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Given a positive integer n, a non-empty topological space is said to be %-homogeneous
provided there are exactly n orbits for the action of the group of homeomorphisms of the
space onto itself. Now, for a non-empty topological space X, the cone of X, Cone(X), is the
quotient space that is obtained by identifying all the points (z,1) in X x [0,1] to a single
point. The suspension of X, Sus(X), is the quotient space that is obtained by identifying all
the points (z,1) in X x [—1,1] to a single point, and all the points (x,—1) to another point.
The quotient space Zx, is the space that is obtained by identifying all the points (x,1) and all
the points (z, —1) in X x [—1, 1] to one point. In this paper we determine general properties of
the quotient spaces Zx and we investigate %—homogeneity on the quotient spaces Zx, Sus(Zx)
and Cone(Zx), among certain classes of compact metric spaces. In particular, we obtain the
degree of homogeneity of the harmonic sequence, the n-rose finite graph and the space X which
is the union of a sequence {C,,}22; of circles in the plane joined by a point and converging to
a limit circle Cy.

1. Introduction. Let H(X) denote the group of homeomorphisms of a non-empty space X
onto itself. An orbit of X is the action of H(X) at a point x of X, namely {h(x): h € H(X)}.
The symbol Ox () denotes the orbit of space X that contains x. Given a positive integer n,
a non-empty topological space X is a said to be %—homogeneous provided that X has exactly
n orbits, in which case we say that the degree of homogeneity of X, denoted by dy(X), is n
(this notation was introduced in [28]).

For a non-empty topological space X, the cone of X, Cone(X), is the quotient space that
is obtained by identifying all the points (z,1) in X x I to a single point (|22, p. 41, 3.15]).
The suspension of X, Sus(X), is the quotient space that is obtained by identifying all the
points (z,1) in X x J to a single point, and all the points (x, —1) to another point (|22, p.
42, 3.16]). Moreover, we denote the vertex of Cone(X) by vx and the vertices of Sus(X) by
vk and v)_(l. In this paper we consider the following general problem:

Problem. Determine the degree of homogeneity of some classes of spaces.

For recent and related results on this problem we refer to [1,6, 10,14, 15,20, 21, 26-30].
In this paper we continue the work on this problem. Throughout this manuscript we study
the quotient space Zx = SUS(X)/{U§< F) we investigate -homogeneity of Zx, Sus(Zy)

U
and Cone(Zx). As a consequence of this results we obtain the degree of homogeneity the
harmonic sequence, the cone and the suspension over the harmonic sequence. Moreover, the
degree of homogeneity of the finite graph, the n-rose and the space X which is the union
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of a sequence {C,}>2, of circles in the plane joined by a point and converging to a limit
circle C.

This paper is organized as follows. In Sections 1 we present some notation, terminology
and general results that we will use in this paper. In Sections 2 we show some examples
about the space quotient Zx and we present examples of %—homogeneous spaces. Moreover,
we devote Sections 2 to study %—homogeneity of Zx for among certain classes of compact
metric spaces. Finally, in Section 3, Section 4 and Section 5 we present the main results of
this article.

1.1. Notation and terminology. In this section we present general notation and we recall
the concept of cone and suspension of a nonempty space. We also define terminology that
we will use frequently. For notation and terminology not given here or in Section 1, see [22].

The symbol N denotes the set of positive integers; R denotes the set of real numbers;
A x B denotes the Cartesian product of A and B; A denotes the closure of A; iM and OM
denote the interior and boundary manifolds, respectively, of a manifold M. Throughout the
paper, I denotes the closed interval [0, 1] and J denotes the closed interval [—1, 1]. Moreover,
all the spaces considered in the present work are non-empty.

On the other hand, a continuum is a compact and connected metric space. The term
nondegenerate refers to a space that contains more than one point. An arc is a space
homeomorphic to the closed interval [0, 1]. An arc A in X is called a free arc if int(A) is open
in X. A simple closed curve is a space homeomorphic to the unit circle S'. A dendrite is
a locally connected continuum that contains no simple closed curve (see [22, p. 165, 10.1]).
A local dendrite is a continuum for which each of its points has a (closed) neighborhood
that is a dendrite (see [13, p. 303]). Dimension means topological dimension for separable
metric spaces [8].

Let X be a topological space and let k be a cardinal number. A point x € X is said to
be of order less than or equal to k provided that x has a basis of open neighborhoods in X
whose boundaries have at most x elements; in this case we write ord,(X) < k. If x is the
smallest cardinal number for which z has such neighborhoods, we will say that ord,(X) = &.
A point p of a topological space X is a ramification point of X if ord,(X) > 3, it is an
ordinary point of X if ord,(X) = 2 and it is an end point of X if ord,(X) = 1. The sets of
ramification points, ordinary points and end points of X will be denoted by R(X), OR(X)

and F(X), respectively. If X is a local dendrite we denote Ep(X) = E(X)N R(X)X and
Enp(X) = E(X) \ Ep(X). We say that X is contractible in Y D X provided there exist
amap H: X x[0,1] = Y and a point p € Y such that H(z,0) = z and H(z,1) = p for each
x € X. In this case we say that X is contracted to p in Y. Further, if Y = X we simply say
that X is contractible. A point p of X is a local cut point of X if there exists a connected
neighborhood U of p such that U \ {p} is not connected (|31, p. 61]).

A metric space X is locally contractible at a point p provided that each neighborhood
U of p in X contains a neighborhood V' of p such that V is contractible in U to a point
(|3, p- 28]). A metric space X is called locally contractible if X is locally contractible at each
of its points.

