Maremaruani Crymil. T.62, Ne2 Matematychni Studii. V.62, No.2

VYIK 517.53
S. I. FEDYNYAK, P. V. FILEVYCH

BERNSTEIN-TYPE INEQUALITIES FOR ANALYTIC FUNCTIONS
REPRESENTED BY POWER SERIES

S. I. Fedynyak, P. V. Filevych. Bernstein-type inequalities for analytic functions represented by
power series, Mat. Stud. 62 (2024), 121-131.

Let R € (0,400] and D = {z € C: |2|] < R}. Denote by Apg the class of all functions f
analytic in Dg such that f(z) # 0. For any function f € Ag, let M(r, f) = max{|f(2)|: |z| = r}
be the maximum modulus, K(r, f) = rM(r, f')/M(r, ), and p(r, f) = max{|a,(f)|r™: n > 0}
be the maximal term of the Maclaurin series of the function f, where a,(f) denotes the n-th
coefficient of this series. Suppose that ® is a continuous function on [a,ln R) such that for every
2 € R we have 20 — ®(0) — —00 as o T In R, and let ®(z) = max{zo — ®(c): 0 € Dg} be the

Young conjugate function of ®, p(x) = @', (z) for all 2 € R, and I'(z) = (®(x) —Inx)/z for all
sufficiently large x. Put

w— Inz w—Inpu(r, f) w— K(r,[) — K(r.f)
A= 1 —, t(f) =lim ———=, k(f) =lim=——7——, k =lim ————~
o (/) TITIII% ®(Inr) ’ (£ rlTHI% <I>—1(lnr)’ 1f TITII% r—1(Inr)’
where f € Ag. We prove the following results:
(a) for any function f € Ag such that ¢(f) < 1, the inequality k1 (f) < 1 holds;

(b) for an arbitrary positive sequence (r,) increasing to R, there exists a function f € Ag
such that ¢(f) = 1 and ll}I}_l K(rp, f)/TYnr,) = 1;

(c) for any function f € Ag such that t(f) < 1, the inequality k(f) < 1+ A holds;

(d) there exists a function f € Agr such that ¢t(f) =1 and k(f) =1+ A.

1. Introduction. Let R € (0,400] and D = {z € C: |z| < R}. By Ar we denote the
class of all functions f analytic in Dy such that f(z) # 0. For any function f € Ag and all

r € (0, R), we put |
M) = max{lfG): = v}, K(r ) = raie L)

If P is a polynomial of degree n, then for every » > 0 by Bernstein’s classical inequality,
we have K (r, P) < n. An analogue of this inequality for transcendental entire functions was
also obtained by S. Bernstein [1, p. 76].

Theorem A ([1]). Let p and T be positive numbers. If f € A, is a function of order p

and type T, i.e.

T In M(r, f) _

r—-+00 Tre
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then

— K
T 20 S) oy (1)
r—+oo €1 pre

T. Kovari [2] proved that inequality (1) is sharp.

Theorem B ([2|). Let p and T be positive numbers. Then there exists a function f € A,
of order p and type T such that
T K(Ta f)

1 77

r—+oo €1 pre

Analogues of the results of S. Bernstein and T. Kovari for wide classes of analytic func-
tions were established in [3]-[7]. In order to formulate those of the obtained results that
relate directly to the classes Ap, we introduce some notations and definitions.

Suppose that A € (—o0, +00]. By Q4 we denote the class of all functions ®: Dy — R
such that Dg is an interval of the form [a, A), ® is continuous on Dg, and the following
condition

Vr € R: Li&l(xa —P(0)) = — (2)
holds. It is easy to see that in the case when A < +oo condition (2) is equivalent to the
condition ®(0) — +o00 as 0 — A — 0, and in the case when A = +oo this condition is
equivalent to the condition ®(o)/0c — +00 as ¢ — +o0.

Let €4 be the class of all functions ® € 4 such that ® is a continuously differentiable
function on D¢ and @’ is an increasing function on Dg.

If ® € Qy4, then let ® be the Young conjugate function of ®, i.e.

&(z) = max{zo — ®(0): 0 € Do}, =z €R.
Properties of Young conjugate functions are well known. Some of these properties are given
in the following lemma (see, for example, [§]).

