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Let £ denote the subspace of Li(R) consisting of the restrictions to R of entire functions
of exponential type at most 7, equipped with the L;(R)-norm. In this paper, we describe
the dual space £}, showing that it is isomorphic to the Banach space BMO(Z) of sequences
x: Z — C with bounded mean oscillation on Z. This result is an analogue of Fefferman’s
classical description of the dual of the Hardy space H;(C, ) of functions analytic in the upper
half-plane. A central role in the construction of £} is played by the discrete Hilbert transform.

1. Introduction. Let £ denote the linear space of all entire functions, and let B, (¢ > 0)
be the subspace of functions f € &£ such that

sup, yer | f(z + iy)le " < oo,
The space B, becomes a Banach space with the norm

115, = sup, yer | f(x +iy)le P, f e B,.
Note that for every a,o > 0, the linear mapping

(Laf)(2) = flaz), z€C,
is a bijection from the linear space B, to B,,. Therefore, to study all possible spaces B,,
o > 0, it suffices to consider the space B,. Note that the entire functions sin 7z and cos 7wz
belong to the space B;.

Denote by £, the subset of L,(R) consisting of the restrictions to R of functions in B;.
Equipped with the L,(R)-norm, £,(R) is closed in L,(R) ([1]) and thus forms a Banach space.
These spaces have been extensively studied, with most important results presented in the
monograph by B. Ya. Levin ([1]). In particular, for p € (1, 00), the space £, is isomorphic to
the Banach space /£, := {,,(Z), with an isomorphism given by the linear mapping J defined by

(Jf)(n) == (=1)"f(n), neZ (1)

The extreme spaces £; and L., are special and not isomorphic to the Banach spaces ¢; and
(s, respectively; their descriptions in terms of the discrete Hilbert operator are suggested
in [1,2]. In the monograph [1], there is no description of the dual space of £;, and we have not
found it in the available literature. However, the question of the dual space of £; is natural
and analogous to the question of the dual space of the Hardy space H;(C,) of functions
analytic in the upper half-plane (|5]). Indeed, the space H;(C,), like the space £, can be
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identified with a closed subspace of L;(R). The well-known result of Fefferman (|5]) identifies
the dual space (H;(Cy)) with the space BMO(R) of functions of bounded mean oscillation
on R via the Hilbert operator H. Likewise, we use the discrete Hilbert operator H to identify
the dual space £ with the space BMO(Z) of sequences of bounded mean oscillation on Z. In
the case of the dual space L], the situation is similar. Here, the discrete Hilbert operator H
naturally appears, acting on sequences x: Z — C, along with the space BMO(Z) of sequences
with bounded mean oscillation on Z.

The purpose of this work is to study and describe the space £}. The main result of this
paper is the following theorem.

Theorem 1. The space L) is isomorphic to the space BMO(Z).

The paper is organized as follows. In Section 2, we study the action of the discrete Hilbert
transform on the special Hilbert spaces G, and G_. Section 3 explores the relationships
between several auxiliary Banach spaces of sequences. In Section 4, we characterize the
space BMO(Z) in terms of the discrete Hilbert transform. Finally, Section 5 presents the
proof of Theorem 1, while the Appendix includes relevant definitions from Banach space
theory.

2. The discrete Hilbert transform. There are several definitions of the discrete Hilbert
transform acting in the spaces ¢,, p € (1, 00). However, all of them describe operators that
are variations of the operator introduced by D. Hilbert [2] and defined by the formula

1 z(n —k)
(Hoz)(n) := - 5 — €L, xe€l,
keZ\{0}

In this work, we define the discrete Hilbert transform as the operator acting in ¢, according
to the formula

(Hz)(n) :%%% nez. (2)

This operator is also called (see [2]) the Riesz-Titchmarsh operator. The advantage of the
operator ‘H over H, is the existence of a continuous inverse operator in all spaces £,, p €
(1,00). In fact, the following statement holds (see [2], [6]).

Proposition 1. The operator H: ¢, — {, for p € (1,00) is a linear homomorphism, and
H? = -85, (3)

where S is the shift operator given by the formula (Sx)(n) := x(n + 1), n € Z. Moreover,
the operator H: ¢y — (5 is unitary.