In the rest of this section, we recall basic facts on quotient spaces and results that will
be used throughout the paper. For a topological space X, the cone of X, Cone(X), is the
quotient space that is obtained by identifying all the points (z,1) in X X I to a single point
([22, p. 41, 3.15]). The suspension of X, Sus(X), is the quotient space that is obtained by
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identifying all the points (z,1) in X X J to a single point, and all the points (z,—1) to

another point (|22, p. 42, 3.16]). Moreover, we denote the vertex of Cone(X) by vy and the

vertices of Sus(X) by v} and vy'. We often assume without saying so that X x (—1,1) is

a subspace of Sus(X'). With this in mind, we write points in Sus(X) that are not the vertices

as ordered pairs (x,t). Also, we consider Cone(X) as a subspace of Sus(X). When A C X, we

consider Sus(A) as a subspace of Sus(X) with the same vertices, v} and vy', as in Sus(X).
Let n € N with n > 3 and let X be an n-point (discrete) space. We define:

e the n-theta as the suspension over X; in the case that n = 3, we will say that X is the
Greek letter theta. We will always denote an m-theta by 6,,.

e the simple n-od as the cone over X; in the case that n = 3, we will say that X is
a simple triod, and the vertex of the cone is called the core of the simple triod. We will
always denote a simple n-od by T,,.

Let n € N with n > 2. A n-rose (also known as a bouquet of n circles) is the quotient
space C'/S, where C is a disjoint union of circles and S is a set consisting of one point from
each circle. The circles of the rose are called petals. The rose with two petals is known as
the figure eight.

Continuing on, we give some preliminary results which will be used in the proof of the
main results.

Let us begin this subsection with the following result which is proved in |29, p. 133, 3.2].

Lemma 1. Let X be a disconnected topological space. Then vx is a cut point of Cone(X).

Lemma 2. |14, p. 484, 3.0.1| Let X be a metric space and let x € X. Assume that x does not
belong to any arc in X. Let A be a pathwise connected subcontinuum of Sus(X) \ {vk, v}
such that © € 7*(A). Note that 7*(A) is a pathwise connected subcontinuum of X that
contains x. Thus, 7*(A) = {x}. Therefore A C Sus({z}).

Lemma 3. [14, p. 484, 3.0.2] Let X be a metric space without arcs. Then for each x € X
and each t € (—1,1), the point (z,t) is not the core of a simple triod in Sus(X).

Lemma 4. Suppose that Ay,..., A, are closed subsets of a topological space X such that
X = U, A;. Moreover, suppose that for each i € {1,...,n}, B; is a closed subset of
a topological space Y and f;: A; — B; are homeomorphisms such that:

(i) for each i,j € {1,...,n} and x € A; N Aj, fi(z) = f;(x),

(’lZ) for each Z,j S {1, ce ,n}, fz (Az N A]) = Bl N Bj = fj (Al N AJ)

Then, the function f: X — |J;_, B; given by f(z) = f;(z), if x € A;, is a homeomorphism.

The following results are about absolute neighborhood retract (ANR) spaces.

Lemma 5. (3, p. 122, 10.4] Let X be a metric, compact, finite dimensional space. Then X
is an ANR if and only if X is locally contractible.

Lemma 6. [15, p. 215, 2.2] Let X be a one-dimensional continuum. Then X is an ANR if
and only if X is a local dendrite.

Lemma 7. [19, p. 226, 5.4.1] Let X be an ANR and let U be an open subspace of X. Then
U is an ANR.

We will now present essential sets that will be employed repeatedly throughout the paper.
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Notation 1. Let X be a metric space. Denote
M = {w € Sus(X): w is locally connected in Sus(X)} and N = Sus(X) \ M.

Note that the sets M and N are invariant under homeomorphisms of Sus(X') onto Sus(X).

2. General properties of Zy and %—homogeneity. Given a topological space X, we
consider the quotient space Zx = Sus(X)/ [ohwx')s topologized with the quotient topology.

,U

Proposition 1. If X = {0} U{+: n € N}, then Zx is the union of a sequence {C,}2, of
circles in the plane joined by a point and converging to a limit circle Cy |9, p. 24, Figure
361].

Notation 2. Given a topological space X, qz,: Sus(X) — Zx denotes the quotient map.
Let ax denote the point qz, ({v}av}l}).

Remark 1. Given a topological space X, note that Zx \ {ax} is a space homeomorphic to

Sus(X) \ {v¥,vy'} using the appropriate restriction of gz, <qZX |SuS(X)\{vX’v)_(1}>.

Recall that an onto map f: X — Y between continua is said to be simple provided that
f~Y(y) has at most two points for all y € Y.

Remark 2. The function gz, : Sus(X) — Zx is a simple map.

Remark 3. Let X be a non-empty metric space such that R(X) # @. Let V be a basic
neighborhood from ax in Zx. Observe that qZ{(V) is a open subset of Sus(X) such that

{vk.vx'} € gz (V). There exists t € (—1,1) such that
(X x (=1, =) U(X x (£, 1)) U ({vx,vx'}) € gz, (V).
Let to = 13 and let U = (X x [—1, —to) U (X x [to, 1)) U ({vk,vx'}). Note that gz, (U) €V
and
1z (U) = azo(X x (=1, ~to]) U gz (X x [to, 1)) U gz, ({vx,vy'}) =
= gz, ((X x (=1, —to]) U (X X [to,1)) U{ax}.

This implies that gz, (U) is a connected neighborhood and ¢z, (U) is a non planar nei-
ghborhood of ax.

Proposition 2. Let n € N. Let X be a discrete space with n points.
1) if n =1, then Zx is a space homeomorphic to a simple closed curve.
2) if n > 2, then Zx is a space homeomorphic to n-rose.

As a consequence of [29, p. 133, 3.4] we obtain the following result.

Proposition 3. Let X be a metric space without isolated points. If x € Zx \ {ax}, then x
is not a local cut point.

Proposition 4. Let n € N with n > 2. If X be a discrete space with n points, then ax is
the only point that is the core of a simple triod in Zx.

The next result is used in the proof of Lemma 18.

Lemma 8. Let X be a metric space. Then X is locally connected if and only if Zx is locally
connected.
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Proof. Suppose that X is locally connected. By [15, p. 222, 4.3] we obtain that Sus(X) is
locally connected. Thus, by [13, p. 257, 5] and since ¢z, (Sus(X)) = Zx, we obtain that Zy
is locally connected.

