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Let A = (A, )nen, be a non-negative sequence increasing to +oc, 7(\) = lim,, o (Inn/\,),
and Do(A) be the class of all Dirichlet series of the form F(s) = Y 7 a,(F)e* absolutely
convergent in the half-plane Re s < 0 with a, (F') # 0 for at least one integer n > 0. Also, let «
be a continuous function on [zg,+00) increasing to +o0, 8 be a continuous function on [a,0)
such that 8(o) — 400 as o 1 0, and v be a continuous positive function on [b,0). In the article,
we investigate the growth of a Dirichlet series F' € Dy(A) depending on the behavior of the
sequence (|a,(F)|) in terms of its «, 3, y-orders determined by the equalities

. _ - a(max{zo,y(0) In p(0)}) _ Ty “max{zo, y(0) In M(o)})
Rop4(F) = Tig 3(o)  BasaF) =1 5(o) |

where p(o) = max{|a,(F)|e?*: n > 0} and M(c) = sup{|F(s)|: Res = o} are the maximal
term and the supremum modulus of the series F', respectively. In particular, if for every fixed
t > 0 we have a(tx) ~ ax) as x — +oo, f(to) ~ t=*B(c) as o 1 0 for some fixed p > 0,
0 < lim, 4 1(t0)/1(0) < Biny101(t0)/1(0) < +00, B(a) = o~ (8(e))/2(0) for all o € [30,0),
®(x) = max{zo — ®(0): 0 € [00,0)} for all z € R, and Ag(A) = limy_y00(— Inn/®(\,)), then:
(a) for each Dirichlet series F' € Dy(A) we have

55 (F)= Tim <~

(b) if 7(A) > 0, then for each py € [0, +00] and any positive function ¥ on [c,0) there exists a
Dirichlet series I € Do(A) such that R, 5 (F) = po and M (o, F) > V(o) for all o € [09,0);
(c) if 7(\) = 0, then (Rqp~(F))Y/* < (Rz,ﬂﬁ(F))l/p + Ag () for every Dirichlet series
F € Do(N);

(d) if 7(A) = 0, then for each pgy € [0, +00] there exists a Dirichlet series F' € Dy(A) such that

RZ,ﬂN(F) = po and (Raﬁﬁ(F))l/p = ( Z,B,W(F))l/p + Agp(N).

1. Introduction. We denote by Ny the set of all non-negative integers, and denote by A
the class of all non-negative sequences A = (A )nen, increasing to +oo.
Let A = (A\n)nen, be a sequence from the class A. Consider a Dirichlet series of the form

F(s) = Zane‘s}‘" (1)
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and denote by o,(F') the abscissa of absolute convergence of this series. Put

It is easy to see that if o < o*(F), then |a,|e”* — 0 as n — oco. Therefore, for each such o,
we can determine the maximal term

(o, F) = max{|a,|e”*: n € Ny}

of series (1). Note also that in the case when o > o*(F) we have lim,, ., |a,|e?* = +oo0.
If 0,(F) > —o0, then for all o < 0,(F) we define the supremum modulus of series (1) by
equality

M(o, F) = sup{|F(s)|: Res=0}.

We denote by D§(A) the class of all Dirichlet series of the form (1), for which o*(F) > 0 and

a, # 0 at least for one value of n € Ny. By Dy(\) we denote the class of all Dirichlet series

of the form (1) such that o,(F) > 0 and a,, # 0 at least for one value of n € Ny. It is clear

that Dy(A) C D§(N) and, as it is well known, Dy(N) = D§(N) if and only if 7(A) = 0, where
— Inn

7(A) = lim —.

n—oo A\,

Put
Do=|JDo(N), Dj= D5\,
AEA AEA

For A € (—o0, 4+00], we denote by Yy the class of all real functions n: D, — R such that
the domain D, of 7 is an interval of the form [a, A).

Let 7 € Y« be a positive measurable function on D,,. As in [1], we call the function 7
slowly varying at the point 400 if for every fixed number ¢ > 0 we have n(cx) ~ n(x) as
x — 400, and we call the function n regularly varying at the point +oo with index p > 0, if
n(z) = x((z) for all > z,, where ( € Y, , is a slowly varying function at the point +o0.

