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Let ¢ = (¢,,) be an arbitrary complex sequence such that 0 < [(;| < |{] < ... and {, — 00
as n — 00, let ne(r) and Ne¢(r) be the counting function and the integrated counting function
of this sequence, respectively. By £ we denote the class of all entire functions whose zeros are
precisely the (,, where a complex number that occurs m times in the sequence { corresponds
to a zero of multiplicity m. Suppose that ® is a convex function on R such that ®(c)/0 — +00
as 0 — +o00. It is proved that there exists an entire function f € &: such that

— Inln My(r) — Inn¢(r)
<]
T'—iI-Poo O(lnr) — 7'—1141-100 O(lnr) ’

where My (r) denotes the maximum modulus of the function f, and it is shown that the above
inequality implies the inequality

— InlnM — InN, — Ind’
Tm — o) s(7) < lim i A <(r) + lim 2749 +(U).
r—+oo  P(lnr) r—+oo ®(Inr)  o—too  P(0)

The formulated result is a consequence of the following more general statement: if the right-
hand derivative ®’, of the function ® assumes only integer values and PO e~ i) « 400,
then there exists an entire function f € & such that In My (r) = o(e® ")) as r — +oo0.

1. Introduction and main results. We denote by H the class of all non-decreasing func-
tions h on R such that h(o) — +o00 as 0 — 400, and let 2 be the class of all non-decreasing
convex functions ® on R such that ®(o)/c — 400 as 0 — +00.
Suppose that Z is the class of all complex sequences ¢ = ({,) such that 0 < |(;| <[] <
. and ¢, — oo as n — oo. For any sequence ¢ = ((,) from the class Z by & we denote
the class of all entire functions whose zeros are precisely the (,, where a complex number
that occurs m times in the sequence ¢ corresponds to a zero of multiplicity m. Let n(r)
and N¢(r) be the counting function and the integrated counting function of the sequence (,
respectively, that is

ne(r) = Z 1, Ne(r) :/0 —nct(t)dt, r > 0.
|Cn‘§7’

The common value of the orders of the functions n(r) and N¢(r) we denote by a.
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For a non-constant entire function f and each r > 0, let M;(r) = max{|f(2)| : |z| = r}
be the maximum modulus of the function f. We identify the growth of the function f with
the growth of the function In My(r). By py we denote the order of the function f.

Well-known classical results about the minimal growth of entire functions from the classes
Ec, where ¢ € Z, are the Borel theorem on the order of a Weierstrass canonical product (see,
for example, [1, p.57]) and the Lindel6f theorem on the description of the zero sets of entire
functions whose growth does not exceed normal type of a given order p > 0 (see, for example,
[2, p.30]). In particular, the Borel theorem implies the following statement.

Teopema A. Let ( € Z. Then there exists an entire function f € & such that p; = ac.

Suppose that A € H is a continuous function on R. Generalizing the Lindel6f theorem,
L.A. Rubel and B.A. Taylor [3] found necessary and sufficient conditions on a sequence
¢ € Z, under which there exist an entire function f € & and positive constants A and B
such that In M (r) < AXN(Br) for all r > 0.

Let ( € Z. A.A. Gol'dberg [4] proposed another approach to describing the minimal
growth of entire functions from the class &. The essence of this approach is to establish the
best possible estimates from above on the growth of functions f € & by n¢(r) or N¢(r). This
approach is used in many works. In particular, estimates from above for In M¢(r) by n¢(r),
which describe the minimal growth of entire functions f € &: and hold along some increasing
to o0 sequences of values of r, were established in [5, 6, 7, 8, 9]. Similar estimates from
above for In M¢(r) by N¢(r) are found in [10, 11]. Best possible, in a certain sense, estimates
from above on the growth of functions f € & by n¢(r) or N¢(r), that hold outside small
exceptional sets of values of r, were obtained in [1, 6, 10, 12, 13]. M.M. Sheremeta 14| found
upper estimates for In M(r), where f € &, which hold for all sufficiently large values of r
(see Theorems B and C below).