Reciprocally, suppose that Zy is locally connected. By [13, p. 230, 3] we have that
Zx \ {ax} is locally connected. Thus, by Remark 1 we obtain that Sus(X) \ {vk,vy'} is
locally connected. Therefore, X is locally connected. O

Lemma 9. If X is a metric space, then ax is a local cut point of Zx.

Proof. Let V be a basic neighborhood from ax in Zx. Let U be as in Remark 3 such
that ¢z, (U) C V. By Remark 3 we know that ¢z, (U) is a connected neighborhood of a.
Moreover, gz, (U)\{ax} = gz, (X x (=1, —to])Uqz, (X X [to, 1)) is not connected. Therefore,
ax is a local cut point Zx. O

Lemma 10. Let X be a metric space. Then
1) Zx is locally contractible at the point .
2) Zx is locally connected at the point ay.

Proof. Let )V be a basic neighborhood from ax in Zx. We prove that Zx is locally contractible
at the point ax. Let U be as in Remark 3 such that ¢z, (U) C V. Observe that ¢z, (U) is
contractible to ay. Therefore, Zx is locally contractible at the point ax and Zx is locally
connected at the point ay.

Similarly, 2) is validated. O

A topological space X is connected im kleinen at a point p provided that each nei-
ghborhood of p contains a connected neighborhood of p [22, p. 75, 5.10|. The following
corollary is an easy consequence of Lemma 10.

Corollary 1. If X is a metric space, then Zx is connected im Kleinen at the point ax.
Recall the following definition which can be found in [25].

Definition 1. A continuum Y is n-homogeneous at a point p € Y (n a positive integer)
provided that for any two n-element subsets A and B of Y such that p € AN B, there is
a homeomorphism h of Y onto Y such that h(A) = B and h(p) = p.

Lemma 11. If X is a homogeneous continuum, then Zx is 2-homogeneous at ax.

Proof. Let A and B be sets of two elements in Zx such that ax € AN B. Note that
A =A{ax,x1} and A = {ax, x2}, where x1,x2 € Zx \ {ax}. By Remark 1 we have that
Sus(X) \ {vx,vx'} is homeomorphic to Zx \ {ax}. Thus, by [14, p. 485, 4.1.2] we conclude
that Zx \ {ax} is contained in a single orbit of Zx. Since x1,x2 € Zx \ {ax}, there exist
G: Zx — Zx a homeomorphism such that G(x1) = x2. Let H: Zx — Zx be given by

Hw) = ay, if w=ay;
| Gw),  ifw#ay.

Then H is a homeomorphism. Moreover, H(A) = H({ax,x1}) = {a,x2} = B. This
concludes the proof that Zx is 2-homogeneous at ax. ]

On the other hand, recall that a topological space X is %—homogeneous provided that
there are exactly n orbits for the action of the group of homeomorphisms of X onto itself.
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Lemma 12. |26, p. 52, 3.0.6] Let X be a topological space. If A is contained in an orbit of
X, then

(i) A x (0,1) is contained in an orbit of Cone(X).

(ii)) A x {0} is contained in an orbit of Cone(X).

Lemma 13. |27, p. 67, 7.2] For a topological space X the following statements hold

(i) The vertices vy and vy' belong to the same orbit of Sus(X).

(ii)) Let A C X. If A is contained in some orbit of X, then A x (—1,1) is contained in
some orbit of Sus(X).

The harmonic sequence has degree of homogeneity two. The Proposition 5 provides an
proof of this fact.

Proposition 5. Let X be the harmonic sequence {0} U {1: n € N}. Then dy(X) = 2.
Moreover, the orbits of X are {0} and {%: n € N}.

Proof. Define the following subsets of X.

M' = {z € X: x accumulation point of X} and N' = X \ M".
Note that M’ = {0} and N = X\ {0}. Since M’ and N’ are invariant under homeomorphisms
of X we have that M’ = {0} is a orbit of X. In the rest of the proof we will show that N’
is the other orbit de X. For this, let p,¢ € N’. Since N’ is homogeneous there exist a
homeomorphism f: N' — N’ such that f(p) =q. Let hy,: X — X be given by

0, if v =0;
Fiva(7) = {f(:v), if v e N'. (1)

Observe that {0} and N’ are closed subsets in X. Moreover, note that X = {0} UN" and
also idz7 and f are homeomorphisms. Since N’ N {0} = {0}, by Lemma 4 we conclude

hp, is a homeomorphism. (2)

Moreover, hy,,(p) = f(p) = q. Therefore, Ox(p) = Ox(q). Thus, N’ is contained in a single
orbit of X. However, since M’ = {0} and M’ is invariant under homeomorphisms of X onto
X, we obtain that N’ is an orbit of X. H

The suspension over the harmonic sequence has degree of homogeneity three. The Propo-
sition 6 provides an proof of this fact, even more, we determine orbits specifically.

Proposition 6. Let X be the harmonic sequence {0} U{: n € N}. Then dy(Sus(X)) = 3.
Moreover, the orbits of Sus(X) are {vk,vyx'}, {0} x (—1,1) and (X \ {0}) x (—1,1).

Proof. Observe that v} and vy' are only local cut points the core of the simple triod in

Sus(X) (see Lemma 3). Thus, {v},vy'} is a orbit of Sus(X). By Proposition 5 we know that
the orbits of X are O = {0} y O% = X \ {0}. On the other hand, by (ii) of Lemma 13 we
have that there exist Oéus(X)’ and O%us(X)’ orbits of Sus(X) sucht that O% x (—1,1) C Oéus(X)
and O% x (=1,1) C OF x)- Let M and N be as defined in Notation 1. Note that M =
{0} x (—1,1) and N = Sus(X \ {0}). Since M and N are invariant under homeomorphisms
of Sus(X) onto Sus(X), we obtain that 0§, x) 7 Odux)-

Therefore, Sus(X) is z-homogeneous. O

The cone over the harmonic sequence has degree of homogeneity five. The Proposition 7
provides an proof of this fact, even more, we determine orbits specifically.
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Proposition 7. Let X be the harmonic sequence {0} U {+: n € N}. Then dy(Cone(X)) =
5. Moreover, the orbits of Cone(X) are {vx}, {0} x (0,1), {(0,0)}, (X \ {0}) x {0} and

(X \{0}) > (0,1).