Let 1 € Yj be a positive measurable function on D,,. We call the function 7 slowly varying
at the point 0 if for every fixed number ¢ > 0 we have n(co) ~ n(o) as o 1 0, and we call
the function 7 regularly varying at the point 0 with index p > 0, if (o) = |o|7{(0) for all
o € [09,0), where ¢ € Y} is a slowly varying function at the point 0.

We denote by L the sub-class of all functions | € Y, ., continuous and increasing to +oo
on Dl.

We denote by Cj the sub-class of all functions 7 € Yy continuous on D,,, and denote by
Q the sub-class of all functions ® € Cj such that ®(o) — +oo as o 1 0.

Let ® € 2y. Then, as it is well known, the function

®(z) = max{zo — ®(0): 0 € Dg}, z€R,

is called the Young-conjugate of ®, and this function has the following properties (see, for
instance, [2]): ® is convex on R; the right-hand derivative ¢ of ® is a negative nondecreasing
function on R, p(z) — 0 as x — +o0, and

o(x) =max{oc € Dg: xo — (o) = ®(x)}, x € R;
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if 2o = inf{z > 0: ®(p(z)) > 0}, then ®(z) = ®(z)/x increases to 0 on (z9, +00). It follows
from these properties that D is a decreasing continuous function on R. It is also easy to
prove that the range of the function ® is R. In fact, if 0y € Dg is a fixed number, then for
all z € R we have ®(x) > xoy — ®(0y). Letting © — —oo, we obtain ®(—o0) = +oo. In

addition, if z > 0, then d(z) = zp(x) — O(p(z)) < —P(p(z)). Letting v — 400, we obtain
®(+00) = —o0. Therefore, the function ¢ assumes every value in R.
Let a € L, D, = [20,0), 5 € Qo, and let n € Yj be a function non-decreasing on D,,. The

quantity

_ i a(max{zo, n(0)})
Raﬂ[ﬁ] - l;,IrIOl 6(0_)

is called the generalized order (o, 5-order) of the function 1. Note that in the definition of
the quantity R, s[n], the constant z, can be replaced by any other number from D,,, and if
b € D,, then the function 1 can be replaced by the restriction of 7 to [b,0). It is also clear
that if ¢ € Yj is a function non-decreasing on D, and ((0) < n(o) for all o € [c,0), then
Rapl¢] < Ragln]-

For each Dirichlet series F' € Df, we set R}, 5(F) = Rq,p[n], where n(o) = Inu(o, F') for
all 0 € [-1,0). If F' € Dy, then we set R, s(F) = R, s[n], where n(o) = In M(o, F') for all
o € [—1,0); the quantity R, z(F') is called the generalized order («, 5-order) of the Dirichlet
series F. It is clear that for each Dirichlet series ' € Dy we have R, 5(F) < Rop(F).

The growth of a Dirichlet series F' € Dy is usually identified with the growth of the
function In M (o, F') as o 1 0. Important characteristics of the growth of such a series are its
generalized orders R, s(F'). Establishing various relations according to which the generalized
order R, g(F) of a Dirichlet series F' € Dy of the form (1) can be expressed by the sequences
of modules of its coefficients (|a,|)nen,, is @ well-known classical problem. In connection with
this problem, note that the generalized order R, B(F ) of a Dirichlet series F' € Dy of the form
(1) can be relatively simply expressed in terms of the sequence (|a,|)nen, (see, for example,
[2, 3|; see also below). In view of what has been said, the following problem arises.

Problem 1. Let o € L, § € €y, and A € A. Find a necessary and sufficient condition on
the sequence A\ under which R, g(F') = R}, 5(F) for each Dirichlet series F' € Dy(\).

A similar problem for entire (absolutely convergent in C) Dirichlet series was considered
in [2, 4]. In [2], moreover, Problem 1 was completely solved in the case when a(z) = x for all
x € [z, +00). Without going into details, we note that the results obtained in [2]| also allow
us to find a complete solution of Problem 1 in the case when « € L is an arbitrary function
regularly varying at the point +oo with index p > 0. This case is partially covered in this
article.

We note also that by certain assumptions about the growth of functions o € L and
B € Qo, sufficient conditions on a sequence A € A under which R, 3(F) = R, 5(F) for any
Dirichlet series F' € Dy()\), were found in many works (see, for example, [5, 6, 7, 8, 9, 10, 11,
12]). In this article, Problem 1 is completely solved, in particular, in the case when « € L is
an arbitrary function slowly varying at the point +oo and 8 € €}y is an arbitrary function
regularly varying at the point 0 with index p > 0.

