that
(V2 € BY): (2) > B/(1—|2]), j € {1,...,n}, 1)

where > y/n is a some constant.

An analytic function F' in the unit ball is called a function of bounded L-index in joint vari-
ables (|3]) if there exists a number m € Z, such that for all z € B" and J = (j1,j2,...,Jn) €
7, one has

FU(z FE)(z
ﬁgmax{ﬁ: K eZ?, HKHSm}. (2)

The least integer m for which inequality (2) holds is called the L-index in joint variables
of the function F' and is denoted by N(F,L,B"). If we will consider entire functions instead
analytic functions in the unit ball and ;(z;) = 1, j € {1,2,...,n}, then the entire function F
is called a function of bounded index in joint variables or function of bounded index [8]. If
n = 1 then we obtain a notion N(g,[) of the [-index for entire function g of one complex
variable with a continuous function [: C — R . This class of functions was actively studied by
M. Sheremeta and his scholars ([11,13,17]) as an extension of the index of an entire function
(19]) to a wider class of entire functions whose growth exceed the growth of exponential-type
functions. He put the j-th power of the function [ in the denominator of the Taylor coefficient
from (2).

Many papers are devoted to a composition of two holomorphic functions belonging to
different classes and various definitions of the index. Nowadays, the most exhaustively investi-
gated cases are case of the bounded [l-index for entire functions of single variable (|10, 11])
and analytic in a disc functions (|12,13]) and the case of the bounded L-index in a direction
for multivariate entire functions ([14]) and analytic functions in a unit ball ([15]). The case
of the bounded index in joint variables is more difficult (see |2, 3, 14]). Here, we will try
to implement the mentioned approach for the notion of bounded L-index in joint variables
and obtained Theorem 3. The first theorem can be applied to consider a nonlinear partial
differential equation. For example, we have a composite PDE, make changes to the variables,
and transform the equation to a simpler form. If the simpler equation has analytic solutions
of bounded index in some sense (see [16,17]), then we can apply Theorem 3 to learn the
properties of the analytic solutions of the composite PDE.

2. Auxiliary propositions. To prove the main theorem, we need an auxiliary proposition.
For Re RY, je{l,...,n} and L(2) = (l1(2),...,l.(2)), we define

D" [z, R/L(z%)] = {2 € C": |z; — 2| <r;/1;(z°),j € {1,...,n}}
)\1’]'(20, R) = inf {ZJ(Z)/ZJ(ZO) ze D" [ZO, R/L(ZO)] } s )\1J(R) = Z&Iel([f;n )\l,j(z07 R),
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X2 j (20, R) = sup {lj(z)/lj(zo): z € D" [zO,R/L(ZO)] } . Aj(R) = Eu}c) Ao (20, R).
z E n

By Q(B") we denote a class of functions L(z) for which every R € R} with |R| <
satisfies the condition 0 < A j(R) < Xy j(R) < +o0. If n =1, then Q = Q.

Theorem 1 ([4]). Let L € Q(B"). An analytic function F': B" — C has bounded L-index
in joint variables if and only if there exist p € Z, and C; € R, such that for each z € B"

max { LE2O max d ERG
=y} coma{ELEL iy <0}

Theorem 1 was fisrtly deduced by W. K. Hayman ([18]) for single-variate entire functions
having bounded index (n = 1, L(z) = 1). M. M. Sheremeta ([13]) proved it for analytic

functions of one variable with finite bounded [-index. Note that Hayman’s Theorem is very
convenient for investigating the properties of entire solutions of differential equations ([13,
For an analytic function ®: B" — C and z € B" we put
0P(z) 0P(z) 0P(z) 0P(2)
Vo(z)=| ——=,...,——= Vo) = |—=|,...,|——=
0= (%52 B8 e ,

Denote by Q7" the class of positive continuous functions L: C™ — R := (0, +00) such that
for every n > 0

19]).
821 dzn ) ’ (4>

{L(Z +111)
sup sup § —— =
seCm iy paec | L(z + 1)

where 1 = (1,...,1) e C™.
We recall known results on the composition of analytic functions in the unit ball having
bounded L-index in joint variables.

