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Using recent estimates of maximum modulus for partial derivatives of the analytic functions
with bounded L-index in joint variables we describe maximum modulus of these functions at
the polydisc skeleton with given radii by the maximum modulus with lesser radii. Such a
description is sufficient and necessary condition of boundedness of L-index in joint variables
for functions which are analytic in a complete Reinhardt domain. The vector-valued function
L is a positive and continuous function in the domain and its values at a point is greater than
reciprocal of distance from the point to the boundary of the Reinhardt domain multiplied by
some constant.

1. Introduction. We also need the following standard notations from the theory of holomor-
phic functions of bounded index in joint variables (see, for example, [2, 13–15]). In parti-
cular, R+ means the non-negative real semi-axis, 0 = (0, . . . , 0) 1 = (1, . . . , 1), 1j is the n-
dimensional unit vector whose j-th component equals 1, and all other components are zeros.
For A = (a1, . . . , an) ∈ Rn and B = (b1, . . . , bn) ∈ Rn, we denote AB = (a1b1, · · · , anbn),
A/B = (a1/b1, . . . , an/bn), A

B = ab11 a
b2
2 · . . . · abnn , ∥A∥ =

∑n
j=1 aj. The inequality A < B

means that aj ≤ bj for each j ∈ {1, . . . , n}, and so on. For K = (k1, . . . , kn) ∈ Zn
+ we

put K! = k1! · . . . · kn! Also we will use such notations: Dn(z0, R) = {z ∈ Cn : |zj − z0j | <
rj for j ∈ {1, . . . , n}}. Tn(z0, R) = {z ∈ Cn : |zj − z0j | = rj, j ∈ {1, . . . , n}}, Dn[z0, R] =
{z ∈ Cn : |zj − z0j | ≤ rj, j = 1, . . . , n}. The domain G ⊂ Cn is called the complete Rein-
hardt domain [10] if ∀z = (z1, . . . , zn) ∈ G and ∀R = (r1, . . . , rn) ∈ [0, 1]n the product
Rz = (r1z1, . . . , rnzn) ∈ G and ∀Θ = (θ1, . . . , θn) ∈ [0; 2π]n) one has (z1e

iθ1 , . . . , zne
iθn) ∈ G.

By A(G) we denote a class of functions which are analytic in the G.
For J = (j1, j2, . . . , jn) ∈ Zn

+ the partial derivatives of the function H we denote
H(J)(z) = ∂∥J∥H

∂zJ
(z) = ∂j1+j2+···+jnH

∂z
j1
1 ∂z

j2
2 ...∂zjnn

(z1, z2, . . . , zn). By G, we denote the closure of the

complete Reinhardt domain G and ∂G = G \ G. We suppose that a continuous function
L(z) = (l1(z), l2(z), . . . , ln(z)) satisfies the following condition in whole G

lj(z) >
β

infR̂jz∈∂G,
r>1

(r|zj|)− |zj|
(1)
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for some real β > 1. Here, R̂j = (1, . . . , 1, r︸︷︷︸
j-th item

, 1, . . . , 1). At the same time, if the set

{zR̂j : r > 1} is unbounded for a given z ∈ G, then we will only require that the condition
lj(z) > 0 be fulfilled. We will assume lj(z) > 0 in the case when infR̂jz∈∂G,

r>1

r|zj| = +∞. Such

a case is possible, for example, if G = C×D (see [9,12]). We also write B = (0, β], Bn = (0, β]n,
and β = (β, . . . , β). Below we suppose everywhere that G ⊂ Cn is the complete Reinhardt
domain, and we will not repeat this assumption in the following assertions and definitions.

A multivariate holomorphic function H ∈ A(G) is called a function with bounded (fini-
te) L-index (in joint variables) (see [1]) if, for some non-negative integer n0, the following
inequality holds for every order J of partial derivatives in the whole domain G:

|H(J)(z)|
J !LJ(z)

≤ max

{
|H(K)(z)|
K!LK(z)

: K ∈ Zn
+, ∥K∥ ≤ n0

}
. (2)

The least corresponding number n0 is the L-index in joint variables for the function H,
and N(H,L,G) = n0 stands for the index. If the Reinhardt domain G matches with n-
dimensional complex space Cn, and if the mapping L identically equals 1, then it is a
definition of an entire multivariate function of a bounded index [14,15]. In addition, if n = 1
and L = l, then it becomes the definition of univariate entire function of bounded l-index [16],
and if, finally, l ≡ 1, then we obtain the definition of the entire function having a bounded
(finite) index [11]. Entire functions of bounded L-index in direction are considered in [4, 8].