For any function ® € H, a non-constant entire function f, and a sequence ( € Z, we put

— Inln My(r) — Inne(r) — InNg(r)
=1 E———— =1 =1 —_—.
7’—1>£-noo ®(Inr) ' hec T—1>5-noo O(Inr)’ < T—1>I-Poo O(Inr)

Pa.f

The main results of this article are the following two theorems, the first of which follows
from the second and is an analogue of Theorem A for ps ; and ag . instead of py and ac,
respectively.

Theorem 1. Let ( € Z and ® € 2. Then there exists an entire function f € & such that
Po.f < Ao .

Theorem 2. Let ( = ((,) be a sequence from the class Z and let ¥ € ) be a function such
that U’ assumes only integer values. If

o0

—1 1
Z i) < T (1)

n=1

then there exists an entire function f € &, such that

In My(r) = o(e¥™) r — +o0. (2)



o6 P. V. FILEVYCH

2. Proof of main results. For each z € C and an arbitrary integer p > 0, we denote by
E(z,p) the Weierstrass primary factor, i.e.

1—2z, if p=20;

p n

(1—z)exp(z %) ifp>1.

n=1

E(z,p) =

The following statement is well known (see, for example, [4]).

Lemma 1. Let ( = ({,) be a sequence from the class Z and let (p,) be a sequence of
non-negative integers. If the series

n=1

converges for every r > 0, then the product
it z
IIE(—UM) (1)
T\

converges absolutely and uniformly in any boundend subset of C to an entire function f(z)

such that f € & and In M;(r) < G(r) for all r > 0, where G(r) is the sum of series (3).

Proof of Theorem 2. Let ¢ = ((,) be a sequence from the class Z and let U € Q) be a function
such that ¥’  assumes only integer values and (1) holds. Note that ¥/ € H. We put ng =
min{n € N: ¥’ (In|¢,|) > 1}. Let p, = ¥/, (In|(,|) — 1 for all integers n > ny and let p, =0
if n € N and n < ng. Consider series (3). Since ¥(0)/o — +00 as 0 — 400, there exists a
function | € H such that

3 <L>p"+1 =o0(e"™), 5 foo. (5)

In addition, for any » > 0 and every integer n > 1, we have
" (Int
winr) = wnje) = [ D> @i~ )
|Gl

Taking into account this fact, for any r» > 0 and every integer m > ng, we obtain

r pntl v 1 1
R — (Inr) Y(lnr) -
2. (w) DY TV (n G (G = © 2 wwen ©

n>m n>m n>m

From (6) and (1) we see that series (3) converges for every r > 0, and therefore by Lemma 1
product (4) converges absolutely and uniformly in any boundend subset of C to an entire
function f(z) such that f € & and In M¢(r) < G(r) for all » > 0, where G(r) is the sum of
series (3). In addition, from (6) and (1) we obtain

3 (L)Wl =o0(e"™), 1 5 foo. (7)

n>1(r) ‘<n|
It follows from (5) and (7) that G(r) = o(e?!"") as r — 400, and hence (2) holds. O
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Proof of Theorem 1. Let ( = ((,) be a sequence from the class Z, ® € Q and a = agp. We
suppose that a € [0,400), since otherwise there is nothing to prove. From the definition of
the quantity ae ¢ it follows that there exist a function € decreasing to @ on R and a number
ro > |Co| such that

In(ne(r) In® ne(r)) < e(lnr)®@(Inr), = > r. (8)

Without loss in generality we can assume that @', (Inry) > 0 and, in the case when a = 0,

that for all r > ry the inequality e(lnr) > 1/4/®’ (Inr) holds.
Let 09 = Inrg. We put vy(z) = 0 for all x < gy and let

v(z) = sup{e(t)® (t) : t € [0, 2]}, x> 0.

It is easy to show that v € H, y(z)/®' () = a as x — 400, and y(x) > e(x)®’ (z) for all
x > 0¢. Therefore, taking I'(0) = f;; v(z)dx + (o) P(00) for all 0 € R, we see that ' €

I'(0)/®(0) = a as 0 — +o0, and

g

(o) > £(o) / O (2)dz + £(00)B(00) > £(0)D(0), o > 09, 9)

g0

We put V(o) = f;;([f‘;(x)] + 1)dz +I'(0p) for all 0 € R. Then ¥ € 2, ¥/, assumes only
integer values, V(o) ~ I'(0) as 0 — +o0, and V(o) > I'(0) for all o > (. From (8) and (9)
we have In(n1n®n) < ¥(In|¢,|) for all integers n > ng, and therefore condition (1) holds.
By Theorem 2, there exists an entire function f € & such that (2) is satisfied. Taking into

account the above estimates and using (2), we obtain pg ¢ < a. []