For every function ® € g and each sequence A = (\,),en, from the class A, we put

— Inn
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Theorem 1. Let o € L be a function regularly varying at the point 400 with index p; > 0,
B € Qqy be a function regularly varying at the point 0 with index py > 0, p = p1 + p2 > 0,
and ®(c) = a~Y(B(0)) for all o € [a,0). Then the following statements are true:

(a) for each Dirichlet series ' € D of the form (1) we have

(b) if A € A and 7(\) > 0, then for each py € [0,400] and any ¥ € € there exists a Dirichlet
series F' € Dy(\) such that R}, 5(F) = po and M (o, F) > V(o) for all o € [0y, 0);

(c) if X\ € A and T7(\) = 0, then for each Dirichlet series F' € Dy(\) the inequality
(Ras(F)'? < (Rf, 5(F)Y? + Ag(X) holds;

(d) if \ € A and 7(\) = 0, then for each py € [0, 400] there exists a Dirichlet series F' € Dy(\)
such that RY, ; (F) = py and (Ra5,(F))Y/? = (R 5 (F)Y? + Ag(N).

B,y a,B,y

Therefore, if A € A, then under the assumptions of Theorem 1 the equality R, z(F) =
Ry, 5(F) holds for every Dirichlet series F' € Dy(A) if and only if Ag(A) = 0.

We obtain Theorem 1 from more general results proved below for modified orders of
Dirichlet series from the class Dj.

2. Auxiliary results. The following two lemmas, which we will need later, are well known
(see, for example, [2, 13]).

Lemma 1. Let ® € Q, and let F' € D§ be a Dirichlet series of the form (1). Then the
following conditions are equivalent:
(i) there exists a number oy < 0 such that In u(o, F') < ®(o) for all o € [0y,0);

(ii) there exists a number ny € Ny such that In |a,| < —®(),) for all integers n > ny.

Lemma 2. Let ® € Qq, Dy = [a,0), and p be a positive constant. Then for the function
V(o) =pP(c/p), o € [pa,0), we have ¥ € Qy and ¥(z) = pP(z) for all x € R.

Theorem A ([2]). Let A\ = (\,)nen, be a sequence from the class A with 7(\) > 0, and

G € D§(A)\Do(\) be a Dirichlet series of the form G(s) = Y o bye** with b, > 0 for
all n € Ny. Then for any function U € Qy there exists a Dirichlet series F' € Dy(A) of the
form (1) such that a,, = b, or a, = 0 for each n € Ny, and M(o, F) = F(o) > V(o) for all

o € [09,0).

3. Main results. Let & € Qq, [ € L be a function with D; = [0,400) and [(0) = 0, and
n € Yy be a function non-decreasing on D,,. By Sg (1] denote the set of those p > 0 for which
there exists g = op(p) < 0 such that

(o) <Up)®(a/l(p)), o € [o,0). (2)

Note that if 7(0—0) < +o0, then Sg[n] = (0, +00). If n(0—0) = +o00, p € Se,[n], and g > p,
then [(q) > I(p) and for all 0 < 0 sufficiently close to 0 we have n(I(¢)o)/l(q) < n(l(p)o)/l(p),
and therefore g € Sg,[n]. If S ,[n] = @, we set pg,[n] = +o00, and let pg;[n] = inf Sg,[n] in
the opposite case. It is obvious that if b € D,, then in the definition of the quantity pe (7],
the function 7 can be replaced by the restriction of  to [b,0). It is also clear that if { € Yj
is a function non-decreasing on D, and (o) < n(o) for all o € [¢,0), then pg[¢] < ps (7).
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For a Dirichlet series F' € D of the form (1), we set S3, ,(F') = Ss,[n] and pg ,(F') = pa[n],
where n(o) = Inu(o, F) for all o € [-1,0), and let
— lrfr |an|

For every Dirichlet series F' € Dy, we put S¢;(F) = Sq>7l[n] and pe(F) = pe.[n], where
n(o) =InM(o, F) for all o € [—1,0). Note that p}(F) < pe(F) for an arbitrary ® € €y and
any Dirichlet series F' € D.

Using Lemmas 1 and 2, it is easy to prove the following statement.