Proof. Observe that vy is only point that is the core of the simple triod in Cone(X) (see
Lemma 3). Then
{vx} is an orbit of Cone(X). (3)

In the rest of the proof we will show that {(0,0)}, {0} x (0,1), (X \ {0}) x {0} and
(X' \{0}) x (0, 1) are the others orbits of Cone(X). By Proposition 5 we know that the orbits
of X are O% = {0} y O% = X \ {0}. In consequence, by Lemma 12 we have that there exist
Oéone(x), O%one(x), O%one(x), and Oéone( x)» orbits of Cone(X) sucht that

O}( X {O} C Oéone(X)? Og( X {0} C O(%one(X)’
O}( X (07 1) - O:éone(X)? O%( X (07 1) - Oéonc(X)‘

Denote

M = {w € Cone(X): w is locally connected in Cone(X)} and N = Cone(X) \ M.
Note that the sets M and N are invariant under homeomorphisms of Cone(X') onto Cone(X).
Note that M = {0} x [0,1) and N = (X \ {0} x [0,1)). Since M and N are invariant
under homeomorphisms of Cone(X) onto Cone(X), we obtain that Oéone(X) # O%one(x),

Oéone(X) # Oéone(X) and O (X) # Oéone(X). In the rest of the proof we will show that

Cone
Oéone(X) ?é O%one(X) and O%one(X) 7& O4Cone(X)'
Consider the following subsets of Cone(X):
P = {w € Cone(X): w is a local cut point in Cone(X)} and @) = Cone(X) \ P.
Note that P = X x {0} y @ = (X x (0,1)) U {vx}. Since the sets P and ) are invariant

under homeomorphisms of Cone(X) onto Cone(X). We conclude that Oéone( x) 7 Oéone( x)

and OZe(x) 7 Otone(x)- Therefore, Cone(X) is z-homogeneous. O

We conclude this section with the theorem that is stated below; hence, it is essential to
remember the concept that comes after. A hairy point F,,, is the union of countably infinitely

many arcs Ay, Ay, ... such that lim diam(A;) = 0; when the arcs A; emanate from a single
1—00

point p, and are otherwise disjoint one from another (|9, p. 46]). Let Ag be the class of local
dendrites that are either arcs, simple closed curves or a hairy point F,; we also consider the
class Fo = Ag U {0,: m >3} U{T,: n > 3}.

Theorem 3. Let X be a local dendrite.

(i) If X is a simple closed curve or X € {F,} U{T,: n € N\ {1,2}}, then dg(Cone(X)) =
du(X) + 1.

(ii) If X € {0p,: m € N\ {1,2}}, then dy(Cone(X)) =4 = du(X) + 2.

(iii) If X ¢ Fo, if du(X) is finite and if k is the number of orbits of X contained in Exp(X),
then dy(Cone(X)) =1+ 2du(X) — 2k.

(iv) If dg(X) is infinite or X is an arc, then dy(Cone(X)) = du(X).

3. %-homogeneity of Zx. In this section we present a result on the degree of homogeneity
of Zx. We start this subsection with the following notations.

Notation 4. Let X be a metric space. Consider the following subsets of Zx:
M'={w € Zx: wiis locally connected in Zx} and N' = Zx \ M'.
Note that the sets M’ and N’ are invariant under homeomorphisms of Zx onto Zx.
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Notation 5. Let X be a metric space. Consider the following subsets of Zx:
K ={w € Zx: w is locally contractible in Zx} and L = Zx \ K.
Note that the sets K and L are invariant under homeomorphisms of Zx onto Zx.

Notation 6. Let X be a metric space. Consider the following subsets of Zx:
P ={w € Zx: wis alocal cut point in Zx} and Q = Zx \ K.
Note that the sets P and () are invariant under homeomorphisms of Zx onto Zx.

The following result which is a consequence of Proposition 2.
Proposition 8. If X is a discrete space with one point, then dy(Zx) = 1.
Proposition 9. Let X = {0} U{: n € N}. Then dy(Zx) = 3. Moreover, the orbits of Zx
are {ax}, {0} x (=1,1) and (X \ {0}) x (—1,1).

Proof. By Proposition 6 we know that dp(Sus(X)) = 3. Moreover, their orbits are the sets

Ogus(x) = {0x: Vx' 1 Odusixy = {0} X (=1,1) and O xy = (X \ {0}) x (—1,1).

Let P and @ be as defined in Notation 6. This implies that P = {ax} and @ = {0} x (=1, 1).
Since P is invariant under homeomorphisms of Zx onto Zx it follows that

o, =P (4)

Hence, in the rest of the proof we will prove that the other two orbits of Zx are in (). By
Remark 1 we know that Zx \ {ax} is homeomorphic to Sus(X) \ {v¥,v5'}. Denote

M = {w € Sus(X) \ {vy, vy }: wis locally connected in Sus(X) \ {vy, vy }}

and N = (Sus(X) \ {vk,vy'}) \ M.
It follows that
M = Ogus(X) and N = Ogus(X)' (5>

Note that the sets M and N are invariant under homeomorphisms of Sus(X) \ {vk,v5'}
onto Sus(X) \ {v¥,vy'}. Finally, from (4) and (5) we have that the orbits of Zy are {az},
{0} x (—=1,1) and (X \ {0}) x (—1,1). O

The next result is used in the proof of Lemma 15.

Theorem 7. Let X be a homogeneous metric space. If X is nonlocally contractible, then
du(Zx) = 2. Moreover, the orbits of Zx are Zx \ {ax} and {ax}.