In addition, we define the global characteristics λj for the function lj :

λj(R) = sup
z,w∈G

{
lj(z)

lj(w)
: |zk − wk| ≤

rk
min{lk(z), lk(w)}

, k ∈ {1, . . . , n}
}
, (3)

where rk ∈ (0, β]. By Q(G) we denote the class of functions L : G → Rn
+ satisfying (1) and

λj(R) from (3) is finite.
2. Auxiliary propositions.

Theorem 1 ([1]). Let L ∈ Q(G), H ∈ A(G). The index N(H,L) is finite if and only if
∀R ∈ Bn ∃n0 ∈ Z+ ∃d0 > 0 such that ∀z0 ∈ G ∃K0 ∈ Zn

+ ∥K0∥ ≤ n0 and

max

{
|H(k1,...,kn)(z)|

k1! · · · kn!(L(z))(k1,...,kn)
: k1 + · · ·+ kn ≤ n0, z ∈ Dn

[
z0,

R

L(z0)

]}
≤ d0

|H(K0)(z0)|
K0!LK0(z0)

.

(4)

Theorem 2 ([1]). Let L ∈ Q(G), H ∈ A(G). If the index N(H,L) is finite then ∀R ∈ Bn

∃n0 ∈ Z+ ∃d ≥ 1 such that ∀z0 ∈ G ∃K0 ∈ Zn
+ with ∥K0∥ ≤ n0 and

max
{
|H(K0)(z)| : z ∈ Dn

[
z0, R/L(z0)

]}
≤ d|H(K0)(z0)|. (5)

And if ∀R ∈ Bn ∃n0 ∈ Z+, ∃d ≥ 1 and ∀z0 ∈ G ∀j ∈ {1, . . . , n}, ∃K0
j = k0

j · 1j with k0
j ≤ n0

max

{
|H(K0

j )(z)| : z ∈ Dn

[
z0,

R

L(z0)

]}
≤ d|H(K0

j )(z0)|, (6)

then the index N(H,L) is finite.
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In proof of Theorem 2 one should observe that K0 is the same as K0 in Theorem 1.
Let L̃(z) = (l̃1(z), . . . , l̃n(z)) ∈ Q(G). The notation L ≍ L̃ means that there exist Θ1 =

(θ1,j, . . . , θ1,n), Θ2 = (θ2,j, . . . , θ2,n) ∈ Rn
+ such that θ1,j l̃j(z) ≤ lj(z) ≤ θ2,j l̃j(z) for every

j ∈ {1, 2, 3, . . . , n} and for every z ∈ G.

Theorem 3 ([1]). Let L ∈ Q(G), L ≍ L̃, βΘ1 > 1, H ∈ A(G). The joint index N(H, L̃) is
finite if and only if N(H,L) is finite.

3. Local behaviour of maximum modulus of analytic in ball function. For an
analytic in G function F we put M(r, z0, F ) = max{|F (z)| : z ∈ Tn(z0, r)}, where z0 ∈ G,
r ∈ Rn

+. Then M(R, z0, F ) = max{|F (z)| : z ∈ Dn[z0, R]}, because the maximum modulus
for an analytic function in a closed polydisc is attained on its skeleton. Similar results for
another classes of holomorphic functions were deduced in the case of a unit ball [2], poly-
disc [5], slice holomorphicity [6]. They need to justify growth estimates [3] and describe zero
distribution [7].

Theorem 4. Let L ∈ Q(G), F ∈ A(G). If ∃R′, R′′ ∈ Bn, R′ < R′′, and p1 ≥ 1 such that
∀z0 ∈ G one has

M

(
R′′

L(z0)
, z0, F

)
≤ p1M

(
R′

L(z0)
, z0, F

)
(7)

then F is of bounded L-index in joint variables.