Remark 1. To simplify notations, we denote norms in the spaces £, in the same way as
norms in the spaces L,(R). Specifically, if x € ¢, (x € (), then

1/p
]l := (Zhﬁ(n)!”) , zllee = sup|z(n)].
ne’ nez
Let {5 4 and ¢5_ denote the Hilbert spaces

1/2
2.4 1= (Z(l + n2)i1|l‘(n)|2> '

nezZ

{x € C%: ||zlox < oo}, |z
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It is clear that ¢y  C £, {oo C lo . This implies that the sequence d(j) =1 (j € Z) belongs
to the space £, — and the functional Fy(z) := >, , x(j), @ € {1, is continuous in the spaces
EQ’_A'_ and 61.
Let us consider the closed subspaces in ¢ and /5 _
Gy ={x €lyi: Fy(z) =0}, G_:={yely_:y(0)=0},
which are Hilbert spaces with the norms

2]+ == llzll2+ (2 € G1), yll- = llylla- (y € G-),
respectively. Denote by (e, )nez, €n = (en(1),...,en(j),...) =(0,...0,1,0,...) the standard
——

n—1
basis in the space (o, i.e., €,(j) = 0if j # n, and e,(n) = 1.
Denote by @ the linear span of the set &y := {e; — ej41: j € Z}. Clearly,

Oy C P C G Cly Cls.

Proposition 2. The bilinear form G+ xG_ > (z,y) = (z,y) := >, 2(j)y(j) is continuous

and

[, )| < lzll+llyll-, ze€Gy, yeG_. (4)
Moreover:

(I) for every y € G_ the formula F,(z) := (x,y), * € G, defines a functional F,, € G'_, in
particular, |[Fy|| < ly]|-;
(II) ify € G_ and ker F,, D @y, then y = 0;
(III) ify € G_\ {0}, then F, # 0;
(IV) for every F' € G',, there exists the unique y € G_ such that F = F,.

Proof. Continuity of the bilinear form (-,-) and the estimate (4) follow directly. This also
implies (7).
Let us prove (I1). If y € G_ and ker F,, D &, then
0=Fy(ej —ej) =y()—y(G+1), je
Therefore, y = cd, where ¢ € C. Since y € G_, we have 0 = y(0) = ¢, implying y = 0. The
statement (/1) yields (I117).
Now we prove (IV). Let F' € G’_. By the Hahn-Banach theorem, F' can be extended to
a functional F' € ({5 )". By Riesz’s theorem, there exists u € {5 such that
F(x) = z(j)ulj), =€l
jez
Let y = u — u(0)d. Then y € G_ and for any z € G, we have
Fy(x) =) w()y(i) = F(x) —u(0) Fa(x) = F(x),
jEz
thus F' = F),. To show uniqueness, assume y; € G_ such that F' = F}, = F,,. Then F,_, = 0.
Hence, in view of (IT), y —y; =0, i.e. y = y;. [

As shown below, the operator H maps G into itself. However, the operator H does not

act on the space GG_. Instead, there is a one-dimensional perturbation of H, denoted H, that
maps fo _ (or G_) into itself. This operator acts according to the formula

(”;[x)(n) = %Zx(l@) <n — k;l+ 172 + p _11/2> , NEZL, x€ly_.
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Theorem 2. The operator H is a linear homeomorphism of the space G onto itself, and

7?1 is a linear homeomorphism of the space G_ onto itself. Moreover,
(H7'a,y) = (a2, Hy) (€ Gy, ye G, (5)

Hle= HS 'z (reGy), (H) ly=-HSy (yeG) (6)

First, we prove several auxiliary lemmas.
Lemma 1. The set ® is everywhere dense in G .

Proof. Assume that ® is not everywhere dense in GG, . Then there exists a nonzero functional
F € G’ such that ker ' O ®. Thus, ker F' O ®, and, according to points (IV') and (/1) of
Proposition 2, it follows that F' = 0. This leads to a contradiction. Therefore, ® is everywhere
dense in G. m

Lemma 2. Let x € ¢, and Hx € (1. Then Fy(x) = Fy(Hzx) = 0.
Proof. Let x € {1 and y = Hx € ¢1. The functions