Theorem 2 ([3]). Let L € QF', G: C™ — C be an entire function of bounded L index in
the direction 1 = (1,...,1) € C™, &: B® — C be analytic function such that 222 2) £ for
every k € {1,...,n} aud W) (2)| < C|V|®(2)’, C = const > 0, for all z € (C” J e 7,
|J|| < p, where p = N(G,L).Then H(z) = G(q)(z), ..., ®(2)) has bounded L index in joint

variables, where L(z) = (L(®(2), ..., ®(2))| 52, ..., L(®(2), ..., 0(2))|%2]) € Q(B").

U
Dt —tg| < < 400
=l < min{L(z+t11),L(z—|—t21)}} +oo,

There exist simple examples of functions which do not satisfy the conditions in Theorem 2.
At first, they were presented for entire functions in [1].

3. Results on composition of entire and analytic functions. Removing the condition:
M)(z # 0 for every k € {1,...,n}, in Theorem 2 and slightly increasing the function L, we
deduce a new result.

Theorem 3. Let [ € () such that [(z) > 1 for all z € C, g: C — C be an entire function of
bounded l-index N(g,l), and ®: B" — C be an analytic function, n > 2, such that

LeQ(B"), L(w)=max{1,|V[®(w)}(P(w)). (5)

If there exists Cy > 1 such that for allw € B"™ and for all J € Z: \{0} with ||J|| < N(g,1)+1,
one has

(@ (w)| < Co(U(@(w))) NIV (V| (w))”, (6)
then the analytic function H(w) = g(®(w)): B — C has bounded L-index in joint variables.



COMPOSITION OF ENTIRE AND ANALYTIC FUNCTIONS IN THE UNIT BALL 135

Proof. The following formula was proved in [2]:

[l K] —1
H® (w) = gD (@(w))(V K4 Z g (P(w)Qx (w), (7)
where
Qjx(w) = > Cj Kpay i (P (w) P11 (@) (w))Pr (@) (w))Pr,
llpll+...+1np1n+...+KpK:K
0<p1, +. 41, <j 1
and ¢j K, ...px € Zy are some coefficients, K € Z7}. Also, it was deduced [2] that
(®) H® (w) L 003 (@0 (Vi
j=1
where B
Qjp(w)= > bjkmsni @D (w)) (D) (), 9)
mi+.+em=2(k—j)
and bj . m,...m, € Z are some coeflicients, i € {1,...,n}, k € Z,.

We suppose that the hypothesis of the theorem is satisfied. It means that the entire
function g: C — C is of bounded [-index, and the analytic function ®: B" — C obeys (6).

Denote L(w) = |V|®(w)l(®(w)). Replacing K in (7) by J and dividing it by (L(w))”, for
any J € Z7 \ {0} we have
HO W) oD@l g§f|wwm
(L(w))” — (L(w))’ (L(w))”

Substituting L(w) = |V|®(w)l(®(w)) in the last estimate, we deduce

‘Qk,](w) |

|HYD (w)] 1607 (@ ()] 1)1 (@ (w))]

(L(w))” = (Vo)A@ VI T Z V@) (@) @ ()=
gD @(w))| 1 o (@)

= @) ; (V@) (@)l @ (@)l (10)

By Theorem 1, inequality (3) is valid for F' = g, p = N(g,1):

|g(N g:1)+1) (Z)’

) (4
W_Cl max{M:OSkSN(g,Z)}.

(U(=))"
Applying this inequality with z = ®(w) to (10), we obtain for ||.J|| = N(g,l) + 1:

HO @) - plg® (@) .
Tw)’ — {U@WWV'OSkSN@”}

/11-1
X

Qg (w)]
1IN ()41 (Cl + sz: (|v|@(w))J(l(q)(w)))llJH—k>‘ (11)
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In view of (6), it is possible to deduce the upper estimate of |Qy, s (w)]