Proof. Suppose that X is nonlocally contractible. Let K and L be as defined in Notation 5.
By Lemma 10 we conclude that K = {ax} and L = Zx \ {ax}. Since K and L are invariant
under homeomorphisms of Zy onto Zx it follows that K is an orbit of Zx. In the rest of the
proof we will show that L is the other orbits of Zx. By Remark 1 we know that Zx \ {ax}
is a space homeomorphic to Sus(X) \ {vk,vy'}. Let p,q € L and let h,,: Zx — Zx be given

by )z, if x € {ax};
() = {qzx(x), if v € Zx \ {ax}. (6)

Observe that h,, is a homeomorphism. Moreover, h,,(p) = gz, (p) = ¢. Therefore, Oz, (p) =
Oz, (q). Thus, L is contained in a single orbit of Zx. O
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Our next result follows from Theorem 7.
Corollary 2. If X is the Menger Curve, then dy(Zx) = 2.

Since local contractibility at every point implies connectedness im kleinen (and thus,
local connectedness), then we have the following consequence of Theorem 7.

Theorem 8. Let X be a homogeneous metric space. If X is nonlocally connected, then
du(Zx) = 2. Moreover, the orbits of Zx are Zx \ {ax} and {ax}.

Bing and Jones produced the circle of pseudo-arcs, a circle-like continuum with a conti-
nuous decomposition into pseudo-arcs such that the decomposition space is a simple closed
curve [17, p. 172]. Thus, it’s important to recall that a solenoid, the pseudoarc, a circle of
pseudoarcs and the Cantor set are homogeneous of finite dimension (see |22, p. 25, 2.16], [16,
p. 167, 12.31], [17, p. 172| and [7, p. 100, 2.37|, respectively). The followig corollary is
a consequence from Theorem 8.

Corollary 3. If X is the pseudoarc (Cantor set, a circle of pseudoarcs or a solenoid), then
du(Zx) = 2.

The next result is used in the proof of Lemma 16.

Theorem 9. Let X be a homogeneous metric space such that | X| > 2. If X does not contain
arcs, then dgy(Zx) = 2. Moreover, their orbits are Zx \ {ax} and {ax}.

Proof. Suppose that X does not contain arcs. Consider the following subsets of Cone(X):
A ={w € Zx: is the core of a simple triod in Zx}, B=Zx\A.
By Lemma 3 we obtain that A = {ax} and B = Zx \ {ax}. It follows that O} = {ax}.

In the rest of the proof we will show that B is the other orbit of Zy. By Remark 1 we
know that Zx \ {ax} is a space homeomorphic to Sus(X) \ {vk,v5'}. Let p,q € B and let

hpe: Zx — Zx be given by
{$, if v € {ax};

hypq() = qzy(z), ifxze Zx\{ax}.

Observe that hy, is a homeomorphism. Moreover, h,,(p) = f(p) = ¢. Therefore, Oz, (p) =
Oz, (q). Thus, B is contained in a single orbit O} of Zx. O

(7)

Our next result follow from Theorem 9.

Corollary 4. Let n € N, n > 2. If X is a discrete space with n points, then dy(Zx) = 2.
Moreover, their orbits are Zx \ {ax} and {ax}.

Our next result follow from Proposition 2 and Corollary 4.
Corollary 5. Let n € N, n > 2. If X is the n-rose, then dy(X) = 2.
Our next result follow from Proposition 8 and Corollary 4.

Corollary 6. Let n € N and let X be a discrete space with n points. Then dy(Zx) =1 if
and only if n = 1.

The following theorem will be used in the proof of Lemma 17.
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Theorem 10. Let X be a homogeneous metric space without isolated points. If X is di-
sconnected, then dy(Zx) = 2.

Proof. Suppose that X is disconnected. Let P and () be as defined in Notation 6. By Proposi-
tion 3 and Lemma 9 we obtain that P = {ax} and @ = Zx \ {ax}. Since P is invariant
under homeomorphisms of Zx onto Zx it follows that Olzx = {ax}. Let p,qg € N" and let

hpq: Zx — Zx be given by
{x, if z € {ax};

—~
(0¢)
Nt

hpq(z) = qzy(x), fxe Zx\ {ax}.

Observe that hy, is a homeomorphism. Moreover, h,,(p) = f(p) = ¢q. Therefore, Oz, (p) =
Oz, (q). Thus, Q is contained in a single orbit O%X of Zx. In consequence dy(Zx) =3. O

Remark 4. Let X be a metric space and p ¢ X an isolated point. Let Y = X U {p}. Then:
(a) each t € (—1,1), the point (p,t) is a local cut point of Sus(X).
(b) v& and vy' are local cut points of Sus(X).

As a consequence of Remark 4 we obtain the following remark.

Remark 5. Let X be a metric space and p ¢ X. Let Y = X U {p}. If p is an isolated point
of Y. Then:

(a) each each t € (—1,1), the point ¢z, ({p} x (—=1,1)) is a local cut point of Zy,

(b) ax is a local cut point of Zy-.

Theorem 11. Let X be a homogeneous, metric space and p a point such that p ¢ X. Let
Y = X U{p}. If p is an isolated point of Y, then du(Zy) = 3.

Proof. Suppose that p is an isolated point of Y. Let P and @) be as defined in Notation 6.
By Lemma 9 and Remark 5 we obtain that P = {ay} U {qz, {p} x (-=1,1))} and Q =
gz, (X x (—1,1)). Note that the sets P and @) are invariant under homeomorphisms of Zy
onto Zy. Thus, it follows that Olzy = (. In the rest of the proof we will prove that the other
two orbits of Zy are in P. For this, consider the following subsets of P:
Pi={wecP:wecQ}and P, =P\ P.

Note that the sets P; and P, are invariant under homeomorphisms of P onto P. Moreover,
Py = {ay} and P, = qz, ({p} x (—1,1)). It follows that P, = O%  and P, = O% . Therefore,
du(Zy) = 3. O

Our next results follow from Theorem 11.

Corollary 7. Let X be a simple closed curve p a point such that p ¢ X. If Y = X U {p},
then dH(Zy) = 3.

In [2, p. 322, ITI] it is shown that the Menger curve is homogeneous. Thus

Corollary 8. Let X be the Menger curve and p a point such that p ¢ X. If Y = X U {p},
then dH(Zy) = 3.