V() =Y k)™, o) =Y y(k)e™, te[-m ],
kezZ keZ
are continuous on the interval [—7, 7]. It is easy to verify the equality
(p(t> = ¢(t)9(t)7 te (—7'(', O) U (07 7T)7

where )
mt

1 € . —it/2
e(t):;Zm:ZSIgH@')G .
meZ

Since the function 6 is discontinuous at the origin, the above formula implies that ¢(0) =
¥(0) = 0, and thus Fy(x) = ¢(0) =0, Fy(y) = ¢(0) = 0. O
Proof of Theorem 2. Let M be the operator acting in the space of sequences C% defined by
(Mzx)(k) = kx(k), ke€Z.
It is easy to see that the operators (M + il ) homeomorphically map the space l5 ; to ¢ and
H(M — D)z — (M + 3 1)He = —LFy(z)d =0, z€G,.
This implies that for every x € G

[Halloq = 1M + 317 HM = 3Dzloy < crcafzls, (7)

where ¢; = |[(M +11) et s €2 = |M —31|l¢, , e, Here, we also take into account that
|#H||¢,—e, = 1. Thus, the operator H continuously acts from G to ¢, ;. Since

Gy Clyy Cly,
in view of Lemma 2, we obtain that HG, C G.. Thus, the operator H continuously maps
G, to G. Applying the equality (3), we see that operator H: G, — G, has a continuous
inverse operator H~! and

7;[_1 = —HS. (8)
Now, let us consider the operator H. It follows from the definition that
He=MHM — 1)z, z€G_.
The operator (M — %] )~! homeomorphically maps the space f5_ into the space (3, and
therefore ||Hz||- < ¢1Gllzs—, where ¢ = ||[M|lsymp, . & = [|[(M — 32I)7|e, e, Since

(’;lx)(O) =0 for x € f5_, we conclude that the operator 7—01: G_ — G_ is continuous.
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Let G_ be the set of finitely supported sequences y € G _ and note that G_is everywhere
dense in G_. Let x € @, y E G_. Since Fd( ) = 0, we have

(. Hy) = ZZ ( —k1+1/2+k—11/2):

T wel kez
ZZ —(S™'Haz, y).
neZ ke ' k + 1/2
Hence, in view of (8), we get B
(0, Hy) = H 'zy), 2€® yeG_. (9)

Since the bilinear form (-, -) is continuous on G, x G_, and both H and H ™! are continuous
in the spaces G_ and G, respectively, and taking into account that ® is everywhere dense
in G, and G_ is everywhere dense in G_, from (9), we obtain the equality

<J7,7‘[y> = <H_1$,y>, ZL’GG+, yeG—'
Thus, applying (3), we have

(v, (H)'y) = (H2w,y) = —(S7'0y) = —(5,5y), ©€Gy, yeG-.
Therefore, taking into account point (V') of Proposition 2, we have (71)2 = —S. The operator
S homeomorphically maps the space G_ (G+) onto itself, so the operator 7?[: G_.—G_isa
linear homeomorphism, and (7—[) S, O

3. The special spaces X and Y. Let us consider the Banach spaces

Xo:={z el Fy(x) =0}, Xi={xcl:H v X}, "
Yoi={y € b y(0) =0}, Yi:={yeG_: (H)'ye Yo}, .
which are equipped with the norms
lzllxy = llzlli, = € Xoy  |lallx, = |H ' 2]lx, 2 € X,
lollve = l9lloes ¥ € Yoi llyllva = (H) "yl v € Vi (11)
As we can see, there is a close connection between the spaces X; and Y.

Lemma 3. (I) The operator ‘H isometrically maps the space Xy to X;.

(II) The operator H isometrically maps the space Y, to Y.

(III) The topological embeddings Yo C G_ and Y; C G_ hold.

(IV) The space G, is topologically and everywhere densely embedded in the spaces X
and X;.

Proof. (I) It follows from the definitions that H: Xy — X; is a bijection and |Hz|x, =

| %]l x,, * € Xo. Therefore, the operator H isometrically maps the space Xy to Xj.

(I I) According to Theorem 2, the operator ’H G_ — G_ is a bijection, and by definition

H”HyHy1 = |lyllvy, v € Yo. Therefore 1 isometrically maps Yj to Y.
(1) Let ¢ = (S eaf1 +72)) " Since |- < llgllo = llglsp € Yo, we have

lyll- < ell(H) " yll- < call(B) " yllv = cerllyllyi, v € Y,
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where ¢; = ||H|l¢_—-¢_. Thus, the embeddings Yy C G_ and Y; C G_ are topological.
(IV) Since G, C {1 and Fy(x) = 0 for all x € G, it follows that G, C X,. Hence,
HG C X;. According to Theorem 2, HG; = G, and therefore, G, C Xj.