Qs (w)] <
< > (ko pn, oy [P (@) [P DO ()P [ D) (w) [P <

11p11 +...+1np1n+4..+JpJ J
0§p11 +...+p1n§k—1

< > (ot |C87 (U@ () I/ DD (7] D ()

llpll +m+1np1n+m+JpJ J
0<p1;+...+p1, <k—1

< g (U (w)) VIV EDED (7] D(w)) (12)

where

A A
Crg = Cy § |Ck,J7p11 ----- psl-

111711+"‘+1npln+~"+JpJ:J
0§p11+...+p1n§k’—1

We substitute estimate (12) in (11) and use ||.J|| = N(g,1)+1, that is, (I(®(w))) I/ I/ N g:D+1) =
[(®(w)). Therefore, the following inequality is valid:

|HY) (w)] g™ (P (w))] |
T gmax{W. ogng(g,l)}x
I71-1
&k, (1P (w))) VNGO (7D (w)) T
112N G <01+ ,; (V@) (1@ (w)) 1T F ) =
Cle™(@w)] &
_maX{ (I(@(w)))k Osks N(g,l)}”J” r?va;(l (Cl+ Z IIJH 1—k

Since I(®(w)) > 1, one has (I(®(w)))WI=1=* > 1 for & < ||J|| — 1. Thus, for ||J|| =
N(g,1)+1

[HY) (w)] g™ (@(w))] |
— ; k< N(g,l
Ty = Uy © 0k SV} e
where C3 = max|jj=n(g)+1(C1 + fo:(‘({’l) ¢r.7)- Dividing equality (8) by I*(®(w)) and esti-
mating by the modulus, we deduce for each i € {1,...,n}
g™ (D(w))]
o) =
1) (w) S ) 1B ()] =
S (@ () [ B ()} |q>(1)( |2klk ;IHJ w) || @) (w) Q4 (w)| =
I A Qjk(w)| [HU) (w)]
M (@(w ))I‘P(l’) +Z | @) (w) [PR=2T1RT (D(w)) [@) (w) |7V (P (w))

[HOD (w)|
(B0 (W) (2(w))

Introducing the maximum of the fraction over j € {1,...,k}, we can

increase the previous estimate

gO@)| _ f HOw) LGt
IF(®(w)) §1<j<k{lj< P (w))| D) (w)s }( +Zlk —i(®(w))| @A) (w )|2(k—j))'
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Substituting the expression from (9) instead of @j,k(w), we obtain

9™ (@ (w))] | HU) (w)|
) <" st <9 <4
BN e LT
X<1+Z Z ‘b],k’,rm ..... | ]< ( ))‘(I) ( )|2(kfj) ) (14)

J=1 m1+2ma+...+kmp=2(k—j)
Estimating (6) and [(z) > 1 gives us
(@01 (w)] < Col* (@ (w))| @) (w)

because s/2 > 1/(N(g,1)+1) for s € {1,2,..., N(g,1)+1}. Substituting the right-hand side
of this inequality in (14) we deduce

@@ HM @)
F(@(w) {u‘<<1><w>>|<1><li><w>|j‘1§”§’“}(“Z 2

J=1 my+2ma+...+kmy=2(k—j)
(l(q)(w)))(m1+2m2+ Akmy, /2|CI> )( )|m1+2m2+ +kmk>

3 (D (w))| T (w) [P+
Since my 4 2my + ... + kmy, = 2(k — j), we obtain (I(®(w)))*7|®) (w)|>*7) in the

nominator under the sum. The expression matches with the denominator and reduces with
it. Thus, it yields

(C2>m1+m2+...+mk

19" (®(w))] _ |HUY) ()|
o) <O ey 1< <4} (15)
where .
Ci=1+) > 1B | (C) T

J=1 mi+2mo+...+kmp=2(k—j)

Then, from inequality (13) and (15), we obtain for each i € {1,...,n} and ||J| =
N(g.l) +1

HOW _ [ HOw)
Ty =" {m @) B @)

where C5 = (C3C,. Estimate (16) is established by the assumption that every component
of the gradient V@ does not vanish, i.e., ®)(w) # 0. Our proof is significant for equa-
lity (8), providing an estimate of the k-th order derivative of the function g by smaller-order
partial derivatives of the function H in the variable w;. Similarly to [2|, by the method
of mathematical induction an analog of (8) can be proved for the mixed partial derivative
JeZ:

0<j<N(g,l)}, (16)

A0 = Caay * a2 AT Qw10
K<J
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where Q*(w; J, K) is constructed by analogy to Q;x(w), ij(w) Then repeating consi-

derations from (10) to (16) as in [2], we deduce for ||J|| = N(g,1) +
HOW) _ o f EO@)]
Ty <O R 0 < I < Ve <af 0

where C' > 1 is a constant.