Since a solenoid, the pseudoarc, a circle of pseudoarcs and the Cantor set are homogeneous
of finite dimension (see |22, p. 25, 2.16|, [16, p. 167, 12.31], [17, p. 172] and [7, p. 100, 2.37|,
respectively) then as a particular case of Theorem 11 we have the following results.
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Corollary 9. Let X be a continuum and p a point such thatp ¢ X. If Y = X U{p} and X
is the solenoid (the pseudoarc, a circle of pseudoarcsc or the Cantor set), then dy(Zy) = 3.

Recall that the m-dimensional torus, often called the m-torus, is the product space of m
circles. That is: 7™ = S* x --- x SL.
—————

m

Corollary 10. Let X be a m-torus (or the Hilbert cube) and p a point such that p ¢ X. If
Y = X U{p}, then du(Zy) = 3.

Theorem 12. Let X be a locally connected, homogeneous, metric space and p ¢ X. Let
Y = XU{p}. If p is an accumulation point of Y and X does not contain arcs, then dy(Zy) = 3.

Proof. Suppose that p is an accumulation point of ¥ and X does not contain arcs. Let
M’ and N’ be as defined in Notation 4. Note that the sets M’ and N’ are invariant under
homeomorphisms of Zy onto Zy. By Lemma 10 we obtain that K = {ay} U {gz, (X x
(—1,1))} and L = qz, ({p} x (—1,1)). Since the sets K and L are invariant under homeomor-
phisms of Zy onto Zy. Thus, it follows that Olzy = L. In the rest of the proof we will prove
that the other two orbits of Zy are in K. For this, consider the following subsets of K:

K, ={w € K: w is the core of the simple triod in K} and Ky = K \ K.
Note that the sets Ky and K are invariant under homeomorphisms of K onto K. Moreover,
K1 = {ay} and K3 = gz, (X x (—1,1)). It follows that Ky = 0% and K, = O} . Therefore,
du(Zy) = 3. O

As a consequence of the theorem proved (Theorem 12) and Proposition 1, we have the
following:

Corollary 11. If X = {0} U {:: n € N}, then the homogeneity degree of the union of a
sequence {C,}>°, of circles in the plane joined by a point and converging to a limit circle
Cy is three.

Lemma 14. Let X be a homogeneous separable metric space. If dy(Zx) # 2, then X is
locally contractible.

Proof. Suppose that dy(Zx) # 2 and X is not locally contractible. Since X is homogeneous,
by Theorem 7 we obtain that dg(Zx) = 2, a contradiction. Therefore, X is locally contrac-
tible. O

Lemma 15. Let X be a homogeneous separable metric space. If dy(Zx) # 2, then X is
locally connected.

Proof. Suppose that dy(Zx) # 2 and X is not locally connected. Since X is homogeneous,
by Theorem 8 we obtain that dy(Zx) = 2, a contradiction. Therefore, X is locally connected.
O

Our next result follows from Lemma 5 and Lemma 14.

Corollary 12. Let X be a homogeneous, compact, finite dimensional metric space.
If du(Zx) # 2, then X is ANR.

Our next result follows from Lemma 6 and Corollary 12.
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Corollary 13. Let X be a homogeneous, one dimensional continuum. If dy(Zx) # 2, then
X is a local dendrite.

Lemma 16. Let X be a homogeneous separable metric space. If dy(Zx) # 2, then X
contains arcs.

Proof. Suppose that dg(Zx) # 2 and X does not contain arcs. Since X is homogeneous, by
Theorem 9 that dg(Zx) = 2, a contradiction. Therefore, X contains arcs. O

Lemma 17. Let X be a homogeneous separable metric space without isolated points. If
du(Zx) # 2, then X is connected.

Proof. Suppose that dg(Zx) # 2 and X does not connected. Since X is homogeneous, by
Theorem 10 that dg(Zx) = 2, a contradiction. Therefore, X is connected. ]

Lemma 18. Let X be a separable metric space. If dy(Zx) = 1, then Zx is locally connected.

Proof. Suppose that dy(Zx) = 1 and that Zx is not locally connected. Since dy(Zx) = 1 we
have that Zx is not locally connected in any point, a contradiction to Lemma 10. Therefore,
Zx is locally connected. O

4. %—homogeneity of Sus(Zx). In this section we present a result on the degree of homoge-
neity of Sus(Zx). We start this section with the following result which is an easy consequence
of Proposition 2.

Proposition 10. If X is a discrete space with one point, then dg(Sus(Zx)) = 1.

Lemma 19. Let X be a homogeneous metric space with no arcs such that |X| > 2. Then
dH(SUS(Zx)) =3.

Proof. Suppose that X does not contain arcs. Let Z = Sus(Zx). By Theorem 9 we know
that dg(Zx) = 2. Moreover, its orbits are Zx \ {ax} and {ax}. By Lemma 13, we have that
there exist orbits O and 0%, of Z, such that:

{ax} x (=1,1) COL and (Zx \{ax}) x (=1,1) C O%. 9)

Consider the following subsets of Z:
A ={w € Z: w has a planar neighborhood in Z}; B=2Z\ A.

Given that | X| > 2, we have that v is the core of the simple triod in Sus(X). This implies
that ax € B. In consequence:

A=Z\Sus({ax}); B=Sus({ax}). (10)

Since the sets A and B are invariant under homeomorphisms of Z in Z, from (9), (10) we
obtain that:
0% # 0%, (11)

Now, if vy € O%, this implies that UZ( € OL(see Lemma 13-(i)). In consequence O% = B.
This would imply that the arc B is homogeneous; a contradiction. Therefore, vy ¢ O%.
Thus, {v}, ,v;.} is the other orbit of Z. Finally, du(Z) = 3. O

As a consequence of Lemma 19 we get the following corollary.
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Corollary 14. If X is a discrete space containing more than one point, the dy(Sus(Zx)) = 3.
As a consequence of Proposition 2 and Corollary 14 we get the following result.
Corollary 15. Let n € N, n > 2. If X is the n-rose, then dg(Sus(X)) = 3.