Using the Cauchy-Schwarz inequality, we obtain ||z||x, = ||z|1 < ¢||z]+, * € G4, where
c= (2,0 +n2)*1)1/2. From this, it follows that ||z|x, = |H 'z|lx, < c|[H 2|y <
ceollx||t, © € G4, where ¢3 = |H !¢, —c. - Hence, the embeddings G4 C X, and G4 C X;
are topological.

Let z € Xy. For an arbitrary n € N, we define

: z(j), il <n;
Tn(g) = _ Uy = Ty + Fylx — x,)eq.
(J) {O, it || > n, a )eo
It is easy to see that u, € G, and ||z — u,|l; — 0 as n — oo. Thus, G, is everywhere
dense in X,. Consequently, according to (1), the set HG is everywhere dense in X;. Since

HG . = G4, it follows that G is everywhere dense in Xj. O
Lemma 4. If F; € X}, then there exists y; € Y; such that Fj(z) = (z,y;), v € G (j =0, 1).

Proof. Let Fy € X{. Since X, is a subspace of ¢;, by the Hahn-Banach theorem, Fj can
be extended to a continuous functional on ¢;. Therefore, there exists u € f,, such that
Fo(x) = (z,u), x € G1. Put yo = u—u(0)d. Clearly, yo € Y. Since (z,d) =0 for all z € G,
we have Fy(z) = (z,u) = (z,y0) — u(0){x,d) = (x,y0), x€ G,.

Let F; € X]. Since the operator H: Xy, — X is an isometry, the functional

F(l’) = Fl(Hl'), S Xo,

is continuous on Xy. Thus, there exists u € Yj such that F(z) = (z,u), v € G.

Let y; = Hu. Then y; € Y;. Taking into account (9), we obtain Fi(z) = F(H 'x) =
<H_1.T,U> = <Q?,HU> = <37;Z/1>> T € G+. L

Let X denote the intersection of the Banach spaces Xy and X7, and let Y denote the
sum of the Banach spaces Yy and Y7, i.e. (see the Appendix) X = XoN X3, Y =Y, + Y7,

[2]lx = max{||z|[x,, [l2]lx,}, =€ X,

Iylly = mnf{llyolly, + lyillvi = %o € Yo, y1 €Y1, y=yo+u}, yeY.

It follows from (11) that ||z|x, = ||H |1, = € X1, and from (3) we get H = —SH .
Since the operator S: ¢; — (1 is an isometry, we have ||Hz|; = [|[SH'z|; = |H 'z||1, and
thus,

|zl x = max{[|z[l1, [H" 2]} = max{[lzls, |Hzl:}, @€ X. (12)

Theorem 3. The space X' is isomorphic to the space Y.

Proof. Let F' € X’. We will show that there exists y € Y such that F(z) = F,(x), v € G;.
Lemma 3 yields that G, C Xy N X; and G is everywhere dense in both X, and X;. By
Theorem 6 (see the Appendix), X' = (Xo N X;)" = X{ + X{. Thus, there exist functionals
Fy € X (j = 0,1) such that F(z) = Fy(z) + Fi(z), € Xo N X;. Lemma 4 implies that
there exist y; € Y; such that Fj(z) = (x,y;), v € G4 (j =0, 1). Therefore,
F($): (x,y) :Fy(ﬁ)’ r € Gy,

where y = (yo +y1) € Y.

Let us show that for an arbitrary y € Y the functional F, € G’ can be uniquely extended
to a functional ', € X’. Indeed, if y € Y, then y = yo + y1, where yy € Y and y; € V).
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Therefore, F(z) = (x,y0) + (,y1), € G4+. Using (10) and (11), we obtain y; = Hu, where
u € Yy, moreover

O
lyilly, = Hully, = [July,.

Thus (see (5)), F,(z) = (z,yo) + (x, Hu) = (x,yo) + (H 'x,u), x € G . Consequently, taking
into account (12), for an arbitrary = € G, we have

1Fy(@)] < Ko yo) + (- 2, u)] < lzllillyollss + 1 2l ]lulle <
< max{|lz]ls, [H "=/l } - (Iollve + lullve) = lzlx(lyollve + lly1llv).

