Maremaruuni Crymii. T.63, Nel Matematychni Studii. V.63, No.1
YK 517.537.72

O. M. MuLyAavAa!, M. M. SHEREMETA?, YU. S. TRUKHAN?

RELATIVE GROWTH OF HADAMARD COMPOSITIONS
OF DIRICHLET SERIES ABSOLUTELY CONVERGENT
IN A HALF-PLANE

O. M. Mulyava, M. M. Sheremeta, Yu. S. Trukhan. Relative growth of Hadamard compositions
of Dirichlet series absolutely convergent in a half-plane, Mat. Stud. 63 (2025), 21-30.

Let A = (\,) be a positive sequence increasing to +o0o and S(A, A) be the class of Dirichlet

&)

series F'(s) = > fnexp{s\,} with the abscissa of absolute convergence A € (—o0, +00]. A
n=1
function F is called the Hadamard composition of the genus m > 1 of the functions Fj(s) =
= > anjexp{si,} (€ {1,2,...,p}),if fn = > Ckl...lcpaf,ﬁ o alfbf’p for all n. The
n=0 ki+-+kp=m

growth of the function F € S(A,0) with respect to a function G(s) = Y. gnexp{sA,} €
n=1

S(A,+00) is identified with the growth of the function M;' (Mg (o)) as o 1 0, where Mp(o) =
= sup{|F(c +it)| : t € R}. The dependence of the growth of a function M;"'(Mr(c)) on the
growth of functions Mg'(M F;(0)) is studied in terms of generalized orders and generalized
convergence classes. In particular, there are proved the following statements:

Let F € S(A,0) be the Hadamard composition of genus m > 1 of the functions F; € S(A,0);
the positive increasing function a such that a((1+0(1))z) = (1+0(1))a(z) as ¢ — +oo, B and
a(Mg'(e®)) are slowly increasing functions, i.e. a(cr) = (1 + o(1))a(z) as z — +oo for each
c € (0, +o0). If n@ln n/In |fn] < +o0, then 09 4[Fle < ° = max{o)4[Fjlc : 1 < j < p}.
If there is a dominating function Fi among the functions Fj then o), 5[Fla = 0), 5[Fi]¢ and
)\gﬁ[F]G = )\g,g[Fl]G- (Theorem 1)

1. Introduction. Let A = ()\,) be an increasing to +oo sequence of non-negative numbers
and by S(A, A) we denote a class of Dirichlet series

F(s) = anes’\", s =0 +it, (1)
n=1

with the abscissa of absolute convergence A € (—oo, +00]. We will assume that entire
Dirichlet series (1) does not reduce to an exponential polynomial.

For 0 < A we put Mp(o) = sup{|F (o +it)| : t € R} and remark that for F' € S(A, +0)
the function Mp (o) is continuous and increasing to +0o0 on (—oo, +00) and, therefore, there
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exists the function M4'(z) inverse to Mp(c), which increase to +o0o on (xg, +00). The
growth of the function F' € S(A, +00) with respect to a function G € S(A, +00),

G(s) = ignes’\",
n=1

is identified [1-4] with the growth of the function M;' (Mg (o)) as 0 — +o0.
Suppose that F; € S(A, A),

Fi(s) = anvje‘”\”, je{1,2,...,p},
n=1

and say [5, 6] that the function F is the Hadamard composition of genus m > 1 of the
functions Fj if for all n
Jn= Z O A R (L (2)
ki+-+kp=m
The function F is called dominant, if |cino._ol| fa,1[™ # 0 and [f, ;| = o([ f.1]) as n — oo for
2 < j <p. In|7] it is shown that if function Fj is dominant then

fn == (1 + O<1))‘Cm0...0”fn,1’m7 n — oQ. (3>

To study the growth of function F' € S(A, +o00) with respect to function G € S(A, +00)
in |7], the concepts of generalized (af)-order and generalized convergence (af3)-class are
used. For this purpose, L denotes the class of positive continuous functions o on (—oo, +00)
such that a(z) = a(zg) for 2 < zp and 0 < a(z) T +00 as ¥ < x T +0o. We say that a € L
if « € L and a((1+o(1))x) = (1 + o(1))a(z) as © — +oo. Finally, o € L, if @ € L and
alcz) = (1+0(1))a(x) as  — +o0o for each ¢ € (0, +00), i.e. a is slowly increasing function.
Clearly, L,; C L°.