Note that Corollary 15 gives us another alternative way to calculate the degree of
homogeneity of the suspension of the finite graph, the n-rose.

Theorem 13. Let X be a homogeneous metric space. If X is nonlocally contractible, then
dH(SUS(Zx)) = 3.

Proof. Suppose that X is nonlocally contractible. Let Z = Sus(Zx ). By Theorem 7 we have
that dy(Zx) = 2. Moreover, the orbits Zx are {ax} and Zx \ {ax}. By Lemma 13 we have
that there exist OL and 0%, orbits of Z, such that:

{ax} x (-1,1) €Oz, (Zx \{ax}) x (-1,1) C O%. (12)

Consider the following subsets of Z:
M ={w € Z: Z is locally contractible in w} and N = Z\ M.

By Lemma 10 we obtain that Z is locally contractible in the points {ax} x (—1,1). Since
Z is locally contractible in v; and v3' we have that:

M =Sus({ax}), N =(Zx\{ax}) x(-1,1). (13)

Since the sets M and N are invariant under homeomorphisms of Z in Z from (12), (13) it
follows that

(Zx \{ax}) x (=1,1) = O%. (14)
If vy, € O%, this implies that v € OF (see Lemma 13-(i)). Thus, O} = M but M is an
arc, a contradiction. Therefore, {v} _,v;!} is the other orbit of Z. Finally, dy(Z) =3. [

Our next result follow from Theorem 13.
Corollary 16. If X is the Menger curve, then dy(Sus(Zx)) = 3.

Since local contractibility at every point implies connectedness im kleinen (see [15, p. 3,
2.3]) and thus, local connectedness, then we have the following results.

Corollary 17. Let X be a homogeneous metric space. If X is nonlocally connnected, then
dH(SU_S(Zx)) = 3.

Now Corollary 17 yields the following results.
Corollary 18. If X is the pseudoarc, then dy(Sus(Zx)) = 3.
Corollary 19. If X is the Cantor set, then dg(Sus(Zx)) = 3.
Corollary 20. If X is a circle of pseudoarcs, then dg(Sus(Zx)) = 3.
Corollary 21. If X is a solenoid, then dg(Sus(Zx)) = 3.

Theorem 14. Let X be a homogeneous metric space. Let Y = X U{p}, where p is an isolated
point of Y. If X is nonlocally connected, then dg(Sus(Zy)) = 4.
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Proof. Suppose that X is nonlocally connected. Let Z = Sus(Zy). By Theorem 11 we have
that dy(Zy) = 3. Moreover, the orbits Zy are {ay}, ¢z, ({p} x (—1,1)) and ¢z, (X x (=1, 1)).
By Lemma 13 we have that there exist O%, 0% and O%, orbits of Z, such that:

{O‘Y} X (_17 1) - OlZa qZY({p} X (_17 1)) - Ogja (15)
qzy (X x (—1,1)) C O%. (16)

Consider the following subsets of Z:
M = {w € Z: Z is locally connected in w} and N = Z \ M.

By Lemma 10 we obtain that Z is locally connected in the points {ay } x (=1, 1). Moreover,
Z is locally connected in the points gz, ({p} x (—1,1)) and since Z is locally connected in
vy, and vy! we have that:

M = Sus({ay} U gz, ({p} x (=1,1))), (17)
N = qz, (X x (=1,1)) x (=1,1). (18)

Since the sets M and N are invariant under homeomorphisms of Z in Z from (15)(18)
it follows that

QZY(X X (_17 1)) X <_17 1) = O% (19>
In the rest of the proof we will prove that the other orbits of Z are in M. For this, first
we see that O(vy ) = {v}, vz} Let g: Z — Z be a homeomorphism. Note that vy €
Olzy. Then g(O0},) = g(Oy, ). By (19) we have that g(O1 ) = K/, where: K’ = (qz, (X x
(—1,1)) x (=1,1)) U{vg,, v, }. Now, by (17) we know that g(v} ) € M in consequence
9(vy,) € {vy, v, }. Thus by Lemma 13-(i) we obtain that,

O(vz,) = {vz, vz }- (20)

Now, we consider the following subsets of M
M, = {w € M: w has a planar neighborhood in M} and M, = M\ M;.
Since qz, ({p} x (—1,1)) is an free arc we obtain that M; = ¢z, ({p} x (=1,1)) x (—=1,1) and
M, = Sus(ay). By (20) and since the sets M; and M, are invariant under homeomorphisms
of Z in Z, this implies that

for} x (~1,1) = O% and gz, ({p} x (~1,1)) = O%. e1)
Therefore from (19), (20) and (21) we have that dy(Z) = 4. O
As a consequence of Theorem 14 we obtain the following corollaries.
Corollary 22. Let Y = X U {p}, where X is the pseudoarc, then dg(Sus(Zy)) = 4
Corollary 23. Let Y = X U{p}, where X is the Cantor set, then dy(Sus(Zy)) = 4.
Corollary 24. Let Y = X U{p}, where X is a circle of pseudoarcs, then dy(Sus(Zy)) = 4.
Corollary 25. Let Y = X U {p}, where X is a solenoid, then dy(Sus(Zy)) = 4.

Similarly, the following result is proved.
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Theorem 15. Let X be a a locally connected, homogeneous, metric space. Let Y = X U{p},
where p is an accumulation point of Y. If X does not cointains arcs, then dy(Sus(Zy)) = 4.

As a consequence of Theorem 15 we obtain the following result.
Proposition 11. Let X = {0} U{+: n € N}. Then du(Sus(Zx)) = 4.

Lemma 20. Let X be a homogeneous metric space. If dg(Sus(Zx)) = 2, then X is locally
contractible.

Proof. Suppose that dg(Sus(Zx)) = 2 and X is not locally contractible. Then, by Theo-
rem 13 we obtain that dg(Sus(Zx)) = 3, a contradiction. Therefore, X is locally contractible.