Since G is everywhere dense in X, the functional F} can be uniquely extended to Fy e X’
with
1Fy[l < inf{llyollv, + lvillvi: ¥y = yo +v1, yo € Yo, y1 € Yi} = [lylly-

Now, consider the mapping Y 3 y + I'y := F, € X’. It follows from the above that I is a
continuous surjection. Let us check that kerI' = {0}. Indeed, if y € kerI', then F,(z) = 0,
x € G4. Thus, by statement (II1) of Proposition 2, we conclude y = 0. Therefore, the
operator I' is a continuous bijection. Consequently, by the Banach inverse theorem, I' is a
linear homeomorphism. Thus, X' ~ Y. ]

4. The space BMO(Z). The spaces BMO(R") of functions of bounded mean oscillation were
introduced by John and Nirenberg in [3|. Similarly, one can introduce the spaces BMO(X)
in the case when X is a measure space (see [4]). In this section, we describe the space
BMO(Z) in terms of the discrete Hilbert transform. The main result is Theorem 5, which is
an analogue of Fefferman’s theorem (see [5]).

Let .# be the set of all bounded intervals in R of positive length. For an arbitrary
[ € L1)0c(R) and an arbitrary Z € .#, we put

frim g [ fr= o [ 100 = plan 7). = s £

If || fll« < oo, then we say that f has bounded mean oscillation, f € BMO(R). The value
| £l is the norm in BMO(R). Since constant functions have zero BMO-norm, we identify
f € BMO(R) with f+-const and consider BMO(R) as a subset of the quotient space Ly jo./C,
where C' is the one-dimensional subspace of constant functions.

Let .# be the set of all non-empty bounded intervals 7 in Z. For an arbitrary sequence
¢: Z — C and an artitrary Z € 7, we define

1 * 1 T T *
pri=—=> k), == lok)—pz (IZ|=cardI), [lp].:=supe}.
|I| ket |I| ket ey
If |||« < oo, then we say that ¢ has bounded mean oscillation, ¢ € BMO(Z). The value
||l is the norm in BMO(Z). Since constant sequences have zero BMO-norm, we identify
¢ € BMO(R) with ¢+ const and consider BMO(Z) as a subset of the quotient space ¢4 10./C,
where C' is the one-dimensional subspace of constant sequences.

Remark 2. To avoid complicating the notation, we use the same symbols for similar objects
in the definitions of the spaces BMO(R) and BMO(Z), in particular for norms. This should
not lead to misunderstandings.

Remark 3. The formula Pyp := ¢ —¢(0)d (¢ € C%) defines a projector in the space CZ. In
particular, it projects the space £, onto Yy and || Pyl|e., e, < 2. Moreover, if ¢ € BMO(Z),
then Py € BMO(Z) and || Popll« < 2[¢||«-
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Let x, denote the characteristic function of the interval Z,, := [k, k + 1) for k € Z, and
consider the linear operators

U: C% = Li1oe(R), Vi Lie(R) — CZ

defined by the formulas
Upi=Y ¢mxn (p€C, (V)(n):=fr, (n€Z € Liwe(R)).

nez

Proposition 3. The operator U continuously maps BMO(Z) into BMO(R), and the operator
V' continuously maps BMO(R) into BMO(Z), satisfying

VAl <IIflls,  f€BMO(R), (13)
U« <6llells,  » € BMO(Z), (14)
VUp = o, ¢ € BMO(Z). (15)

Proof. First, let us make a few remarks.
(a) Let f € BMO(R), ¢ = Vf, and [n,m] =: Z € &, where n,m € Z(n < m) and

7 :=[n,m)NZ. Clearly, fr = ¢z and

o(0) — ezl = | [ (50~ 2 dt‘ < [ 1) - filar. ket
Ty, Tk
therefore, ' ,
6= Yo el < g [0 el = 5

(b) For an arbitrary f € Lyjoc(R), a € Cand Z € .¥

1 1
fr—al = ‘m/z(f(” ) dt] < m/jmw ~afdt.
Thus,

=L 10— e < L [ —ales L [la-
fI—|I|/I’f(t) fI|dt§]I|/I|f(t> oz|dt—|—|I|/I|a frldt <

1 2
<lz=al+ g [0 —alar < [ 11— alar (16

(¢)If k € Z and Z = {k, k + 1}, then

p(k) + ok +1) o(k) — o(k +1)]
2 2 '

Let f € BMO(R) and ¢ = V f. From (a), it follows that ¢ € BMO(Z) and |||« < || fl«,
thus, (13) holds.