In [7] the generalized (af)-order g.s[F]c and the generalized lower (af3)-order A.s[F]a
of the function F € S(A,+o00) with respect to the function G € S(A, +00) are defined as
follows

— a(Mg'(Mr(0)))

= e ST B

and the following theorem is proved.

Theorem A. Let F' be the Hadamard composition of genus m > 1 of the functions
F; € S(A,+o0). If either m = 1, Inn = o(\,) asn — oo, @ € LY and B(ln z) € L°
orm > 2 Inn = O(\,) asn — oo, B € L and a(M;'(e*)) € Ly then g.5[F|c <
< max{gas|Fjla : 1 <j <p}.

The relative generalized convergence af-class is defined [7] by condition

oo

/QM@VMﬂﬂﬁ
B(o)

do < +o0.

o0

Then the following theorem is true.
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Theorem B. Let F' be the Hadamard composition of genus m > 1 of the functions
Fj € S(A,+00), Inn = O()\,) asn — oo, B € L and a(M;'(e%)) € L°. If F; belongs
to relative generalized convergence «3-class for all j then F' belongs to the same class.

In the note proposed here we will obtain analogues of Theorems A and B in the case
G € S(A,+o0) and F € S(A,0).

2. Growth estimates. If « € L, § € L and F' € S(A,0) then the quantities
o4[F) _ i @n Me(o)) o A0 [F] :li_mM
oo B(1/|o]) o0 B(1/]o])
are called [8] the generalized (a3)-order and the generalized lower (af)-order of F, respecti-
vely. Similarly, the generalized (af)-order o%3[F]q and the generalized lower (af3)-order
Aol Fle of the function F' € S(A,0) with respect to a function G € S(A, +00) we define as

follows

0 — oM (Mrp(0)) o (Mg (Mp(0)))
005 F|c = lim , AaglFle = lim
slFle = lim B(1/]o)) olF) o0 B(1/]e])
For F' € S(A,0) let pup(o) = max{|f,|exp{cA,} : n > 0} be the maximal term of
series (1). We remark that pp(o) T +o00 as o 1 0 if and only if lim |f,| = +00. So, we will
n—oo

(4)

assume that this condition is satisfied. By the Cauchy inequality pup(o) < Mp(o), and the
following lemma contains the estimate of Mp (o) from above.

Lemma 1 ([9]). If FF € S(A,0) and

Inn
h:= lim ——
Jim 7 < +o0, (5)

then for every € > 0 and all oy(¢) < o <0

1— L+hte
° ) ,  K(g) = const > 0.

Mp(0) < K(g)ﬂF<1 e

Remark that if G € S(A,+00) then the function In Mg(o) is convex on (—o0, +00)

. . . e . dln M,
and, thus, it has a continuous non-decreasing derivative HTG(”) on (—o0,400) except

of a countable number of points at which one-sided derivatives exist, and the left-sided

derivative does not exceed the right-sided one. Since % — 400 as 0 — +00, we
-1

have1 %UG(U) 400 as 0 = 400, i. e. d]\;[ﬁl ;x) N 0 as ©* — +o0o. Hence, it follows that

Mg" € Lg.

Now we prove the following theorem.

Theorem 1. Let F' € S(A,0) be the Hadamard composition of genus m > 1 of the functions
F; € S(A,0), a € LY B € Ly, a(Mg" (%)) € Ly and (5) holds. Then

0oslFla < 0° == max{o)4[Fjle: 1 <j <p}.