Lemma 1. Let A € (—o0, +00], ® € Q4, and p(x) = max{o € Dy: x0 — ®(c) = (z)} for
all x € R. Then the following statements are true:
(i) ¢ is a non-decreasing function on R;
(ii) ¢ is a continuous from the right function on R;
(iii) ¢(x) = A as x — +00;
(iv) the right-hand derivative of ®(z) is equal to () at each point © € R;
(v) if 2o = inf{z > 0: ®(p(x)) > 0}, then ®(z)/x increases to A on (g, +00);
(vi) the function ®(p(z)) is non-decreasing on [0, +00).

Suppose that ® € Qg4, and let ¢(x) and zy be defined by ® as in Lemma 1. Put

— Inz
fo= 0 S0

For all z > z, we set ®(x) = ®(z) /2. By Lemma 1, the function @ is continuous increasing to

A on (zg9,+00). So, if Ay = ®(z¢+0), then the inverse function ®~ is continuous increasing

to +0o on the interval (Ay, A). We will assume that ® ~*(¢) = +oo for all o € [A, +oc]. Put

B(o) =In® (o)/D (o), o€ (Ay,A). (3)
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We also put b = max{xg, e} and consider the function

— 1
P(z) = B(z) — % z € (b, +00). (4)
This function is continuous increasing to A on (b, +00). Therefore, if B = I'(b — 0), then
the inverse function r1is _continuous increasing to +oo0 on (B, A). It is easy to see that
Yo+ B(0)) >T o) > D (o) for all ¢ < A sufficiently close to A.
Note also that if & € @y, Dy = [a,A) and ¢ = ®'(a), then the function o = p(z),
x € [¢,+00), is the inverse of the function z = ®’(o). In addition, in this case
— In®'(0)
Ay =1i :
*T o B(o)
Let R € (0,+00] and f € Ag. We expand the function f into a power series

fz2) =) anz" (5)

n=0

and put
p(r, f) = max{|a,|r": n € Ng}, G(r, f) = Z @, |r"
n=0

for all r € [0, R), where Ny denotes the set of all non-negative inzegers.
If & € Qr, and f € Ag is a function of the form (5), then let

_,—ln,u(r,f) _,—th(T,f) _.—IHGO’;f)‘
) =0 Sy PO = 0y U = I )
k() =T )y =T Ay =T — 0D

- MR O (Inr)’ R T=(Inr)’ R &~ 1(Inr + B(Inr))

It is clear that to(f) < To(f) < To(f) and kyo(f) < kro(f) < ka(f).
Let ® € Q) g. It is proved in [8] that for any function f € Apg of the form (5) we have

—_— n

te(f) = lim T (lml) (6)

In addition, in [8] (see also |9, 10]) it is shown that the condition Ag = 0 is necessary and
sufficient for 7o (f) = ts(f) holds for any function f € Ag of the form (5).

The following result of M. M. Sheremeta [3] is a generalization of Theorem A to the case
of entire functions of arbitrary growth.

Theorem C ([3]). Let ® € (¥, . Then for any function f € A, such that Te(f) =1, we
have ko o(f) < 1.

A detailed analysis of the proof of Theorem C, which was proposed by M. M. Sheremeta
in [3], shows that for functions analytic in a disk, we can prove a complete analogue of
Theorem C (see also [4]). At the same time, in order to establish the inequality ko o(f) <1
it is enough to require the fulfillment of the condition ¢4(f) < 1 instead of the stronger
condition T (f) = 1. In other words, the following result is true.

Theorem D. Let R € (0,400] and ®" € Oy, g. Then for any function f € Ag of the form (5)
such that to(f) < 1, we have ko o(f) < 1.
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We note that if R < +o00, then for functions ® from the class €2, g we can have a situation
in which Inr+5(Inr) > In R for all » € [ry, R) with some r; € (0, R) (for example, if ®(Inr) <
—1 —Inln(R/7) for all 7 € [ry, R) with some r5 € (0, R)). Then ®~'(In7 + B(Inr)) = +oo
for all » € [ry, R). Therefore, if f € Ag, then Theorem D does not give any information
about the behavior of the quantity K (r, f) as r T R. This gap is filled to some extent by the
following two theorems.