Proof. At first, we assume that 0 < R′ < 1 < R′′. Let z0 ∈ G be an arbitrary point. We
expand a function F in power series

F (z) =
∑
K≥0

bK(z − z0)K =
∑

k1,...,kn≥0

bk1,...,kn(z1 − z01)
k1 . . . (zn − z0n)

kn , (8)

where bK = bk1,...,kn = F (K)(z0)
K!

. Let µ(R, z0, F ) = max{|bK |RK : K ≥ 0} be a maximal term
of power series (8) and ν(R) = ν(R, z0, F ) = (ν0

1(R), . . . , ν0
n(R)) be a set of indices such that

µ(R, z0, F ) = |bν(R)|Rν(R),

∥ν(R)∥ =
n∑

j=1

νj(R) = max{∥K∥ : K ≥ 0, |bK |RK = µ(R, z0, F )},

where R = (r1, r2, . . . , rn). Remind the notation R̂j = (1, . . . , 1, r︸︷︷︸
j-th item

, 1, . . . , 1). Since

|F (K)(z0)|RK/K! ≤ max{|F (z)| : z ∈ Tn(z0, R)}
we obtain that for any rj < infR̂jz∈∂G,

r>1

(r|z0j |)− |z0j | one has µ(R, z0, F ) ≤ M(R, z0, F ). Then

for given R′ with 0 < R′ < 1 we conclude

M(R′R, z0, F ) ≤
∑
K≥0

|bk|(R′R)k ≤ µ(R, z0, F )
∑
K≥0

(R′)k =
n∏

j=1

µ(R, z0, F )

1− r′j
. (9)

Besides, for given R′′ with 1 < R′′ < β

lnµ(R, z0, F ) = ln{|bν(R)|Rν(R)} = ln

{
|bν(R)|(RR′′)ν(R) 1

(R′′)ν(R)

}
=
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= ln{|bν(R)|(RR′′)ν(R)}+ ln

{
1

(R′′)ν(R)

}
≤ lnµ(R′′R, z0, F )− ∥ν(R)∥ ln min

1≤j≤n
r′′j .

From the last estimate we express the ∥ν(R)∥ by the difference of logarithms of maximal
terms and substitute the lower estimate of µ(R, z0, F ) from (9)

∥ν(R)∥ ≤ 1

lnmin1≤j≤n r′′j
(lnµ(R′′R, z0, F )− lnµ(R, z0, F )) ≤

≤ 1

lnmin1≤j≤n r′′j

(
lnM(R′′R, z0, F )− ln

( n∏
j=1

(1− r′j)M(R′R, z0, F )
))

≤

≤ 1

lnmin1≤j≤n r′′j

(
lnM(R′′R, z0, F )−lnM(R′R, z0, F )

)
−
∑n

j=1 ln(1− r′j)

lnmin1≤j≤n r′′j
=

=
1

min1≤j≤n r′′j
ln

M(R′′R, z0, F )

M(R′R, z0, F )
−
∑n

j=1 ln(1− rj)

lnmin1≤j≤n r′′j
. (10)

Put R = 1
L(z0)

. Now let N(F, z0,L) be the L-index of the function F in joint variables at
the point z0 i. e. it is the least integer for which inequality (2) holds at the point z0. Clearly
that

N(F, z0,L) ≤
∥∥∥ν ( 1

L(z0)
, z0, F

)∥∥∥ = ∥ν(R, z0, F )∥. (11)

But M
(
R′′/L(z0), z0, F

)
≤ p1(R

′, R′′)M
(
R′/L(z0), z0, F

)
. Consequently substituting the

last inequality and (10) in (11) we obtain that for any z0 ∈ G

N(F, z0,L) ≤
−
∑n

j=1 ln(1− r′j)

lnmin1≤j≤n r′′j
+

ln p1(R
′, R′′)

lnmin1≤j≤n r′′j
.

This means that F has bounded L-index in joint variables, if 0 < R′ < 1 < R′′ < β.