If among the functions F} there is a dominant function Fy then ¢), 4[Fla = 00, 5[Fi]a and
N SFle =X 4[Filg -
B G o, B 1G
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Proof. From (2) we obtain
Wl <0 D0 Jemmlfan ™ Ll

ki4-Akp=m
whence
ale™™ < ST ek (faale™ )5 - (gl )t
k14-+kp=m
and, thus,

prma) < 5 e sl (@) - (o)
ki+--+kp=m
Let ¢° < 4o0. Since 0)3[Fjla < ¢°, for every ¢ > ¢° and all o € [09(g),0) we have
Mg, (o) < Mg(a~'(0B(1/]o]))) and, thus,

pe(mo) < fen k[ Mr (0)F - - M, (0)" < CMg (o (05(1/]0])))

ki+--+kp=m
where C' = Yo |Gyl i€
k1+---+kp:m
pr(o) < CMg (o™ (eB(m/]o])))- (6)
Therefore, by Lemma 1 for all o € [0((0),0) we get
m(1+h+e) (1 m(1+h)
< A S
Mp(o) < CK(2)Mg (O‘ (95<(1 - e)|a|>>>‘ (M)

The condition a(Mg'(e®)) € Ly implies a(Mg'(z™3M+9))) = (1 + o(1))a(Mg (7)) as
T — 400 and since ]\/[GT1 € Ly, a € L° and B € Ly, from (7) we get

ol vt m(thte) (-1 m(1+ h)
g O )

ot
In view of the arbitrariness of p we obtain the inequality ggﬁ [Flg < ¢°, which is obvious if
0" = +oo. The first part of Theorem 1 is proved.
If function Fj is dominant then (3) implies up(o) = (1+0(1))|¢mo.olprm (0/m)™ as o 1 0.
Therefore, cipip, (0/m)™ < pp(o) < copup (0/m)™ for some 0 < ¢; < ¢ < 00, whence by
Lemma 1

1—¢ >1+h+5 1—¢ )m(1+h+€)

Mp(o) < K(é)up( < CQK(€)MF1<

1+41° m(1+ h) 7
and 1+ h
m €1 m/(14+h+e) ( )
M > > > ——M —0 .
F(a> = MF(U) Z C1iR (U/m) = K(E)m P m<1 _ 8)0
Using the conditions o € L, 8 € Ly; and a(M"(e®)) € Ly; as above we obtain the equalities
Qgﬂ[F]G = Qgﬁ[Fl]G and )‘gﬁ[F]G = )‘gB[Fl]G' u

Choosing a(x) = f(z) = In z for x > x, from (4) we obtain the definition of the relative
logarithmic order ¢Y[Fe and the relative lower logarithmic order A?[F]g. Theorem 1 implies
the following statement.

Corollary 1. Let F' € S(A,0) be the Hadamard composition of genus m > 1 of the functions
F; € S(A,0), In M;'(e®) € Ly and (5) holds. Then ¢)[Fl¢ < max{o}[Fjl¢ : 1 < j < p}.
If among the functions Fj there is a dominant function Fy then ¢0[Fl¢ = of[Fi]¢ and
N[Fle = N[FR]e-
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If we choose a(z) = In z and B(x) = z for x > 3 then from (4) we obtain the definitions of
the relative R-order ¢%[F|¢ = li%l o] In Mg (Mp(0)), introduced by A.M. Gaisin [10]. Since

here 8 € Lg;, the corresponding corollary cannot be obtained from Theorem 1. However,
from (9) it follows that
m(1+hte m(1+h)
Mp(o) < CK(e)M, (+ht )<exp {Q—})
¢ (1—¢)lo|
Therefore, if In M;'(e®) € Lg; then as in the proof of Theorem 1 we get
— B 1+ h) m(1+ h)
W Fle < Tmlo|tn Mg (CR(e)Mg ) (exp { ml+h) b)) ="
QR[ ]G = ;%"ﬂ n Mg (5) G exXp Q(l _ 8)‘0’| (1 _ &?) Q
In view of the arbitrariness of € and p, we get the following statement.
Proposition 1. Let F' € S(A,0) be the Hadamard composition of genus m > 1 of the
functions F; € S(A,0), In Mg'(e®) € Ly; and (5) holds. Then
0%[Fla <m(1 + h) max{o}[Fjlc : 1 <j < p}.