Theorem E ([5]). Let R € (0,400] and ® € 4, . Then for any function f € Ag of the
form (5) such that To(f) < 1, we have ko (f) < 1.

Theorem F ([5]). Let R € (0, +oc] and ® € Oy, g. Then there exists a function f € Ag of
the form (5) such that To(f) = To(f) =te(f) =1 and ke(f) = 1.

As we mentioned above, in the case when Ag = 0 we have To(f) = To(f) = to(f). So, in
this case, the condition T4 (f) < 1 in Theorem E can be replaced by each of the conditions

T@(f) S 1or tq,(f) S 1.
Note that using results from [11] (see also [12, 13]), it is easy to prove the existence of

functions ® € Q,, and f € A, such that To(f) = 1, but Ts(f) = +oo. However, despite
this, we have the following result.

Theorem G (|7]). Let R € (0,4o00| and ® € Q, g. Then for any function f € Ag of the
form (5) such that Te(f) < 1, we have ke(f) < C4, where C} < 1.1276 is an absolute
constant.

In connection with the formulated results, the following question arises: does there exist
an absolute constant Cy > 1 such that for any functions ® € Q. r and f € Ar with
to(f) < 1, we have ko(f) < Cy?7 A negative answer to this question follows from the follo-
wing two theorems (see Corollary 2 below), which give a sharp estimate from above on the
behavior of the quantity K (r, f) as r T R under the condition t¢(f) < 1.

Theorem 1. Let R € (0,400] and ® € Qy, . Then for any function f € Ag of the form (5)
such that to(f) <1, we have k1 o(f) < 1.

Theorem 2. Let R € (0,4+00], ® € O, g, and let (r,)nen, be a positive sequence increasing
to R. Then there exists a function f € Ag of the form (5) such that to(f) =1 and

m K(Tmf) _

n=+oo [=1(In7,)

(7)

2. Auxiliary results. In this section, we give some lemmas that we will need to prove
Theorems 1 and 2, as well as their consequences.

Lemma 2 ([8]). Let R € (0,+o¢], ® € Qi g, and let f € Ag be a function of the form (5).
Then the following statements are equivalent:

(i) there exists ro € (0, R) such that In u(r, f) < ®(Inr) for all r € [ry, R);
(i) there exists ng € Ny such that In |a,| < —®(n) for all integers n > nq.
The following lemma is actually proved in [6] (see the proof of Theorem 2 in [6]).

Lemma 3 ([6]). Let A € (—oo,+oc], ® € 4, and let I be the function defined by (4).
Then there exist a function © € Q4 and a number yo > 0 such that O(y) = ['(y) for all

Y 2 Yo-
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In the following two lemmas, we assume that ¢(z) and x are defined by a given function
® € )y as in Lemma 1.

Lemma 4 ([14]). Let A € (=00, 4], ® € Q4, 09 = ®(x + 0), and y(o) = p(® ~(0)) for
all 0 € (0, A). Then for every 6 € (0,1) and each o € (09, A) we have

=1 3®(y(0)\ _ 2 '(o)
P <0+ 5—1(0))§ =5

Lemma 5. Let A € (—o0, +00], ® € Q4, ¢ € R be a fixed number, and let h(c) = ¢(c) and

Then the function h has the following properties:
(i) h is continuous non-decreasing on [c,+00) and h(x) < ¢(x) for all z > ¢;
(ii) if d = inf{x > c: p(z) > ¢(c)}, then h is increasing on [d,+00);
(iii) if ¢ > x¢, then ®(z) < h(x) for all x > ¢;
(iv) @ 1(h(z)) ~ x at x — +o0.
Proof. By Lemma 1 the function @ is convex on R and we have o(z) = ZI;’Jr(gv) for all z € R.