Proposition 1. Let ® € Q, [ € L be a function with D; = [0, 4+00) and [(0) = 0, and let
F € D} be a Dirichlet series of the form (1). Then py (F) = 17" (ke(F)).

Proof. First, we prove the inequality I(pg ;(F)) < kg(F'). This inequality is trivial in the
case when kg (F) = +00. Suppose that ke(F) < +o0, and let k > kg(F') be an arbitrary
fixed number. Note that kg(F) > 0, and therefore k& > 0. Setting p = [7'(k), from the
definition of the quantity ke (F') for some ny € Ny we obtain

In* |an| < —I(p)®(\n), n > ng. (3)
Then by Lemmas 1 and 2 for some oy < 0 we have

Inu(o, F) <1(p)®(a/l(p)), o € [00,0), (4)

that is, p € Sg,(F). Thus, pg (F) < p, and hence I(p3,(F)) < I(p) = k. Since k > kg (F) is
arbitrary, we obtain I(p3, ,(F)) < ke (F).

Now we prove the opposite inequality I~'(ke(F)) < pj,(F). This inequality is trivial
in the case when pj (F) = +00. Suppose that pg,(F) < +oo, and let p > p3,(F) be an
arbitrary fixed number. From the definition of the quantity p’;’l(F ) for some oy < 0 we
have (4). Since —®(z) — 400 as © — +00, by Lemmas 1 and 2 for some ny € Ny we
obtain (3), and therefore ko(F) < I(p), i.e. I7'(ke(F)) < p. Since p > p} ,(F) is arbitrary,
we obtain [ (ke(F)) < pg (F). O

Proposition 2. Let A = (\,)nen, be a sequence from the class A with 7(\) > 0, and let
U € Qg be an arbitrary function. Then:

(i) there exists a Dirichlet series F' € Dy(\) of the form (1) such that a,, = 1 or a,, = 0 for
every n € Ny and M (o, F') > V(o) for all o € [00,0);

(i) for each kg € [0, 400| there exists a Dirichlet series F' € Dy(\) such that ke (F) = ko and
M(o, F) > ¥(o) for all o € [09,0).

Proof. Let kg € [0, +0oc]. In the case when kg < 400 for all n € Ny we set b, = e ¥0®) and
in the case when ko = +oo for all n € Ny we put b, = e % where (8, )nen, is an arbitrary
sequence increasing to 0 such that ®(\,) = o(d,) as n — co.

Consider the Dirichlet series G(s) = > oo b,e**. It is easy to verify that o*(G) = 0,
and therefore G € Dj(\). Let’s fix some o € (—7(A),0). Then 7(\) > —o, and hence the set
E ={keNy: Ink > —o);} is infinite. For an arbitrary sufficiently large k € E we have

k

Z a, e’ > Z oAn > Z ek > M > ge_lnk = %

n=[k/2] n=[k/2] =[k/2]
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Therefore, the series G is divergent at the point s = o, and hence G € D§(A\)\Dy(\). Then,
according to Theorem A, there exists a Dirichlet series F' € Dy(A) of the form (1) such
that a,, = b, or a, = 0 for each n € Ny, and M (0, F') = F(0) > ¥(o) for all o € [0¢,0). In
addition, as it is not difficult to verify, ke (F') = ko. This proves (ii), and also (i) if kg = 0. O

From Proposition 2 we see that if 7(\) > 0, then the growth of a Dirichlet series from
the class Dy(A) can be arbitrarily fast even under the condition of boundedness its maximal
term.

Theorem 2. Let & € Qqy, | € L be a function with D; = [0,400) and [(0) = 0, and let
A = (An)nen, be a sequence from class A with 7(\) = 0. Then:

(i) for each Dirichlet series F' € Dy()\) we have l(pg(F)) < 1(pg,(F)) + As(N);

(ii) for every py € [0, +oc] there exists a Dirichlet series F' € Dy()) such that py,(F) = po
and l(pe(F)) = 1(pg,(F)) + A (X).