To replace condition (5) by a condition on the growth of the sequence A, we need the
following lemma.

Lemma 2. If F' € S(A,0), G € S(A,+00), o € Ly, f € Ly and

a(Mg'(n)) = 0(6()\”/111 n)), n — 0o, (8)
then for every ¢ € (0,1), 6 > 0 and all oy(¢,0) <o <0
Mp(0) < pr((1 =)o) Ma(a (58(1/]0]))). (9)
Proof. 1t is clear that
Mr() € 3 1fle™ = 3 [fule@em < up(1 = )) e (10)
n=1 n=1 n=1

From (8) it follows that a(Mg;'(n)) < §;8(\./In n) for every &, > 0 and all n > ny(8;) and,
since 3 € Ly, a(Mg5'(n)) < 68(e\,/(21In n)) for every e > 0, 6 > 0 and all n > ny(e, ).
Hence, we get

An/In 0 > gﬁ_1<a(M51(n))/5>. (11)
Put N(o) = [Mg(a™(68(1/|o])))] + 1. Then N(o) > ng(e, ) for all o sufficiently close to 0

and
o] 2 1/67 (a(Mg (N (0)))/0) = 1/87 (a(Mg" (n))/9)
for n > N(o). Therefore, in view of (11)

o0

Z e~elolrn < f: )exp{ — B_l( EAn } < f: %

n=N(0) n=N(c

and, thus,
Y e < N(o) =14 Y e < Ma(am (68(1/0]))) (12)
n=1 n=N (o)

for all o sufficiently close to 0. From (10) and (12) we obtain (9). O
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Using Lemma 2 we prove the following theorem.

Theorem 2. Let F' € S(A,0) be the Hadamard composition of genus m > 1 of the functions
F; € S(A)0), a € Lsi,ﬂ € Ly, a(Mg'(e®)) € Ly and (8) holds. Then ooslFla < 0 =
= max{o4[Filc: 1 <j<p}

If among the functions Fj there is a dominant function Fy then Qgﬂ [Flg = Qgﬁ [Fi]¢ and
AoslFle = AoslFi]e -

Proof. As in the proof of Theorem 1, for every ¢ > ¢" and all o € [o¢(0),0) we obtain (6).
Therefore, by Lemma 2 for all ¢ sufficiently close to 0 we get

) < a5 (o7 () i (05(2)

Due to the arbitrariness of ¢, we can assume that 6 < po. Hence, we obtain the following
analogue of inequality (7)

Mg (o) < OME™ (0671 <Qﬁ<ﬁ)>) :

The further proof of the first part of Theorem 2 is the same as the proof of the first part of
Theorem 1. The second part of Theorem 2 is proven in a similar way to the second part of
Theorem 1. O]

Note also that in view of Theorem 1 we can obtain analogs of Corollary 1 and Pro-
position 1.

3. Relative convergence classes. For F' € S(A,0) and functions o € L, € L the
generalized convergence a3-class is defined [11] (see also [12, p.30]) by the condition

F a(in Me(o)
J oA i)

By analogy, we define a relative generalized convergence a3-class €, by condition

do < +00.

/0 a(Mg! (Mp(0)))
o PB(L/lo])

do < +o00.

g0
Theorem 3. Let F' € S(A,0) be the Hadamard composition of genus m > 1 of the functions
F; € S(A,0), B € L° a(M;'(e*)) € L° and (5) holds. If F; € €,p for all j then F € €,p.