3. Some consequences. Let ( = ((,) be a sequence from the class Z. We put I'¢(Inr) =0
for all r € (0, |{p|) and let

"1 t
Te(lnr) :/ —nng( )dt, r > 1Col-
ol 1

It is clear that I'c € €.
We denote by ' the class of all continuously differentiable on R functions ® € €2 such
that @’ is a positive function on R. For each ® € 2 we put

Note that @y is a continuously function on R increasing to +oo (see, for example, [15]).
As we have already noted above, M.M. Sheremeta [14] proved the following two theorems.

Teopema B ([14]). Let ¢ € Z. Then for every q > 1 there exists an entire function f € &
such that
Inln Ms(r) = O(L¢(In(gr))), r — +oo.

Teopema C ([14]). Let ( = () be a sequence from the class Z, ® € ¥, and 6 € (0,1). If
Inn < &' (®51((6 +o(1)In|C])) In|Cal, n — oo, (10)

then there exists an entire function f € & such that pe f < 1/(1 —9).
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In [14] it is noted that the number ¢ > 1 in Theorem B, generally speaking, cannot be
replaced by 1. This fact also follows from the following result.

Teopema D ([12]). Let | € H be a continuously function on R. Then there exists a sequence
¢ € Z such that Inng(r) > l(Inr) for all r > 1o, Inn¢(r —0) = {(Inr) on an unbounded from
above set of values r, and for any entire function f € £ we have

"' (Inne(r)) Inne(r) = o(lnln My(r)), r € Fy, r — 400,
where Fy C [1,+00) is a set of infinite logarithmic measure.

We show that Theorems B and C follow from Theorem 1.
Let ¢ = (,) be a sequence from the class Z and ¢ > 1. Then for all » > |(y| we have

1 [ Inng(t) 1

and therefore, by Theorem 1, the following more precise version of Theorem A is true.

Theorem 3. Let ¢ € Z. Then for every q > 1 there exists an entire function f € &; such
that
— Inln My(r) < 1

rotoo Te(In(gr)) ~ Ing’
Let ® € ¥, n e (0,1), and p=1/n. Then for all 0 € R we have

p2o(0)

P (pPo(0)) = / O'(z)dx + ©(0) > (pPo(0) — 0)'(0) + (o) = (p — 1)®'(0)Lo(0).
Making the substitution y = p®y(c) and noting that o = ®;'(ny), for all y > y, we get
d(y) > (p— D' (P (ny))ny = (1 —n)®@'(®;'(ny))y. Now it is easy to see that condition
(10) implies the condition ag ¢ < 1/(1 —¢), and therefore Theorem 1 implies Theorem C.

In view of Theorem 1, the following question arises: is it possible to replace the quantity
ag, in this theorem with the quantity Ag ? The negative answer to this question follows
from the following result.

Teopema E ([10]). Let h € H. Then there exists a sequence ( € Z such that for every
entire function f € & we have

T Inln M (r)

e I N (r) T °

Suppose, for example, that h(c) = ¢?? for all ¢ € R. Let ( € Z be a sequence whose
existence for a given h is guaranteed by Theorem E. Put ®(Inr) = N¢(r) for all » >0. Then
S c ) Apc =0, but pg s = +o0 for every entire function f € &.

For any function ® € {2 we put

— Ind (o)
Ay = lim ——2.
* T e D(o)
The following result shows that in the case when Ag = 0 the answer to the above question
is positive, that is in this case the inequality pe s < ae¢ in Theorem 1 can be replaced by
the equality Po.f = Agg.
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Theorem 4. Let ( € Z and ® € 2. Then there exists an entire function f € & such that
P, f S Afb,( + A@.

Theorem 4 is a direct consequence of Theorem 1 and the following lemma applied with
V(o) = N¢(e?) for all o € R.

Lemma 2 ([16]). Let ¥, ® € Q. Then

_— InVvy’ _
m — 7/ +(0) < lim —ID\P(U) + Ag.
otoo Do) o+oo Do)
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