Now we will prove the theorem for any 0 < R′ < R′′, where R′, R′′ ∈ Bn. From (7) with
0 < R′ < R′′ it follows that

max
{
|F (z)| : z ∈ Tn

(
z0,

2R′′

(R′+R′′)L̃(z0)

)}
≤ P1max

{
|F (z)| : z ∈ Tn

(
z0,

2R′

(R′+R′′)L̃(z0)

)}
,

where 0 < 2R′

R′+R′′ < 1 < 2R′′

R′+R′′ , L̃(z) =
2L(z)
R′+R′′ . Taking into account the first part of the proof,

we conclude that the function F has bounded L̃-index in joint variables. To apply Theorem
3, we check that β · 2·1

R′+R′′ > β · 2·1
β+β

= 1. Thus, the function F is of bounded L-index in
joint variables.

Also the corresponding necessary conditions are valid.

Theorem 5. Let L ∈ Q(G). If an analytic in G function F has bounded L-index in joint
variables then for any R′, R′′ ∈ Bn, R′ < R′′, there exists a number p1 = p1(R

′, R′′) ≥ 1 such
that for every z0 ∈ G inequality (7) holds.

Proof. Let N(F,L,G) = N < +∞. Suppose that inequality (7) does not hold i.e. there exist
R′, R′′ ∈ Bn, R′ < R′′, such that for each p∗ ≥ 1 and for some z0 = z0(p∗)

M

(
R′′

L(z0)
, z0, F

)
> p∗M

(
R′

L(z0)
, z0, F

)
. (12)
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By Theorem 1, there exists a number p0 = p0(R
′′) ≥ 1 such that for every z0 ∈ G and some

K0 ∈ Zn
+, ∥K0∥ ≤ N, (i.e. n0 = N , see proof of necessity of [1, Theorem 1]) one has for any

J with ∥J∥ ≤ N

max

{
|F (J)(z)|
J !LJ(z)

: z ∈ Dn

[
z0,

R

L(z0)

]}
≤ p0

|F (K0)(z0)|
K0!LK0(z0)

(13)

and by Theorem 2 for the same K0

M

(
R′′

L(z0)
, z0, F (K0)

)
≤ p1|F (K0)(z0)|. (14)

We put

Bn(r, k) = p0

(
n∏

j=1

λN
j (R

′′)

)
(N !)n−k

(
N∑
j=1

(N − j)!

(r)j

)
,

bk = Bn(r
′′
k , k) ·

(
r′′kr

′′
k+1 . . . r

′′
n

r′kr
′
k+1 . . . r

′
n

)N

·max
{
1,

1

(r′1 . . . r
′
k−1)

N

}
(2 ≤ k ≤ n),

b1 = p0

(
n∏

j=1

λN
j (R

′′)

)
(N !)n−1

(
N∑
j=1

(N − j)!

(r′′1)
j

)(
r′′1r

′′
2 . . . r

′′
n

r′1r
′
2 . . . r

′
n

)N

,

p∗ = (N !)np0

(
r′′1r

′′
2 . . . r

′′
n

r′1r
′
2 . . . r

′
n

)N

+
n∑

k=1

bk + 1.

Let z0 = z0(p∗) be a point for which inequality (12) holds and K0 be such that (14) holds
and

M

(
R′

L(z0)
, z0, F

)
= |F (z∗)|, M

(
R′′

L(z0)
, z0, F (J)

)
= |F (J)(z∗J)|

for every J ∈ Zn
+, ∥J∥ ≤ N. We apply Cauchy’s inequality

|F (J)(z0)| ≤ J !

(
L(z0)

R′

)J

|F (z∗)| (15)

for estimate the difference

|F (J)(z∗J)−F (J)(z01 , z
∗
J,2, . . . , z

∗
J,n)|=

∣∣ ∫ z∗J,1

z01

F (J+11)(ξ, z∗J,2, . . . , z
∗
J,n)dξ

∣∣≤
≤ |F (J+11)(z∗J+11

)| r′′1
l1(z0)

. (16)

Such a point (z01 , z
∗
J,2, . . . , z

∗
J,n) belongs to the polydisc Dn[z0, R′′

L(z0)
], because for all k ∈

{2, 3, . . . , n} |z∗J,k − z0k| =
r′′k

lk(z0)
. Then by inequality (13) we establish

|F (J)(z01 , z
∗
J,2, . . . , z

∗
J,n)| ≤ J !LJ(z01 , z

∗
J,2, . . . , z

∗
J,n)max

{
|F (J)(z)|
J !LJ(Z)

