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In the present paper, we study a set that can be treated as a generalised set of subsums for
a geometric series. This object was discovered independently in various mathematical aspects.
For instance, it is closely related to various systems of representation of real numbers. The main
object of this paper was particularly studied by R. Kenyon, who brought up a question about
the Lebesgue measure of the set and conjectured that it is positive. Further, Z. Nitecki confirmed
the hypothesis by using nontrivial topological techniques. However, the aforementioned result
is quite limited, as this particular case should satisfy a rigid condition of homogeneity. Despite
the limited progress, the problem remained understudied in a general framework.

The study of topological, metric, and fractal properties of the set of subsums for a numerical
series is a separate research direction in mathematics. On the other hand, the topic is related to
another modern mathematical problem, namely, deepening of the Jessen-Wintner theorem for
infinite Bernoulli convolutions and their generalisations. The essence of the problem is to reveal
the necessary and sufficient conditions for the probability distribution of a random subsum of
a geometric series to be absolutely continuous or singular.

The Jessen-Wintner theorem guarantees that the distribution is pure (pure discrete, pure
singular, or pure absolutely continuous). Meanwhile, the Lévy theorem gives us the necessary
and sufficient condition for the distribution to be discrete. Since the set of subsums for an
absolutely convergent series coincides with the set of possible outcomes of the corresponding
probability distribution, under certain conditions, it allows us to apply various probability
techniques for its further investigation. In particular, some techniques help us to prove that the
above sets have a positive Lebesgue measure and allow to deepen the Jessen-Wintner theorem
under certain conditions.

1. Introduction. Let v € (0;1), 1 < s be a fixed positive integer, and ||d;;|| be an infinite
matrix with s rows and real elements. In addition, let the inequality

dyl <L (%i€{0,1,...,5—1},¥j € N), @

hold for some L > 0. In what follows, we consider a set

—+00

M = Zx,ﬂ”: Ty € {don, din, ..., ds—1yn} (Yn € N) 5. (2)

n=1

Topological, metric, and fractal properties of the set M for some values of v and matrices
||d;;]| were studied in [5, 8, 10, 11]. In particular, [5] is concerned with case v = 1, d;,, = d;

e
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for each j € {0,1,...,s — 1}, n € N, whereas (dy, ds, ...,ds_1) is a complete residue system
modulo s. The aforementioned paper also conjectures that A(M) > 0. This hypothesis was
further confirmed in paper [8].

We are interested in finding less rigid conditions for the matrix ||d;;|| under which M
has a positive Lebesgue measure. We introduce a probabilistic approach to solve the above
problem.

Let (¢) be a sequence of independent random variables, where every 1 takes values
dok, dig, - - -, d(s—1)x With probabilities pox, pix, . . ., P(s—1)k, Tespectively. We consider a random

variable v defined by o0 .
Y= Z Yiy"
k=1

It is easy to see that M is the set of all possible outcomes of 1. In the case the probability
distribution of ¢ contains an absolutely continuous component (or ¢ has a pure absolutely
continuous distribution), the set M has a positive Lebesgue measure.

According to the Jessen-Wintner theorem [3], ¢ has a pure probability distribution. From

Lévy’s theorem [6], we get that the distribution of v is discrete if and only if
+o00

W= H maX(pOn;pln; s ;p(s—l)n) > 0.
n=1
A large number of papers are devoted to the study of the Lebesgue structure of the
distribution of v, depending on various restrictions for ¢ [1, 7, 9, 12, 13|. In particular,
some necessary and sufficient conditions for ¢ to have a singular or absolutely continuous
distribution, provided that v = %, dj, = j for each j € {0,1,...,s — 1}, n € N, were found
in [2, 5, 7, 14]. In the present paper, we generalise the results of [5] and [§].

2. Some condition under which \(M) > 0.

Theorem 1. Let (don; din;...;ds—1),) be a set of integer numbers that forms a complete
residue system modulo s, for eachn € N. If v = % and condition (1) holds, then A(M) > 0.

Proof. Let p;, = % for each j € {0,1,...,s — 1} and n € N. In this case, the distribution of
¥ is continuous (W = 0). It is clear that two random variables ¢ and

“+oo “+oo
Uy N Un tay
(AP BETED Bher

7j=1 7j=1
have the same type of probability distribution for an arbitrary bounded sequence of integer
numbers (a,,). Without loss of generality, let

0=don <din<...<d-1yn <L, (3)

hold for every n € N. For an integer parameter r and natural parameter n we define

Strin) = > piw

(J13525035n) k=1
where summation is taken over all possible tuples (ji;72;...;7,) such that j € {0;1;...;
s — 1} for each k € {1;...;n}, and "
r_ Z djkk' (4)
S s*

If identity (4) does not hold over all possible tuples (j1; j2; - - - ; jn), We put S(r;n) = 0.
Let us consider the function
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n s—1

- H ijktdjksfk

k=1 j=0
It is easy to see that f,(t) = >, S(r;n)t"™ ". Next, we define a polynomial h,(t), depending
on f,(t) as follows

ho(t) = fu(t) ZSrntr

By mathematical induction on n, we attempt to show that
1

S?’L

S(ryn) < (Vr € Z, ¥n € N). (5)

For n = 1, inequality (5) is obviously true. Further, let (5) hold for n =k, i.e.,
1
S(rik) < — (Vrez).
s

Let us demonstrate that the inequality is correct for n = k 4 1. It is clear that
Py (t) = hy(t° Zpg k+1)t ik

hence, for an assigned r, there exists an mteger ] such that d;41) = (mod s) and

1 1 1
S(rik+1) = S(rik)pjg+1) < kg gkl

too Yk
k=n+1 Sk’