We should like to point out that L(w) = I(®(w))max{1,|V|®(w)}. We introduce the
function L to inequality (17) for ||J|| = N(g,1) + 1 in the following form:

[HD (w)]  (L(w))”
(L(w))”  (L(w))”

[HS (w)] - (L(w))~
(L(w)X  (L(w))x

SCmax{ :0<HKH§N(g,l),K§J}.

Inverting the fraction %EZ;;;, one has

HOW) _ Ew) [ [EOW)] Lw)
Ty =Ty {<L<w>>K <i<w>>K'0<”K”SN(Q’”’KSJ}'

Appl < h a fi h ht-h
pplying 7bmax {a - b} aerﬂzgé {a} - berﬂgx {b} with a finite set A to the right-hand

side of the mequahty, we establish

(L(w))” (L(w))” L(w))¥

)w w w
|HY)( ‘go(L( );"max{f_f((f ()<||K||§N(g,l),K§J}><
max (L{w)" : 0 K| < N(g,! K<J}.
X {<L( % <|K[ < N(g,l), K <

E

Since max{a: a € AC R } = YT 26ACR+}7 the last estimate can be rewritten as

O w)|_ OO0 /w)) max { s 0 < K| < Nig. D, K < 7}
(L(w))” — min{(L(w)/L(w))¥: 0 < |[K|| < N(g,1), K < J}

(18)

Let Ty = T(w) = L(w)/L(w) = moiieney € RE and Ko < J, 0 < [|[Kol| < N(g,1)
(Ko € Z7) be such that (Tp)*° = min{Tg*: 0 < ||K| < N(g,1), K < J}. One should
observe that Ty € (0,1]" and ||J — Ko|| > N(g,1) +1 — N(g,l) =1, and J — Ky > 1, for

some s € {1,...,n}. Hence, % =T] Mo <1l <1
Therefore,
(L(w) /L(w))”

= =T R0 <Tl < 1.
min{(L(w)/L(w))*: 0 <[|K| < N(g,1), K < J}

Thus, from inequality (18), we obtain

[HD (w)]|
(L(w)”

| H ) (w)]

)|
7 < omas {

L0 < |K| < N(g,1), K < J}. (19)
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. HO (w ) (w .
Let J* € Z.; be such that maxs=n(g,)+1 |(L(w())}| = ‘é(w))(J*H and ||J*|| = N(g,!) + 1.
Then, we deduce from (19)

( ) (0
nmx{!ii&ll”JH:A“%D+4}::E114_M§

L)’ (L)
I w) *
<me{((»K0<Wﬂ§N@mK§J}§
max J HE @)
< cmax { T 0 < K] < Mo (20)

for all w such that &1 (w) # 0.

If ®1)(w) = 0 for some 4, then for any J € Z" with ||J|| < N(g,l) + 1 and J; # 0
inequality (6) implies ®)(w) = 0. In view of (7), it means H)(w) = 0. Thus, inequality
(20) also holds for the points w belonging to zero for at least one component of the gra-
dient V.

Therefore, by Theorem 1, we conclude that the function H belongs to the class of func-
tions with finite L-index in joint variables. O]

Remark 1. On our opinion, it would be interesting to establish an analogue of Theorem 3
for the composition H(w) = g(®(w)): B" — C™, where g: C — C™ is an entire vector-
valued function and ®: B" — C is an analytic function in the unit ball B", or even for the
composition of the most general form H(w) = G(®(w)): B® — C™, where G: C* — C™ is
an entire vector-valued function of several complex variables and ®: B” — CF is an analytic
vector-valued function in the unit ball B”. There are few papers on the classes of vector-
valued functions of a single variable ([20-22|), and of several variables ([19,23]). Similar
problem also can be considered for functions analytic in the unit polydisc (see auxiliary
results in 7] for this class of analytic functions with bounded L-index in direction).

Remark 2. We can not deduce analog of Theorem 3 for a more general composition of
entire and analytic functions in the unit ball such as f(¢1(w1), p2(ws)) because under usage
of methods from this assertion we obtain that |} (w;)/5(ws)| or similar expression must
be bounded in w; and ws.
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