: z ∈ Dn[z0,
R′′

L(z0)
]

}
≤

≤
J !LJ(z01 , z

∗
J,2, . . . , z

∗
J,n)

K0!LK0(z0)
p0|F (K0)(z0)|. (17)
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Since L ∈ Q(G) the estimate lk(z
0
1 , z

∗
J,2, . . . , z

∗
J,n) ≤ λk(R

′′)lk(z
0) holds. Applying it and (15)

with J = K0 to (17) we deduce

|F (J)(z01 , z
∗
J,2, . . . , z

∗
J,n)| ≤

J !LJ(z0)
∏n

k=1 λ
jk
k (R′′)

K0!LK0(z0)
p0K

0!

(
L(z0)

R′

)K0

|F (z∗)| =

=
p0J !L

J(z0)
∏n

k=1 λ
jk
k (R′′)

(R′)K0 |F (z∗)|. (18)

Rewrite inequality (16) in the reverse order and substitute estimate (18) instead of
|F (J)(z01 , z

∗
J,2, . . . , z

∗
J,n)|∣∣∣∣ ∂∥J∥+1F

∂zj1+1
1 ∂zj22 . . . ∂zjnn

(z∗(j1+1,j2,...,jn)
)

∣∣∣∣ ≥ l1(z
0)

r′′1

{
|F (J)(z∗J)| − |F (J)(z01 , z

∗
J,2, . . . , z

∗
J,n)|

}
≥

≥ l1(z
0)

r′′1
|F (J)(z∗J)| −

p0J !L
(j1+1,j2,...,jn)(z0)

∏n
k=1 λ

jk
k (R′′)

r′′1(R
′)K0 |F (z∗)|. (19)

Then we will consequently apply (19) for J = K0, J = K0 − 11, J = K0 − 2 · 11, and so on.
On each stage we will apply (19) to decrease partial derivative order of the function F by
one in the variable z1

|F (K0)(z∗K0)|≥
l1(z

0)

r′′1
|f (K0−11)(z∗(K0−11)

)|− p0(k
0
1−1)!k0

2! . . . k
0
n!L

K0
(z0)

∏n
i=1 λ

k0i
i (R′′)

r′′1(R
′)K0 |F (z∗)| ≥

≥ l21(z
0)

(r′′1)
2
|f (K0−2·11)(z∗K0−2·11

)| − p0(k
0
1 − 2)!k0

2! . . . k
0
n!L

K0
(z0)

∏n
i=1 λ

k0i
i (R′′)

(r′′1)
2(R′)K0 |F (z∗)|−

−p0(k
0
1 − 1)!k0

2! . . . k
0
n!L

K0
(z0)

∏n
i=1 λ

k0i
i (R′′)

r′′1(R
′)K0 |F (z∗)| ≥ . . . ≥

≥ l
k01
1 (z0)

(r′′1)
k01

∣∣∣∣∣ ∂∥K0∥−k01f

∂z
k02
2 . . . ∂z

k0n
n

(z∗(0,k02 ,...,k0n)
)

∣∣∣∣∣− p0L
K0

(z0)

(R′)K0

n∏
i=1

λ
k0i
i (R′′)k0

2! . . . k
0
n!

k01∑
j1=1

(k0
1 − j1)!

(r′′1)
j1

|F (z∗)|.

(20)

Estimate (19) is proved for decrease of partial derivative order in the variable z1. Repeating
similar considerations it is possible to prove similar estimate in any variable, i.e. for any
s ∈ {1, . . . , n} one has

|F (J+1s)(z∗J+1s
)| ≥ ls(z

0)

r′′s
|F (J)(z∗J)| −

p0J !L
(J+1s)(z0)

∏n
k=1 λ

jk
k (R′′)

r′′s (R
′)K0 |F (z∗)|. (21)

Applying (21) to (20) in each other variable s2, s3, . . . , sn we deduce

|F (K0)(z∗K0)| ≥
l
k01
1 (z0)

(r′′1)
k01

l
k02
2 (z0)

(r′′2)
k02

∣∣∣∣∣∂∥K0∥−k01−k02f

∂z
k03
3 . . . ∂z

k0n
n

(z∗(0,0,k03 ,...,k0n)
)

∣∣∣∣∣−
− l

k01
1 (z0)p0L

(0,k02 ,...,k
0
n)(z0)

(r′′1)
k01(R′)K0

(
n∏

i=1

λ
k0i
i (R′′)

)
k0
3! . . . k

0
n!

k02∑
j2=1

(k0
2 − j2)!