Now we prove (14). Let ¢ € BMO(Z), f=Uyp and Z € .#. First, consider the case when
|Z| < 1. Then there exists k € Z such that Z C 7 UZ; . Taking into account (16) and (17),
we obtain

(17)

p7 = and ¢z =

2 2
i< / 70 = p®lde =z | el 1) — o) de < 2p(k+ 1) = (b)) = 43
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Thus,
J1 <497 <4fl¢lls, when [I]<1. (18)

Let |Z| > 1 and Z; = [n,m] be the smallest interval in .# that contains Z with n,m € Z.
Then |Z;| < 3|Z|. Take into account (16), we have

L2 2 6 .
fi < o (U@ = gmlar < [ U@ = gmlar < 2 [ 15) - faldt = ot
Izl Jz Iz Jz, 4| Jz,
According to (a) f7, = vy < l¢|l+, where Z; := [n,m) N Z. Therefore,
fr <6fz, <6lell, Tes, (19)
thus, [ f]l. < 6[|¢][..
The verification of the equality (15) is straightforward. O

The Hilbert transform in the spaces L,(R), 1 < p < oo, is defined by the formula

(Hf)(x) = 1 lim /) dt, zeR. (20)

Teat0 Jip g>e @ —

In these spaces, H is a linear homeomorphism (see [5]). However, H does not map the space
L, (R) into itself, and the formula (20) does not allow us to correctly define its action on
functions from L. (R). Using a one-dimensional perturbation of the operator H, we can

obtain a regularized operator H, which is defined on functions from L j,.(R) for which

[ wonn <o

This regularization is given by the formula
o ]_ .
i = im0 (
x—t|>e

T e—>+0

1 n t
r—1t t241

)dt, r e R

Fefferman proved the theorem (see [5]) that describes BMO(R) in terms of H.

Theorem 4 (Fefferman). The following equality holds

BMO(R) = {c+ fi + Hf2: f1, fo € Loo(R), c € C}/ const,
where the formula

1= inf{[[ filloo + [[falloo: f =c+ fi+ Hfz, c€C, fi,f € Lo(R)}
defines a norm in BMO(R) that is equivalent to the norm || - ||..

The discrete analogue of this result is as follows.

Theorem 5. The following equality holds
BMO(Z) = {c+ p1 + Hpa: 1,92 € b, ¢ € C}/ const,
where the formula

lella = nf{{lorlle + l02lloc: © = c 4 @1+ Hipa, @1, € Lo, c € C}
defines a norm in BMO(Z) that is equivalent to the norm || - ||..

The proof of Theorem 5 is based on Fefferman’s theorem and the statement that is proved
below.
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Proposition 4. The operator VH — HV continuously maps L..(R) to (.

Proof. Let f € Lo(R) and ¢ := (VH — HV)f. Fix an arbitrary n € Z and estimate |¢(n)].
Let Z:=7, 1UZ,UZ,,; and define

fl = XIf7 f2 = (1_XZ)fJ QOJ = (VH—HV>f] (.] € {172})7
where Y7 is the characteristic function of the interval Z. Since |o(n)| < |@1(n)| + |@2(n)], it
suffices to estimate the values |¢;(n)|.

Note that || fjlle < ||fllec (7 € {1,2}) and f; € Lo(R),V f1 € {5, and

1fillz < V3l flloes IV fill2 < V3IIf - (21)

From the definitions of the operators H and H we obtain

Wit = [ e e+ [ UL G = o m - 6 1)00)

—(
. '
Thus, taking into account (21) and the fact that the operators H: Ly(R) — Lo(R) and
H: Uy — {5 are unitary, we have

winml < [ En@ias = [ O g, 4 L= VB 10l
Tn In

and |(HV f)(m)] < |(HV )@ + (Y )O)] < 2HV Al = 2VAlle < 2V3]fll.