A(5) - A(s) =Plve [ 50])

for positive integers n and r + 1 such that rs™ € M, where Fy is the distribution function
of the random variable 1) and P is the probability. Taking into account (3), it is not difficult
to see that ¢ € [rs™™; (r + 1) - ] if and only if

—1 I 1+1
Z T R Wn+1 € |:_; T :| )
sn’osn

where [ € {0;1;...; ]} By (5), we obtain

R - r(5) - Sp( % - S e (e [ 1)) -
-3tk €[5 5] < 30 A (o€ [1:51]) - &

m e M, E e M we have

’ gn ) gn

In what follows, we denote W,, .1 = and calculate

For positive integers m, k + 1 and n such that m > k
m—k

A(5)-R(e) =X (B () R () <5

Jj=1

Taking into account the above inequality and continuity of Fy(z), it is easy to check that
Fy(x) satisfies the Lipschitz condition |Fy(x1) — Fy(xa)| < |x1 — z2| (V1,22 € R). That
means the distribution of ¢ is absolutely continuous. According to P(¢ € M) = 1, we draw
a conclusion that A(M) > 0. O
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3. The Lebesgue structure of distribution of .

Theorem 2. Let (don; din;--.;dis—1)n) be a set of integer numbers that forms a complete
residue system modulo s, for eachn € N. If v = 1/s and

e=1I> /= >0 (©)

n=1 j=0

then the distribution of 1 is absolutely continuous.

Proof. Without loss of generality, let condition (3) hold. Let (&) be a sequence of independent
random variables that take values doy, dip, ..., ds—1), with equivalent probability % Further,
we define a random variable £ by the following equality

E=) s
k=1

According to theorem 1, £ has an absolutely continuous probability distribution. We
define two sequences of probability spaces {(€, Ak, px)} and {(Q, Ag, )} in the following
way: let Q = {dok; dik; . .. ; ds—1)r }, 0-algebra Ay is defined on the power set of €2,

i (dox) = poks p(dik) = Piks - - - k(1) = Pro—1yi
1 1 1
vi(dor) = 3 v (dig) = pRREE Ve(d(s—1)k) = 3
It is clear that pur < vy for any k£ € N. Let us consider infinite products of probabilistic

spaces given by
o0 oo

<Q7A7M> = H(QkaAkaﬂk)a (Q,A, V) = H(QkaAk>Vk)-

k=1 k=1
Due to Kakutani’s theorem [4], p < v if and only if

0o +oo s—1
H/”Z_/Zdyk>0 — HZU%>O.

k=1 n=1 j=0
According to the theorem statement, the last inequality holds. Let us consider a measurable
map ¢: {2 — M defined as

o0

(Vw € Q): pw) = Z%

k=1
We define images p* and v* of measures p and v under map ¢ in a natural way:

W(E) = ue (B), v (E)=v(p (),
for an arbitrary Borel subset E.

Measure p* coincides with probability measure P, while measure v* coincides with
probability measure P¢. The last one is equivalent to the Lebesgue measure. From the
absolutely continuity of measure p with respect to v follows the absolutely continuity of
measure p* with respect to v*. Since v* ~ A, then (6) implies absolutely continuity of the
distribution of . O

Theorem 3. Let matrix ||d;;|| satisfy condition (1). If v = % and the identity W = 0 = Q
holds, then the distribution of v is singular.

Proof. Without loss of generality, let condition (3) hold. Further, let
k 400
o 77Z)j _ wk—i-n
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It is not difficult to see that i = 7, + I for any positive integer k. Obviously that the
random variable 7 is taking values ¢y, co, ..., cs with probabilities ¢y, go, . . ., g+, Tespecti-
vely. Moreover, for an arbitrary j € {1;2;...;s"} there exists a finite sequence (a1, as, . . ., ay)
with a; € {0,1,...,s — 1}, i € {1,2,...,k}, such that ¢; = pay1Das2 - - - Payk-

Next, we have
Fy(x) = P<7’k+— < x) Zq] ( <x> =
k S

:qu' P < s (z—¢)) qu (87 (@ = ¢5)). (7)
j=1

Assume further that Fy(z) is absolutely contlnuous. Then, for any positive integer k, the
function F), () must be absolutely continuous as well. Taking into account (7), we get

qus Py (5" - (& = )

almost everywhere. We will use the followmg notations

+00 +oo
:/ \/py(z)dr and Bk:/ Py, (z)dx.

Since va+b < \/a+ Vb for any non-negative numbers a and b, we get

+oo s* s* +oo
A / S 4555 (55 — ez < 37 4 gyt / P - (55 - (2 — ¢;))de =
j=1

—00

One can check that

for any k£ € N. It implies that P(nk ¢ [0; ]) = 0, and thus

L

+o0 s—1 ﬁﬁ'l%—p T g%_%_l
/ Py (@)dz = /0 Py (@)da < /0 +()d$ = 12 :

oo
Further, we observe that

ASHZ,/%-S*T—H) (k — 00),
n=1 j=0

hence A = 0. It follows that py(z) = 0 almost everywhere, contrary to the above assumption.

[]

Taking into account Theorems 1 and 2, we can deepen the main result of [7] as follows:

Corollary 1. Let (don; din; - .. ;ds—1)n) be a set of integer numbers that forms a complete
residue system modulo s, for each n € N. If v = ¢, then the random variable ¢ has a pure
distribution, moreover:

1) the distribution is discrete if and only if W > 0;
2) the distribution is singular if and only if W =0 = Q;
3) the distribution is absolutely continuous if and only if @) > 0.
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