Taking into account this fact, it is easy to justify (i) and (ii).
Let ¢ > ¢ and x > ¢. Since

h(z) = D(z) + C(‘I’(?__f“)), (8)
we obtain ®(x) < h(z). Next, we note that
O(x) — D(c) = o(P(p())), x— +o0. 9)

In fact, since by Lemma 1 we have ®(z) — A and ®(¢(z)) — +oo for x — +o0, relation (9)
is obvious in the case A < +oo. If A = 400, then we get ®(z) < ¢(z) = o(P(p(z))) as
x — 400, and this aslo implies (9).

Taking into account (8) and (9), as well as using the notation o = ®(z), we obtain

h(z) = ®(x) + o0 ((I)((Z:(x))> =0+to (%ﬁ) , T — +o00.
Then by Lemma 4 we have 6*1(h(x)) ~ 5*1(0) =z as T — +o00. 0

Lemma 6. Let A € (—o0,+00|, ® € Q4, and let I be the function defined by (4). Then

()
lim = =14 As. 10
AT () T (10)

Proof. Denote the left part in (10) by Ag and first of all prove the inequality Ag < 1+ Ag.
Suppose the contrary, that is, there exist a number p > Ag and a sequence (0, )nen, increasing
to A such that I'~Y(a,) > (1 4+ p)®~(0,) for all n € Ny. Fixing some ¢ € (Ag,p), for all
n > ng we obtain
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InTY(0,) < 1 .lna_l(an)
I'Yo,) ~—14+q¢ @ (o,)
1 m®(on) PP (o) o g P(p(P(ow))

Tltq 0@ o) e  Lta (o)
Therefore, using Lemma 4 with 6 = ¢/(1 + ¢), for all n > ny we have

I (o) = (o0 + ) <

Yo,
G (o, 4 S2E@ )Y OO L
<ot =5, ) Sy~ (10T o),

but this contradicts the inequality I'"*(c,) > (14 p)®*(0,).

Now we prove that Ay > 14 Ag. Suppose the contrary again. Then there exist numbers
§ € (0,A) and b < A such that for all o € (b, A) we have I'"!(0) < (14 §)® (o). Setting
o = I'(z), for all sufficiently large x we obtain x < (1 +6)®~(I'(z)), and therefore

5(1;";6) <T(z) = Bla) — L

T

Since, as it is easy to see, 6;@) = ®(p(z))/x* for all z > zy, and by Lemma 1 the function
a(z) = P(p(x)) is non-decreasing on [0, +00), for all sufficiently large = we obtain

T Fw) _6<116) :/x %ﬁmdt < <I>(s0(fv))/x L éq)(w(fﬂ))-

t z/(149) o) BT

This implies that Ag < §, but it is impossible because § € (0, Ag). n
Lemma 7. Let A € (—o0,+00|, ® € Q4, and let § be the function defined by (3). Then

8 (04 B(0) _ {+oo, if A > 1: )

1m —
oA (I)_I(O') 1/(]_ — A@), Iqup < 1.

Proof. We denote the left-hand and right-hand side parts in (11) by Ag and dy, respectively,
and first of all we prove the inequality Ag < 0. We assume that Ag < 1, since otherwise
this inequality is trivial. Let A € (Ag,1) be a fixed number. The definition of Ag implies
the existence of a number o; < A such that

@~ (o) < Ad(p(®7(0)), o € [o1, A).
Therefore, using Lemma 4, for some oy < A and all o € [03, A) we obtain

3o+ B(o) = D! ( n 1%@1(§))> < 3! <U+A®(¢£i_(;(;)))) < (Ii__l(Z)

Since A € (Ag, 1) is arbitrary, this implies the inequality Ag < dg.
Now we prove that Ay > dg. Assume that Ag < dy. Then, fixing an arbitrary ¢ € (Ag, ),
for some o3 < A we have

O Yo+ B(o) <D (o), o€Jos, A). (12)

Put A = (0 —1)/4. Note that then A < Ag. In addition, for some 04 < A and all o € |04, A)
by (12) and Lemma 4 we obtain

In®~!(0)

— dr <
®=1(0)

= 3(0) BT ()~ 0 =TT () -FF ) = [
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6_ . &~ (o) dr 5 .