Proof. To prove (i), we consider a Dirichlet series F' € Dy(A) of the form (1) and note
that the inequality I(ps.(F)) < I(pg,(F)) + As(A) does not need proof if pg ,(F) = +o0
or Ag(A) = +oo. Suppose that pg,(F) < 400 and Ag(A) < +oo and fix an arbitrary
b > l(ps(F))+As(N). It is clear that then there exist constants ¢ > [(p}(F)) and A > Ag(N)
such that c+A < b. From Proposition 1, the definition of the quantity Ag(\), and the obvious
inequality (b—c)/A > 1, it follows the existence of a number ny € Ny such that for all integers

n > ng the following inequalities |a,| < e=e®(n) < e=A%0) hold and, in addition,

1 1
Z nb—o/A = 9°

n>ng

IN

Consider the auxiliary Dirichlet series

G(S) _ Z 6_050‘")65)‘".

n>ng

It is easy to verify that o*(G) = 0, that is, G € Dy(A). In addition, Lemmas 1 and 2 imply the
existence of a constant oy < 0 such that In (o, G) < ¢®(o/c) for all o € [0g,0). Therefore,
using the above inequalities, for all o € [boy/c,0) we obtain

_ ~ b/c 1
. —c®(A\n) ,0An __ —c®(Ap) (co/b)An -
M(o,G) = Z € e = Z <e ¢ > e—(b—0)®(\n)
n>ng n>ng

1 1 1
b/c b®(c/b) ~ _b®(c/b)
< (u(ca/b,G@)) g T <e E oA < 26 )

n>ng n>ng

Then, by taking ¢ = [71(b), for all & < 0 sufficiently close to 0 we have

M(0,F) < Y |an]e™ + M(0,G) < /) = el@®e/a),

n>ng

Therefore, ¢ € S¢,;(F'), and hence l(pg ;(F)) < l(q) = b. The required inequality follows from
the arbitrariness of b > I(py,;(F)) + Ag(A).

Now we prove (ii). The proof is trivial if py = +00 or Ag(A) = 0. Suppose that py < +00
and Ag(A) > 0, and set ¢ = [(pg). Let us choose arbitrary positive sequences (cx)ren,
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(0k ) ken, and (Ag)ken, such that ¢ — ¢ for k& — 00, (0k)ken, decreases to 1, and (Ag)ken,
increases to Ag(A). It is easy to justify the existence of an increasing sequence (ng)ken, of
positive integers such that for it, as well as for the sequence (my)xen,, where my, = [(ng+1)/2]
for all k£ € Ny, we have

N < My, — > Ay, = Op—= (5)

for each k£ € Ny. ~

Let n € Ny. Put a,, = e=***) if n € [my, ng] for some k € Ny, and let a,, = 0 in the
opposite case. Consider the Dirichlet series F of the form (1) with the coefficients a,, defined
in this way. It is easy to verify that ¢*(F') = 0, that is, F' € Dy(\), and ke (F') = c. According
to Proposition 1 we have pj ;(F) = [~'(c) = po. Note also that the constructed series can be

written in the form
0o ng B
=3 3 ot

k=0 n=mig

For each k € Ny, we set by = (n — my + 1)6’0’“50‘%), and consider the auxiliary Dirichlet
series H(s) = > o bre* . If 0 < 0 and k € Ny, then

ng Nk
2 e*Cch()\n)eo')\n Z 2 efck'I)()\mk)eo)\nk _ bke‘ﬂ"k,

n=myg n=mig

and therefore H € Dy. In addition, M(c, F) = F(0) > H(c) = M (o, H) for each o < 0 and,
according to (5),

n B ~
ko(H) = lim lnN—|bk’| = lim ln(nkN m + 1) + ckqjo\m’“) > Ag(A) +c.
k=0 _CI)(/\nk> k=toa _CD(/\le) q)<)\nk)

Therefore, {(pe(F)) > pu(F)) > l(pf{’l(F)) =ke(H) > l(p;l(F)) + Ag(A). It remains to
use statement (i) of this theorem. O

Let « € L, D, = [20,0), B € Qy, v € Cy be a function positive on D, and n € Y; be a
function non-decreasing on D,. The quantity

R g ] = T 21220 2(0)n(0)})

o0 Blo)

is called the modified order («a, [3,~-order) of the function 1. Note that in the definition of
the quantity R, s[n|, the constant x, can be replaced by any other number from D,,, and if
b € D,, then the function 1 can be replaced by the restriction of 7 to [b,0). It is also clear
that if ¢ € Yj is a function non-decreasing on D, and ((0) < n(o) for all o € [c,0), then
Ro54[C] < Rapy[nl-