Proof. We will use such a property of class L° [13]: if v € L° then ~v(cx) = O(y(x)) for
every ¢ € (0,400) as © — +00.

Since pup(mo) < S kyk, [ Mp (o) - Mp, (o), we have
k4t hp=m
(Mg e (mo) < a(Mg' (D leny [ M (o) - My (0)) ) =
k4 tkp=m

= &(M&l(exp { In Z \ckl,,,kpU\/[Fl(a)kl — MFP(O)kP} ) <

k14-+kp=m

§a<M§1<exp{ Z (k1In Mp, (o) +---+k,In Mpp(a))+K1}

1+ +hp=m
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where K; = In p + > In |cg, .. k,|- From hence by condition a(Mg'(e®)) € L° we get
R —

(M5 (1r(mo))) < KQQ(Mél(exp {m S (o Mp(0)+-+1n MFP<U))})) <

ki +hp=m

SKQCE(Mal(eXp{m Z p - max{ln Mg, (o) : 1§j§p}}>> =

ky+--+kp=m
— K2a<M51<eXp {mng max{ln Mg, (o) : 1 <5< p}})) <

< K4Q(M61(exp{max{1n Mp (o) : 1< gp}}>> =

= Kymax{a (Mg (Mr,(0)) ) : 1gj@}é&ia(MGl(MFj(a))),

where K are some positive constants. Thus,

0 a(Mg (MF(mU (o))
/ ‘0'|25(1/|0'| K4Z/ |0-|26 1/|O") do.

o0

In view of the condition 8 € L from hence it follows that if F; € €, for all j then

0

/Oé(Mcl(uF(U)))
|o26(1/lo])

do < 4o0. (13)

o0

Finally, by Lemma 1 in view of condition a(M;'(e?)) € L° and 8 € L° we get

/Ooz(MG—l(MF(a))da) - /0 oz(Mgl(K( ):uF<1+h >1+h+5>> W

|o25(1/o]) |o126(1/la])

g0 g0

do < +o0,

§K5/Oa<M <HF(1+h ))>da§K6/O&(MG1(“F(U))>

|o126(1/]o]) |o26(1/lo])

g0 o0

ie. F e Q:ag. ]

To study the growth of functions F' € S(A,0) of the generalized («,f)-order o =
= 00 4[F] one can use the generalized convergence class defined in [5, 6] by the condition

ffo %da < +o00. Therefore, in addition to class €,3, to study the growth of

functions F' € S(A,0) one can use the relative generalized convergence class €, , defined by
the condition

(7))
\0!2(% @ﬁ 1/]el))

do < +00, 0= sFle. (14)

The analogue for Q:ag,g of Theorem 3 is the following statement.
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Proposition 2. Let F' € S(A,0) with ¢)3[Fla = ¢ € (0, +00) be the Hadamard composition
of genus m > 1 of the functions F; € S(A,0) with ¢%4[Fj]e = o. Suppose that M ' (e*) € L,
a~(cB(x)) € LY for each ¢ € (0,+00) and (5) holds. If F; € €.z, for all j then F € €,p,.

Proof. As in the proof of Theorem 3 now we obtain

up (o) (@)
/ oPa (o 1/|a| K‘*Z/ olPa o (o8 1/|a|>>d

whence in view of the condition a~!(¢f(z)) € L° for each ¢ € (0,+00) instead of (13) we
have

(9))
IUI2 ‘1 Qﬁ 1/lel))

Finally, by Lemma 1 in view of condition M;'(e*) € L° and a~!(pB(z)) € L° as in the proof
of Theorem 3 we get

MG (Me(0)) [ MG (o))
/ o 1(eB(1/loT) ) < | o PPa-1(gB(1/ o)) ™ < T

g0 g0

i.e. Fe (’:a@g. O

do < +o0. (15)

In the proof of Theorem 3 and Proposition 2, condition (5) on the coefficients was signi-
ficantly used. To replace it with a condition on exponents, we need the following addition to
Lemma 2.