Therefore,
lpr(n)| < [(VHf1)(n)] + [(HV f1)(n)] < 6][f]l- (22)

Next, let us estimate |pq(n)|. For this, consider the functions

(1) := % (a:l—t * tZil) - ol 1) = % ([.r] - [tl] 12 —11/2) ’

where [z] is the integer part of x € R. It is easy to verify that

e = [ [ (@0 - o) 50 de (23)
I, JR\T
We will show that if z,¢ € R and |z — ¢| > 1, then
1 6 8
O(x,t) — )] < — . 24
o) = (o) < 1 (b ) (24)

Let t € R and set w = [t] — 1/2, v =t — u. Since |u| > 1/2 and v € [0,3/2], we have

‘ 1t ) 4 (utv)? —u(uto)
—1/2 1+¢| (1 + %)y =
1 <U+1+02)< 8 (25)

< .
~ 142 lu| )~ 1+1¢2

Let x,t € Rand |[x —¢| > 1. Put u = 2z — t and v = [x] — [t] + 1/2. Obviously, |v| > 1/2,
|u — v| < 3/2. Therefore, |u| < |v|+ |u —v| < |v| +3/2 < 4|v|, and thus,
I 1 ‘ < lu — v L 6 _ 6
=t [o] =[] +1/2] 7 fullo] T ul Tt -2
From this, taking into account (25), we obtain (24). Using (23) and (24), we have
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||f||oo | f]]oo (12 + 87)
pa(n)| < Ml / /R\I (|x_t|2 ) drdr < W= <)y

Thus, considering (22 we obtain that |p(n )] < 18| f|oo- From the arbitrariness of n € Z, it
follows that

IVH = HV || @)t < 18. (26)
]

From Proposition 4, we get the following corollary.

Corollary 1. The operator H continuously maps {, to BMO(Z).

Proof. Let ¢ € ly, and f = Ugp. It is obvious that || f|lec < ||¢|lee. In view of (15), we have
p=VUp =V [ Thus,

Ho=VHf - (VH—HV)f. (27)

From Fefferman’s theorem, it follows that the operator H continuously maps the space Ly, (R)
into BMO(R). Therefore, taking into account (13), we obtain

IVHF]l. < |Hfll« < Bl flleo < Bll¢lloo, (28)
where B = ||H||1.—BMmom). Note that Lo (R) € BMO(R) and ||g][+ < [|9]locs 9 € Loo(R).

Therefore, (27), (28) and (26) imply that

IHell < IVHSll +[|(VH =HV)fll« < Bllolloc + 18]/ lloc < (B + 18)l¢]lo-
Thus, the operator H continuously maps /£, into BMO(Z). O

Proof of Theorem 5. Let ¢ € BMO(Z) and f = Ugp. From Proposition 3, it follows that
f € BMO(R). Therefore, according to Fefferman’s theorem, f can be expressed as

f=hH+Hfs+c, (29)
where ¢ is a constant, and fi, fo € Loo(R). The functions f; and f; can be chosen such that

[ fillse < Allflle 7€ {1, 2}, (30)

where A is an absolute constant. Since (see (15)) V f = VUp = ¢, it follows from (29) that

o=VhH+VHf+c. (31)
Clearly, the operator V' continuously maps L. (R) into £+, and
IV fllso < I flls;  f € Loo(R). (32)
Put o .=V f1 + (V[—O[ — ”;LV)fQ, w9 := V fy. Then ¢ = 1 + 7:3[@2 + c¢. Taking into account
(32) and (26), we get

[eilloe <NV fillo + I(VH = HV) falloo < [ filloo + 18] f2lco-
Thus, taking into account (30) and (14), we have ||¢i|lcc < 19Af]l« = 194||Up|. <
114 A]|¢||«. Additionally, considering (32), (30) and (14), we obtain
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lo2llo0 = [V £2lloo < Il f2lloo < Allfllx = AUl < 64] 1]l
Thus, we proved that BMO(Z) C {p1 + Hea + ¢ | 1,02 € s}/ const and ||¢]|a <

Aill¢lls, ¢ € BMO(Z), where A; is an absolute constant. It remains to show that there
exists Ay > 0 such that

el < Azllplla, ¢ € BMO(Z).
Let ¢ € BMO(Z). Then there exist 1, s € l and ¢ € C such that

p=o1+Hpa ¢ ella <lleille + lle2llo < 2@l

Note that [lpll = llor + Hea + ¢l < lleills + [[He2le < As(llonlloe + lle2lloc), where