For any Dirichlet series I € D, we set R, 5 (F) = Ra (1], where n(o) = Inpu(o, F')
for all 0 € [-1,0). If F' € Dy, we put R, p(F) = Rap~[n], where n(c) =1nM(o, F) for all
o € [—1,0); the quantity R, s~ (F) is called the modified order («, [3,7-order) of the Dirichlet
series F'. It is clear that R}, 5 (F') < R, (F) for every Dirichlet series F' € D,.

a8,y
In connection with Problem 1, it is natural to consider the following more general problem.
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Problem 2. Let a € L, 3 € €y, v € Cy be a function positive on D, and A € A. Find
a necessary and sufficient condition on the sequence A € A under which R, 3(F) = R}, 5 (F)
for each Dirichlet series F' € Dy(\).

Zﬁﬁ
Below we will obtain solutions of Problem 2 under fairly general assumptions about the
behavior of the functions a € L, 3 € €y, and v € Cy,.

Proposition 3. Let a € L, 8 € Q, and v € Cy be a function positive on D.,. If the condition

Ve > 0: lUiTrEla_l(cﬁ(a))/v(J) < 400 (6)

holds, then for any sequence A = (A,)nen, [rom the class A there exists a Dirichlet series
F € Dy(N) of the form (1) such that a, =1 or a, = 0 for each n € Ny and R, 5 (F) = +00.

Proof. In the case when 7(\) > 0, it is enough to use Proosition 2.
Let 7(A) = 0. Consider the series F(s) = > > e It is clear that F € Dy(N),
np~(F) =0 and M(o, F) 1 +oo as o T 0. Suppose that R, s, (F) < ¢ for some ¢ > 0.
Then, from the definition of the quantity R, 5,(F), we have In M (o, F) < a~*(cB(0))/7v(0)
for all o € [0y, 0), which contradicts (6). Therefore, R, . (F) = +o0. O

Theorem 3. Let o € L, § € Q, and v € Cy be a function positive on D.,. Suppose that
condition (6) is not satisfied, and a function ® € Cy is such that

Vit > 0: 1;%17(0)@(0/25) = 400 (7)

and for every t > 0 there exists a finite limit

— iy 201(0)t2(0/1))
h(t) = lim 50) : (8)

and h(t) is a continuously function increasing to +oo on (0, +o00) with h(0) = h(0 4 0) = 0.
Then ® € Q) and if t = I(p) is the inverse function of the function p = h(t), then:

(a) for every function n € Y, non-decreasing on D,,, we have R, 3~[n] = pa[1];
(b) for each Dirichlet series F' € Dj we have R’ ;_ (F) = h(ks(F));

By
(c) if X € A and 7(X) > 0, then for every py € [0,400] and any ¥ € ) there exists a
Dirichlet series I € Dy(\) such that Ry, 5 (F) = po and M(c, F') > V(o) for all o € [09,0);

(d) if X € A and T7(\) = 0, then for every Dirichlet series F' € Dy(\) the inequality
l(Rapq(F)) < URL 5. (F))+ As(A) holds;

By
(e) if X € A and 7(\) = 0, then for each py € [0, +00] there exists a Dirichlet series F' € Dy(\)
such that R} 5 (F) = po and [(Ra 5, (F)) = (R} 5., (F)) + Aa(N).

a,B,y

Proof. 1If (6) is not satisfied, then for some ¢ > 0 we have a~!(c3(0))/v(c) = 400 as o 1 0.
Let’s choose the number ¢ > 0 so that the inequality h(t) > ¢ holds. Then, according to
(8), there exists oy < 0 such that t®(a/t) > a~(cf(0))/v(0) for all o € [0y, 0). Therefore,
®(0) — +oo as 0 10, and hence ® € .

Let’s prove (a). Let n € Y be a function non-decreasing on D,. First, we show that
Rop~nl < peyln]. This inequality is trivial if pg,[n] = +o00. Suppose that pe[n] < +o0,
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and let p > pg [n] be an arbitrary fixed number. Then there exists a number oy < 0 such
that (2) holds. Therefore, using (2) and (7), we obtain

Rl < iy “CODETED) _ y157) —

and the required inequality follows from the arbitrariness of p > pg [7].