<o o —=9o O = .
<o) [T = T ) g
This implies that In ®~1(0) < A®(p(6®~1(0))) for all o € o4, A). Then, as it is easy to see,
Ag < A, but this contradicts the inequality A < Ag. O]

For a function f € Ag of the form (5) and for each r € (0, R), let v(r, f) denote the
central index of this function, i.e. v(r, f) = max{n € Ny: |a,|r™ = p(r, f)}. As it is known,
v(r, f) = r(Inu(r, f)), for all € (0, R). In addition, we have the following lemma (see [15]).

Lemma 8. Let R € (0,+00], (ng)ren, be an increasing sequence of non-negative integers,
and (cy)ren, be a positive sequence increasing to R. If a complex sequence (ay)nen, iS such
that a,, # 0, a,, = 0 for each integer n < ny, and for all k € Ny the following relations

k
‘ank+1| = |an0’ HC?j_nj+l7 ‘an| < ’anklczkin (n c (nk,nk+1))
7=0

hold, then the function f given by (5) belongs to the class Ar and we have:
(i) v(r, f) = ng for all € (0,¢p);
(ii) v(r, f) = ng4q for all v € [k, cpy1) and k € Ny.

3. Proof of Theorems.
Proof of Theorem 1. Let R € (0,400], ® € Qy, g, and let f € Ag be a function of the form (5)
such that t4(f) < 1. Let also I" be the function defined above by (4).

We fix an arbitrary p > 1 and choose some ¢ € (1, p). Since tg(f) < 1, for some r; € (0, R)
and all r € [ry, R) we have In u(r, f) < ¢®(Inr). Applying Lemma 2 with ¢® instead of &,
for some ny € Ny and all integers n > ny we obtain In|a,| < —¢®(n/q). Therefore, for some
integer ny > ny we have

In(n|a,|) < Inn — ¢®(n/q) < ¢(ln(n/q) — B(n/q) = —nL(n/g), n>ny  (13)

According to Lemma 3, there exist a function © € ), g and a number 5 € (0, R) such
that for all r € [ry, R) we have © ~'(In7) = T~'(Inr) > 0. Put 6(z) = O/, (z) for all z € R,
and let y(r) = ©(6(© ~}(Inr))) and ng = no(r) = [pL' " (In7)] + 1 for all » € [ry, R). Setting
d = (p—q)/p and using Lemma 4 with © instead of ®, for all r € [ry, R) we get

F_1<lnr—|— %) :@_1<lnr—|—

§0(6(6 ~1(Inr))) O '(nr) P no
©-(Inr) > S?_qr (lnr) < q

This implies that
I'(ng/q) —Inr > 57(r)/f_1(lnr), r € [re, R). (14)

We choose a point r3 € [re, R) such that the inequalities ng(r3) > ny and y(r3) > 0 are
satisfied. Using (13) and (14), for each fixed r € [rs, R) we obtain

Z nlan|r" < Z /g ) = Z en(D(no/q)—Inr) — Z endy(r)/T—(nr)

n>ngo n>ngo n>no n>ngo
1 L (lnr)

_ _ _ < . 15
en0dy(r) /T =1 (In7) (87()/T—Hnr) — 1) = err gy (r) (15)
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Assuming that r € [r3, R) is fixed, we set P(z) = _ ., a,2" for all = € C. Using
Berstein’s inequality for polynomials and estimate (15), we obtain

rM(r, f) S rM(r, P+ ) nlaglr™ < noM(r, P) + > nla,|r™ <

n>ngo n>ng
< no(M(r, f)+ Z |an|r”) + Z n|a,|r"™ < ngM(r, f) + 2 Z nla,|r" <
n>ngo n>ngo n>ngo
2T “Y(Inr)

< ([pr~'(Inr)] 4+ 1) M (r, f)+m-
Since y(r) — 400 as r T R, this shows that k1 ¢(f) < p. Finally, since p > 1 is arbitrary, we
have ky o(f) < 1. O

Proof of Theorem 2. Let R € (0,400, ® € Oy, g, [' be the function defined above by (4),
and let (r,)nen, be a positive sequence increasing to R.