]

Lemma 21. Let X be a homogeneous metric space. If dg(Sus(Zx)) = 2, then X is locally
connected.

Proof. Suppose that dy(Sus(Zx)) = 2 and X is not locally connected. Then, by Corollary 17
we obtain that dg(Sus(Zx)) = 3, a contradiction. Therefore, X is locally connected. O

As a consequence of Lemma 21 and Lemma 8 we obtain the following result.

Corollary 26. Let X be a homogeneous metric space. If dg(Sus(Zx)) = 2, then Zx is
locally connected.

Lemma 22. Let X be a homogeneous metric space such that | X| > 2. If dg(Sus(Zx)) = 2,
then X contains arcs.

Proof. Suppose that dg(Sus(Zx)) = 2 and X does not contains arcs. Then, by Theorem 19
we obtain that dg(Sus(Zx)) = 3, a contradiction. Therefore, X contains arcs. O

Our next result follows from Lemma 5 and Lemma 20.

Corollary 27. Let X be a homogeneous, compact, finite dimensional metric space.
If du(Sus(Zx)) = 2, then X is ANR.

Our next result follows from Lemma 6 and Corollary 27.

Corollary 28. Let X be a homogeneous, one dimensional continuum. If dy(Sus(Zx)) = 2,
then X is a local dendrite.

5. %-homogeneity of Cone(Zx). In this section we present results on the homogeneity of
Cone(Zx). For this, we start with the following results.

Proposition 12. If X is a discrete space with one point, then dy(Cone(Zx)) = 2.

Lemma 23. Let n € N, n > 2. If X is a discrete space with n points, then
du(Cone(Zx)) = 5.

Proof. Suppose that X is a discrete space with n points. Note that dg(X) = 1. By Propo-
sition 2 we obtain that Zx is a n-rose. Thus by Corollary 5 we know that dy(Zx) = 2. Note
that Zx is a finite graph. In consequence, by Theorem 3 we get that dy(Cone(Zx)) =5. O

As a consequence of Proposition 2 and Lemma 23 we have the following result.
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Corollary 29. Let n € N, n > 2. If X is the n-rose, then dg(Cone(X)) = 5.

Now, recall that a point p of a space X is homotopically labile (see [4]; in [11] and
[12] such points are called unstable) if for every neighborhood U of p there exists a map
h: X x [0,1] — X such that:

(i) h(z,0) =z, for each x € X,  (i1) h(x,t) = x, whenever x ¢ U and ¢ € [0, 1],

(1ii) h(z,t) € U, whenever x € U and t € [0,1], (i) h(x,1) # p, for each x € X.

A point that is not homotopically labile is homotopically stable (or simply stable). Some
results about homotopically labile points are the following.

Lemma 24. [12, p. 134, 2| Let z be a homotopically labile point of a space Z and let Y
be a Tychonoff space. Then for any yy € Y the pair (z,yo) is a homotopically labile point of
ZxY.

Lemma 25. If X is a nonempty compact metric space, then each point (w,0) is homotopi-
cally labile in Zx x [0,1), for each w € Sus(X).

Proof. Since Zx is a continuum (see |22, p. 43, 3.16]) and the point 0 is homotopically labile
in [0,1) from Lemma 24 we have the conclusion. O

The following result will be used to prove Lemma 26, whose proof the reader can find
in [11] or [5].

Theorem 16. If X is a metric space, nonempty, locally compact and finite dimensional,
then X has a homotopically stable point.

Lemma 26. If X is a nonempty finite dimensional compact metric space, then Zx x [0, 1)
is not homogeneous.

Proof. By Lemma 25 we know that each point (w,0) is homotopically labile in Zx x [0,1).
Now, since Zy is a continuum (see |22, p. 43, 3.16|) in particularly is a compact space. Thus,
Zx is locally compact.

On the other hand, since X is finite dimensional it follows that Zx is finite dimensional.
Thus, Zx % [0,1) is a metric space, nonempty, locally compact and finite dimensional, then
by Theorem 16, Zx x [0,1) has a homotopically stable point. In consequence Zx x [0,1) is
not homogeneous. O

As a consequence of Lemma 26 we get the following result.

Theorem 17. Let X be a finite dimensional compact metric space. If dg(Cone(Zx)) = 2,
then O(vcone(zy)) is nondegenerate.

Proof. Assume that O(vcone(zy)) = {Vcone(zx)}- Then Zx %[0, 1) is the other orbit. Therefore,
Zx x [0,1) is homogeneous, a contradiction to Lemma 26. O

Lemma 27. Let X be a homogeneous metric space. If dy(Cone(Zx)) = 2, then X is locally
contractible.
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Proof. Suppose that dy(Cone(Zx)) = 2 and X is nonlocally contractible. Thus, by Theo-
rem 7 we have that dg(Zx) = 2. Moreover, the orbits of Zy are Zx \ {ax} and {ax}.
Consider the following subsets of Cone(Zy):

A ={w € Cone(Zx): Cone(Zx) is locally contractible in w}, B = Cone(Zx) \ A.

By Lemma 10 we obtain that A = Sus(ayx) and B = (Zx \ {ax}) x [0,1). Since
dp(Cone(Zx)) = 2 this implies that A and B are orbits of Cone(Zx), a contradiction because
A is an arc. Therefore, X is locally contractible. m

The following lemma can be proved analogously to Lemma 27.

Lemma 28. Let X be a homogeneous metric space. If dy(Cone(Zx)) = 2, then X is locally
connected.

Using the Lemma 28 we obtain:

Corollary 30. Let X be a homogeneous metric space. If dg(Cone(Zx)) = 2, then X is
locally connected.

Our next result follows from Lemma 5 and Lemma 27.

Corollary 31. Let X be a homogeneous, compact, finite dimensional metric space.

If dy(Cone(Zx)) = 2, then X is ANR.
Our next result follows from Lemma 6 and Corollary 31.

Corollary 32. Let X be a homogeneous, one dimensional continuum. If dy(Cone(Zx)) = 2,
then X is a local dendrite.
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