Now we prove that pe;[n] < Rap.[n]. This inequality is trivial if R, g,[n] = +oo.
Suppose that R, pg.[n] < 400, and let p > R,34[n] be an arbitrary fixed number, and
q € (Ra,~[n],p). From the definition of the quantity R, s,[n] for some o1 < 0 we have

v(o)n(o) < a™l(gh(0)), o€ lo1,0). (9)
In addition, since
1 OO _ 1)
for some o9 < 0 we obtain
qB(0) < a(y(0)l(p)2(a/l(p))), o € [02,0). (10)

Taking 09 = max{oy,02}, from (9) and (10) we see that (2) is fulfilled, i.e. p € Sg,[n].
Therefore, pg;[n] < p. Since p > R, 3+[n] is arbitrary, we have pe[n] < Ra4[1]-

Further, according to the part of the theorem that has already been proved, for each
Dirichlet series I € Dj we obtain R, 5 (F) = pg,(F), and for each Dirichlet series F' € Dy
we have R, 5+ (F) = pe,(F). Therefore, (b) follows from Proposition 1, and (c) follows from
Proposition 2. In addition, for an arbitrary sequence A € A with 7(\) = 0, according to
Theorem 2, we have (d) and (e). O

4. Corollaries. Let us give some consequences from the results proved above.

Theorem 4. Let o € L be a function slowly varying at the point 400, 3 € )y be a function
regularly varying at the point 0 with index p > 0, v € Cy be a function positive on D., such
that for each fixed t > 0 the inequalities

to t
0 < lim il )<1 M<+oo (11)
ot0 V(o) T 10 (o)
hold, and ® € Cy be a function such that ®(c) = a~*(8(c))/v(o) for all o € [0y,0). Then
® € )y and the following statements are true:

(a) for every Dirichlet series F' € Df we have

In" |a, g
« B w(F) - 1 1 ’ ’ )
o0 _CI)(An)
(b) if A € A and 7(\) > 0, then for every py € [0,+00] and any ¥ € g there exists a
Dirichlet series F' € Dy(A) such that R, 5 (F) = py and M (o, F) > V(o) for all o € [0¢,0);

By
(c) if A € A and 7(\) = 0, then for every Dirichlet series F' € Dy(\) the inequality

(Rapy(F))? < (R 5, (F)Y? + Ag(X) holds;
(d) if \ € A and 7(\) = 0, then for each py € [0, 400] there exists a Dirichlet series F' € Dy(\)
such that R}, ; (F) = po and (R~ (F))"? = (R5 5 (F)Y? 4+ Ag(N).

a,B,y
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Proof. Let D, = [a,0). From the conditions satisfied by the function v, for some constant
d > 1 and all o € [a/2,0) we have (o) < dy(20). Let M = max{vy(o): ¢ € [a,a/2]},
q = log,d and ¢ = M]al?. Then for all o € [a,0) we have (o) < c|o|7% In fact, if 0 €
[a/2™, a/2" 1] for some n € Ny, then

1(0) < d"(2"0) < 27M < Mlal’|o] ™ = clo| .

Let’s fix an arbitrary constant py € (0,p) and choose a constant r > 0 so that the
inequality rpy > ¢ holds. According to the well-known properties of regularly varying functi-
ons, there exist constants oy < 0 and xy > 0 such that f(o) > |o|~*° for all o € [0y,0)
and o~ '(z) > 2" for all x € [xg,+00). Then there exists a constant oo < 0 such that
a1 (B(o)) = (B(0))" > |o| 7" for all o € [09,0). Therefore, using the above estimate for
the 7 function, we obtain ®(o) — +o00 as o 1 0. From this, in particular, we see that ® € Q,
condition (6) is not satisfied, and (11) implies (7). In addition, using the conditions satisfied
by the functions «, 5, and =, for each fixed t > 0 we have

L aG(e/) | ab)e) o),

10 B(o) at0  fB(to) a0 B(to)
Therefore, all the conditions of Theorem 3 are satisfied with h(t) = t* for all t > 0, and (a),
(b), (c), and ( d) are consequences of the corresponding statements of Theorem 3. O

Theorem 5. Let o € L be an arbitrary function, § € )y be a function regularly varying
at the point 0 with index p > 0, v(o) = |o|™! for all 0 € [-1,0), and ® € Cy be a function
such that ®(c) = |o|la~1(B(0)) for all o € [0g,0). Then:

(i) if & ¢ Qo, then for every sequence A € A there exists a Dirichlet series F' € Dy(\) such
that R’ ;. (F) =0, but Ry 3~(F) = +00;

B,y

(ii) if ® € Qy, then statements (a), (b), (c), and (d) of Theorem 4 are true.