Ay = 1+ ||H|lso. sBMmo@)- Therefore, |[¢]l, < 245]¢lla, ¢ € BMO(Z), and thus, the norm
| - ||~ is equivalent to the norm || - ||.. O

5. Proof of Theorem 1. First, we prove that Y ~ BMO(Z). Consider the linear operator
Yoy Wy :={y+c:ceC}.
Let us show that W is a homeomorphism between the space Y and BMO(Z). Let ¢ €

BMO(Z). Then there exist the functions g, @1 € ly such that ¢ = pg+ Her + ¢, ¢ € C,
and [olla < [[olles + [le1llec < 2lllla-
Note that the projector Py (see Remark 3) projects £+, onto Y and

Hr = HPyxr = PhHz, 1w € (4.
Thus, ¢ = Pypo + HFPyp1 + ¢, ¢ € C. Since the elements Fyp; belong to the space Yj,

the element y = Pypg + HFyp, belongs to the space Y, it means that ¢ = Wy. From the
arbitrariness of the element ¢, it follows that W maps Y onto BMO(Z). Additionally,

lylly < 1Poollve + IH Poollvi = [[Posollve + [ Poserlve-

According to Remark 3 ||Pyl|e, e, < 2. Therefore, ||ylly < 2(||¢olloo + leilloe) < 4]l¢ll A,
which means |[Wy|la > |lylly. According to Theorem 5 the norm || - || is equivalent to
the norm || - ||.. Therefore, the operator W is bounded below. This implies that the operator
W:Y — BMO(Z) is a linear bijection, and the operator W~! continuously maps BMO(Z)
to Y. Hence, by the Banach inverse operator theorem, W is a homeomorphism of the space
Y onto BMO(Z), meaning Y ~ BMO(Z).

To complete the proof, it is sufficient to show that £; ~ X. Indeed, in that case, £} ~ X’
and in view of Theorem 3 we have

L)~ X ~Y ~BMO(Z).
Thus, we prove that £; ~ X. Let the operator J: £; — CZ be defined by formula (1). From
the results of 1], it follows that J£; = {x € ¢;: Hx € ¢1}. And by Lemma 2,
{ZL‘ € 612 Hx € 61} = {ZL’ S 612 Hx € El, Fd(ZL’) = Fd(Hl‘) = 0} = X[) le,

ie., JL; = X. In [7], it is proved that for all f € £; the following inequality holds

AT A+ IHT SR < W flley < NTF N+ IHITf (33)

Take into account (12), we have
1T llx = max{|[J fllv, [HIflla} < (Tl + (17T f s
[T f 1l 4+ [HTfll < 2max[|Tf [l [[HTf I} = 2(J ] x-

Therefore, from (33) it follows that 47| J f||x < || fllz, < 2||Jf]lx- Thus, J is an isomorphism
between the spaces £, and X, i.e., £L; ~ X.
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Appendix. Some definitions and facts of the theory of Banach space. Banach spaces
A and B are called isomorphic (abbreviated as A ~ B) if there exists a linear homeomorphism
from space A to B. If additionally this homeomorphism is an isometry, then spaces A and
B are called isometrically isomorphic (abbreviated as A ~ B).

Let A and B be Banach spaces that are algebraically and topologically embedded in some
Hausdorff linear topological space. The Banach space AN B, consisting of elements common
to A and B, with the norm

[2llans = max(||za, [lz]|ls), =€ ANB,
is called the intersection of Banach spaces A and B.
The Banach space A+ B, consisting of elements of the form x = u+v, whereu € A,v € B,
and endowed with the norm
2]l a+5 = inf{[lulla + l|v][5},
where the infimum is taken over all elements u € A,v € B such that x = u 4 v, is called the
sum of Banach spaces A and B.
In the theory of Banach spaces, the following theorem is well-known (see, for example, [8]).

Theorem 6. Let A and B be Banach spaces that are algebraically and topologically embed-
ded in some Hausdorff linear topological space, and if the intersection AN B is dense in spaces
A and B, then the dual spac (ANB)' of the intersection of A and B is isometrically isomorphic
to the sum A"+ B'.
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