By Lemma 3 there exists a function © € (, g such that ©(x) = I'(x) for all sufficiently
large x € R. Put 0(z) = (:)’Jr(w) for all z € R and let 2y = inf{z > 0: ©(6(z)) > 0}. For

every fixed a € R, we set h,(a) = 6(a) and let h,(x) = @, r > a. Also we put
d(a) = inf{z > a: 0(x) > 0(a)}. According to Lemma 5, the restriction of the function h,
to the interval [d(a), +00) is a continuous increasing to +oo function. We denote the inverse
function to this restriction by h;*.

Let (0x)ren, be a fixed sequence of points in the interval (1,2) decreasing to 1. Using
Lemma 5, it is easy to justify the existence of a subsequence (py)ren, of the sequence (7, )nen,

and an increasing sequence (ng)ren, With ng = [xo] + 1 such that for all k£ € Ny we have:
(a) d(ny) <Inpy;

(b) s = [hy (0 py) 5

(c) h ( ) < O(6) if 2 > ngyy;

(d) (k+1)*n, < exp(©O(0(2n441))/8);
)

(€) npy1 > 4ny.

For every k € Ny, we set ¢, = exp(hy, (ng11)). Since
O(141) < Py (1) < O(0n141) < O(2np11) < O(ngra), k€ Ny, (16)

and by Lemma 1 we have ©(z) — In R as © — +00, the sequence (c;)ren, iS positive and

increasing to R. In addition, since @;(x) = O(f(x))/z* for all x € R and the function
©(f(x)) is nondecreasing on [0, +00), for every k € Ny by (16) and (e) we obtain

— — "2 (0 (x "2 g
Incpyy —Ineg > O(ngas) — O(2n44) = / #dw > @(0(2nk+1))/ — =
2Nnp41 z 2nk41 r
1 1 1
= 0(0(2n — > e0(2n . 17
) (o~ ) 2 g OO2nc) (17)

Let b,, = exp(—O(ng)) for all k € Ny. Since

én _én lnbn —lnbn
Inc, = hy, (nk+1) = ( ;:3 — n: : - n:+1 - nkkH’
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we have by, ,, = by, ¢, """, and therefore, as it is easy to see,
k
by = bug [ [ €%, k€N,
=0
Consider the power series go(z) = D> ,o bn,2™. According to Lemma 8, the function gy
belongs to the class Ag, and p(r, go) = by, ,, 7™+ for all r € [cy, cp41]) and k € No. In addition,

by Lemma 2 there exists so € (0, R) such that In u(r, go) < O(Inr) for all € [sq, R).

Let n € Ng. We put b, = 0 if n < ng, and let b, = b, ¢,* " if n € (ng, ng+1) for some
k € Ny. Consider the series g(z) = >~ b,2". According to Lemma 8, the function g belongs
to the class Ag, and u(r, g) = p(r, go) for all r € [0, R). Therefore, In u(r, g) < O(Inr) for all
r € [so, R). Then, by Lemma 2, there exists py € Ny such that Inb, < —O(n) for all integers
n 2 po.

Further, we note that if n,k € Ny, £ > 1 and n < ny, then

n n n
Ck Ck Ck
bucp = byt <—> < ulcr-1,9) <—> = by, %4 (—) =
Cr—1 Ck—1 Ck—1

ng—n

ng—n
e () s (2

Cr Ck
Therefore, using (17), (e) and (d), we obtain

n Ck_]_ ng—mn Ck;_l Ng—Nk—1
Z bucy, < plcr, 9) Z Ter < plcrs g)ng—1 o <

n<ng_1 n<ng_1

< u(ck, g) e®OCnk))/8 = (k4 1)%

(18)

Put my, = npyq — [%]’ k € Ny. Using (e), we see that ny < my < ngs1 (V k € Np).
Let n € No. We put a,, = b,/n if n € (mgy, ngpi1] for some p € Ny, and let a,, = 0
otherwise. Consider series (5) and note that it can be written in the form

oo M2p+1
10-% 3 e
p=0 n=map+1
It is obvious that f is a function from the class Ag. We will prove that t4(f) = 1 and (7)
holds.