(r′′2)
j2

|F (z∗)|−
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− p0
(R′)K0L

K0

(z0)

(
n∏

i=1

λ
k0i
i (R′′)

)
k0
2! . . . k

0
n!

k01∑
j1=1

(k0
1 − j1)!

(r′′1)
j1

|F (z∗)| ≥

≥
(
L(z0)

R′′

)K0

|F (z∗0)| − |F (z∗)|
b∑

i=1

b̃i, (22)

where b̃i denotes multiplier near |F (z∗)| of such a form

p0
(R′)K0L

K0

(z0)

(
n∏

i=1

λ
k0i
i (R′′)

)
k0
i+1! . . . k

0
n!

(r′′1)
k01 · . . . · (r′′i−1)

k0n

k0i∑
ji=1

(k0
i − ji)!

(r′′i )
ji

|F (z∗)|.

In view of the inequalities λi(R
′′) ≥ 1 and R′′ ≥ R′, the parameters b̃i from (22) can be

estimated by bi, if we replace K0 by N · 1

b̃1 =
p0

(R′)K0L
K0

(z0)

(
n∏

i=1

λ
k0i
i (R′′)

)
k0
2! . . . k

0
n!

k01∑
j1=1

(k0
1 − j1)!

(r′′1)
j1

=

=

(
L(z0)

R′′

)K0 (
R′′

R′

)K0

p0

(
n∏

i=1

λ
k0i
i (R′′)

)
k0
2! . . . k

0
n!

k01∑
j1=1

(k0
1 − j1)!

(r′′1)
j1

≤
(
L(z0)

R′′

)K0

b1,

b̃2=
p0

(R′)K0L
K0

(z0)

( n∏
i=2

λ
k0i
i (R′′)

)
k0
3! . . . k

0
n!

(r′′1)
k01

k02∑
j2=1

(k0
2 − j2)!

(r′′2)
j2

≤
(
L(z0)

R′′

)K0

b2,

b̃n−1 =
p0

(R′)K0L
K0

(z0)
λ
k0n−1

n−1 (R
′′)λ

k0n
n (R′′)k0

n!

(r′′1)
k01 . . . (r′′n−2)

k0n−2

k0n−1∑
jn−1=1

(k0
n−1 − jn−1)!

(r′′n−1)
jn−1

≤
(
L(z0)

R′′

)K0

bn−1,

b̃n =
p0

(R′)K0 λ
k0n
n (R′′)LK0

(z0)
1

(r′′1)
k01 . . . (r′′n−1)

k0n−1

k0n∑
jn=1

(k0
n − jn)!

(r′′n)
jn

≤
(
L(z0)

R′′

)K0

bn.

Thus, (22) implies that

|F (K0)(z∗K0)| ≥
(
L(z0)

R′′

)K0

|F (z∗)|

{
|F (z∗0)|
|F (z∗)|

−
n∑

j=1

bj

}
.

But in view of (12) and a choice of p∗ we have
|F (z∗0)|
|F (z∗)|

≥ p∗ >
n∑

j=1

bj.

Thus, (14) and (15) imply

|F (K0)(z∗K0)| ≥
(
L(z0)

R′′

)K0

|F (z∗)|

{
p∗ −

n∑
j=1

bj

}
≥

≥
(
L(z0)

R′′

)K0
{
p∗ −

n∑
j=1

bj

}
|F (K0)(z0)|(R′)K

0

K0!LK0(z0)
≥
(
r′1 . . . r

′
n

r′′1 . . . r
′′
n

)N
{
p∗ −

n∑
j=1

bj

}
|F (K0)(z∗K0)|
p0(N !)n

.

Hence, we have
p∗ ≤ p0

( r′1...r′n
r′′1 ...r

′′
n

)N
(N !)n +

∑n
j=1 bj,

but this contradicts the choice of p∗.
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