Lemma 3. If F' € S(A,0), G € S(A, +00), o € Ly, p € Lg; and for some n > 0

a((Mg'(n))™™) =o(B(A\n/Inn)), n— oo, (16)
then for every € € (0,1), 6 > 0 and all o¢(e,9) <o <0
Mp(o) < pr((1 = £)o) Mo (@™ (38(1/|o]))) 0+ (17)

Proof. As in the proof of Lemma 2, from (16) we get instead (11)
An/In n > 25—1( ( 51(n)1+")/5).
Now we put N(o) = [M¢((« _1((56(1/]0])))1/(”" )] + 1. Then, as above,
o 2 1/87 (a((MG (N () *) /5) = 1/87 (a(M5" ()" /3)

for n > N(o) and, therefore, >37% vy exp{—¢lo[A.} < >77% v, exp{—21n n}, whence

Yo S N(o) 1+ Y e < Mg(amN(88(1/101)),
n=1 n=N (o)
i.e. (10) implies (17). O

Theorem 4. Let F € S(A,0) with o) 4[F]¢ = ¢ € (0,400) be the Hadamard composition
of genus m > 1 of the functions F; € S(A,0) with ¢%4[Fjle = o, Mg'(e") € L° and
a Y(cB(z)) € L° for each ¢ € (0,+0c0). Suppose that for some n > 0 condition (16) holds

and [ sty < +00. I Fj € Cog, for all j then F € Cop,.
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Proof. Since a™(pf(z)) € L° and Fj € €,4, for all j then as in the proof of Theorem 3 we
get (15). On the other hand, since Mg'(e?) € L°, by Lemma 3 as above for § < o we get

MGH (Mp()) < Mg (exp{In (1 = £)a) +In Mo (a7 (68(1/10))) 0+ }) <
< K max{Mg" (up((1 - £)0)), (a~'(98(1/]0))) "/} <
< K(Mg (1= £)0)) + (a7 (08(1/]0) /), K = const >0, (18)

The condition f g7 < +oo implies

(a=( gﬁ(l‘)

/° (@ @8/l ) 9

lo[?a~1(eB(1/lol))

g0

Since a~(gB(z)) € LP, from (18), (15) and (19) we obtain (14). O

Finally, consider the belonging of functions to the class €,z if we impose a condition on
the sequence A. To do this we need a slightly different version of Lemma 3.

Lemma 4. If FF € S(A,0), G € S(A,+00), a € Lg;, § € Lg; and for some n > 0
a1 ( Mg (n)) = o(B(M\n/In 1)), n — oo, (20)
then for every € € (0,1), 6 > 0 and all o¢(¢,d) < o <0
Mi(o) < (1 — o) Mg (0~ (38700 (1/]o]))). 1)

Proof. Indeed, as in the proofs of Lemma 2 and 3, from (20) we obtain
2
Mol > 257 (@ (G () 6).
Putting N (o) = [Mg(a™*((68(1/]0]))/A+M))] + 1, as above, we get
o] >1/5~ ( (MG (N (o) N/6) >1/87 (o' F1(M, otn ))/d) forn > N(o)
and, therefore, 377 vy exp{—¢|o|A.} <3707 v,y exp{— 21n n}, whence

Zexp{_dapn} < Mg (a7} ((0(1/lo]))/+7)),

n=1

i.e. (10) implies (21). O
Using Lemma 4 and repeating the proof of Theorem 4, we get the following statement.

Proposition 3. Let FF € S(A,0) be the Hadamard composition of genus m > 1 of the
functions F; € S(A,0), a(Mg'(e*)) € L° and 3 € L°. Suppose that for some n > 0 condition
(20) holds and [° B=7/040) (2)dx < +oo. If Fy € Cyp for all j then F € €yp.

4. Open problem. In view of recent articles [14-17| about Dirichlet series with complex
exponents it is naturally to extend the results of this paper to the case of an arbitrary
sequence of complex exponents.
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