Using (4), for all sufficiently large n € Ny we have
Ina, < In(b,/n) < —O(n) —Inn = —nl(n) — Inn = —n®d(n).
In addition, if p € Ny is large enough and n = ny,,;, then Ina, = In(b,/n) = —nd(n).
Therefore, to establish the equality to(f) = 1, it is enough to use formula (6).
Let n € Ny and r € (0, R) be fixed numbers. We put

An(r) = Z na,r", Bn(r)= Z na,r", Cy(r)= Z a,r", Dy(r) = Z anr".
n<N n>N n<N n>N
Since, as it is easy to see, An(r)Dy(r) < Cn(r)By(r), and Cn(r) > 0 if N > mg, we get

_ An(r) + By(r)

K(r, f) = > , N >my. 19
1) = Cntr) ¥ D) = Culr) ’ 19)
If ] € Ny and [ — oo, we have
n2141
n
A=) naney =Y bach = (narpy — man)p(ear, 9) = (1+0(1)) 22?1#(02179)5 (20)

n<ngjy1 n=mo;+1
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in addition, using (18), we obtain

n214+1
w(car, g) Noj41 — My
Gim Y adi< Y bt Y Zo< < gy + Hlea g) P <
n<ngi41 n<ng;_1 n= m21+1 A (21)

1 Nait1 plea, g)
< = (1 1)) ————=.
< pu(car, g) ((21 1) + (2l+2)m25) (1+0(1)) =

Using (19), (20) and (21), we have K(cqy, f) > A;/C; > (1 + o(1))ng41 as [ — oo. Since
a, > 0 for each n € Ny, for all r € (0,R) we get K(r,f) = r(InM(r, f)),. Hence, the
function K (r, f) is non-decreasing on (0, R), and therefore by (b) and (c) we have

K(ow, ) = K(ca, f) 2 (1 +0(1))dumarer > (14 0(1)8 " (g, (nars1)) =

(22)
=(1+0(1)6" (ln ox) = (1+ o) (Inoy), | — oco.

Since (pr)ren, 1S a subsequence of the sequence (r,)nen, and according to Theorem 1 we
have k; ¢(f) < 1, from (22) we see that (7) is satisfied. O

4. Some consequences. The following statement is a direct consequence of Theorem 1 and
Lemma 6.

Corollary 1. Let R € (0,400] and ® € ), g. Then for any function f € Ag of the form (5)
such that te(f) < 1, we have ko (f) <1+ As.

Let ® € Oy, g and let T" be the function defined above by (4). According to Lemma 6, there
exists a positive sequence (7,)nen, increasing to R such that T='(Inr,)/® '(In7,) — 1+ Ag
as n — o0o. Theorem 2, applied precisely with this sequence, and Theorem 1 immediately
imply the following statement, which shows that the inequality ke (f) < 1+ Ag from Coro-
llary 1 is sharp.

Corollary 2. Let R € (0,+o00] and ® € Oy, g. Then there exists a function f € Ag of the
form (5) such that to(f) =1 and ko(f) = 1 + Ag.

Note that under the conditions Ag € (0,1) and t¢(f) < 1, Theorem B together with
Lemma 7 allow us to obtain only the following inequality ke (f) < 1/(1 — Ag), which is not
sharp. Nevertheless, as it turns out, in the case when R = 400 the estimate ko o(f) < 1 from
Theorem B is sharp, that is, for any function ® € €2, there exists a function f € A, of
the form (5) such that to(f) = 1 and ks o (f) = 1. Moreover, we have the following statement.

Corollary 3. Let € Q+oo and let € be a positive continuous non-increasing function on
[to, +00) such that f t)dt < +o0. Then there exists a function f € A, ., of the form (5)
such that te(f) =1 and
1-_ K(T‘7 f)
im — =
r—+o0 @~ (Inr + e(InP~1(Inr)))

In fact, using the classical Borel-Nevanlinna theorem (see, for example, [16, p. 90]), b
the conditions of Corollary 3 we have @ *(In7 + e(In® !(Inr))) ~ ®~'(Inr) as r — +oo
outside some exceptional set ' C [1,+00) of finite logarithmic measure. It is clear that then
there exists a positive sequence (7, )nen, increasing to +oo such that

> 1.

& Ynr, +e(In® (lnr,))) ~Inr,), n— ooc.

It remains to apply Theorem 2 with exactly this sequence (7, )nen, -
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