Proof. Noting that the condition ® ¢ ) is equivalent to condition (6), from Proposition 3
we obtain (i).

Let ® € Qp. Then, as it is easy to see, (7) holds. In addition, for every fixed t > 0 we
have

(@) B(a/t) _ . allo] MtB(o/t) _ . allo|e(0) . Blo) _,

lim

A0 Blo) e Blo) o0 Blto) o0 flto)

Therefore, all the conditions of Theorem 3 are satisfied with h(t) = ¢” for all ¢ > 0. This
implies (ii). O

Theorem 6. Let o € L be an arbitrary function such that

Yg>1: lim o '(qy)/a " (y) > 1, (12)

Yy——+00

B € Qo be a function regularly varying at the point 0 with index p > 0, v € Cy be a
function regularly varying at the point 0 with index 1, and ® € C, be a function such that
d(o) = a'(B(0))/v(o) for all ¢ € [0¢,0). Then statements (i) and (ii) of Theorem 5 are
true.
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Proof. By the assumptions of the theorem, the condition ® ¢ Qq is equivalent to condition
(6), and therefore from Proposition 3 we obtain statement (i) of Theorem 5.

Let ® € €. Then, as it is easy to see, (7) holds. Next, we note that condition (12) is
satisfied if and only if for any function 6 € Cy such that §(x) — 1 as  — +o00, we have
a(zd(z)) ~ a(r) as © — +oo. Using this fact, for every fixed ¢ > 0 we have

a(y(o)t®(a/t)) . a(y(to)t®(o)) . a(v(0)®(0))

lim = lim =lim ———~2 ~ %2 = ¢~

o0 6(0‘) o0 /B(tO') o0 t_pﬁ(O')

Therefore, all the conditions of Theorem 3 are satisfied with h(t) = t* for all ¢ > 0. This
implies statement (ii) of Theorem 5. O

Theorem 7. Let o € L be a function regularly varying at the point +o0o with index p; > 0,
B € Qo be a function regularly varying at the point 0 with index ps > 0, v € Cy be a function
regularly varying at the point 0 with index ps € R, p = p1 + pa — p1p3, and & € Cy be a
function such that ®(c) = a~'(B(c))/v(o) for all o € [0¢,0). Then:

(i) if py — p1p3 < 0 or simultaneously the conditions ps — p1ps = 0 and ® ¢ Q) are satisfied,
then for any sequence A € A there exists a Dirichlet series I € Dy()) such that R, 5 (F) =0
and Ry g (F) = 400;

(ii) if simultaneously the conditions p, — p1p3s = 0 and ® € )y are satisfied or py — p1ps > 0,
then statements (a), (b), (c), and (d) of Theorem 4 are true.

Proof. For every fixed t > 0 we have

(I)(tO') — Oé_1<6(t0')) ~ a_l(t_mﬁ(U)) ~ t—pz/m (I)(O') — t*(ﬂQ*PlPS)/ﬂl@(U)’ o T O,

7(to) t=rs7(0) t=ps

i.e. ® is a function regularly varying at the point 0 with index (ps — p1p3)/p1. We note that
in the case when py — p1p3 < 0 we have ® ¢ Q, in the case when py — p1p3 > 0 we have
® € Qp, and in the case when py — p1p3 = 0 both the situations & ¢ Qp or & € Qg are
possible.

Therefore, all the conditions of (i) reduce to the condition ® ¢ g, and all the conditions
of (ii) reduce to the condition ® € ).

Noting that the condition ® ¢ € is equivalent to condition (6), from Proposition 3 we
obtain statement (i).

Let ® € Q. Then, as it is easy to see, p > 0 and (7) holds. In addition, for every fixed
t > 0 we have

L aG((e/) | Pl (0)R(0) P Pa((0) (o)

10 B(o) 10 B(to) 10 t=r2B(0)

=t

Therefore, all the conditions of Theorem 3 are satisfied with h(t) = ¢” for all ¢ > 0. This
implies statement (ii). O

Finally, note that Theorem 1 is a consequence of Theorems 4 and 7 in the case when
v(o) =1 for all o € [-1,0).
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