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In this paper, we study a connection between the operator Riccati equation
S'(z) = KS(z) + S(x)K — 2S(x)KS(z), =€ R,
and the set of reflectionless Schrédinger operators with operator-valued potentials. Here K €
B(H), K > 0and S:R — B(H), where B(H) is the Banach algebra of all linear continuous
operators acting in a separable Hilbert space H. Let .7 (K) be the set of all solutions S of
the Riccati equation satisfying the conditions 0 < S(0) < I and S’'(0) > 0, with I being the
identity operator in H. We show that every solution S € .7 (K) generates a reflectionless
Schrédinger operator with some potential ¢ that is an analytic function in the strip

Iy = {z:x+iy|x,y€R, ly| < ﬁ},
moreover,
lq(z +iy)|| < 2| K[ cos 2 (y|| K]), (2 +iy) € Nk.

1. Introduction. In this paper, we show that there is a deep connection between a spe-
cial operator Riccati equation and reflectionless Schrodinger operators with operator-valued
potentials. This connection has many interesting aspects; here, we present the basic results
and will discuss further subtle issues elsewhere.

Let us start with notations and basic terminology. Let H be a separable Hilbert space, and
B(H) be the Banach algebra of all everywhere-defined linear continuous operators A: H —
H. Let Biw(H) be the group of all invertible operators in B(H), and B, (H) be the cone
of nonnegative operators A € B(H). The domain, range, kernel, and the spectrum of a
linear operator will be denoted by dom(+), ran(-), ker(+), and o(-), respectively. For arbitrary
operators A, B € B(H), we write A < B if A < B and ker(B — A) = {0}.

1.1. A special operator Riccati equation. We consider the Riccati equation
S'(z) = KS(z) + S(x)K —2S(x)KS(z), x€R, (1)

where K € B, (H), K >0 and S: R — B(H). Denote by .(K) the set of all solutions S of
the equation (1) such that 0 < S(0) < I, with I being the identity operator in H.
Every function S € .(K) is given by an explicit formula, namely

S(x) = ™ (S7H0) — I + > F) Kz e R (2)
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It follows from (2) that for all function S € .%(K)
0<Sx)<I, zeR
The equation (1) is nonlinear, but it can be reduced to a linear equation under certain
conditions. Indeed, let S € . (K) and S(0) € Bin(H). Then (see (2)) S(x) € B (H) for
all x € R, and the function Y (z) := S~!(x) — I is a solution of the Lyapunov equation
Y(z) = -KY(z) = Y(2)K, z€R.

The functions S € .’(K) have an analytic continuation to a strip that depends only on the
norm of the operator K.

Let S € (K). Denote by Q(S) the set of all z € C, for which the operator
S71(0) — I + €K has an inverse operator in B(H).

Proposition 1. Let S € .(K). Then
(1) the set Q(S) is open and symmetric with respect to the real axis, and the formula

S(z) = e K(S7H0) — I + )L 2 € Q(9), (3)

is an analytic continuation of the function S
(2) the set Q(S) contains the strip
Iy = {z =z+4iy|z,yeR, |yl < SR

b

IS()]| < [eos (yIK)] ™, 2z €Tk, y=Imz

moreover,

Let C} be the linear space of all bounded continuous functions f: R — B(H) equipped
with the locally convex topology generated by seminorms

pri(f) = sup[lf(z)All, £ € Ci,

where h € H and the set E is compact in R. If dim H < oo, the topology in Cj, is a topology
of uniform convergence on compact subsets of R.

The set (K) is considered as a topological subspace in Cy, i.e., it is equipped with the
topology induced by Cj. We will show that every solution S € .(K) is naturally related
with some Schodinger operator; moreover, the functions S from the subset

LK) ={5 € L(K) | 5(0) = 0} (4)

correspond to reflectionless Schrodinger operators.
We observe that the shift by a € R of the function S,

Siay(x) == S(x +a), zeR, (5)

and the “mirror” reflection,
S°(z) :=1—-8(—x), zé€R,
are continuous automorphisms both of the set .’(K') and its subset . *(K).
It turns out that every function S € .*(K) has a nonnegative derivative (S'(z) > 0 for
all x € R), and therefore is nondecreasing on R, i.e., S(z1) < S(z3), 71 < 9.

1.2. Reflectionless potentials of Schrodinger operators. The authors are unaware
of previous work on reflectionless Schrodinger operators with operator-valued potentials.
However, there are many papers on reflectionless Schrodinger operators in the scalar case.
In the context of current research, the work of Marchenko [1] plays a pivotal role, and [1]-[6]
mark further important progress in the field.
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Let ‘H := Lo(R, H) be the Hilbert space of square integrable functions f : R — H with
the inner product

(f | ghn = / (f(2) | 9())dz, f.geH,

where (- | -) is the inner product in H, which is linear in the first argument.

We associate every potential ¢ € Cj, with the Schrodinger operator 7j,: H — H that is
defined by the formula

T,f = —f" +qf (6)
on the domain dom T, := WZ(R, H), where WZ(R, H) is the Sobolev space. If the potential
q belongs to the set
Crs ={qeCy|VzeR ¢ (x)=q(x)},

the operator T} is self-adjoint. Here ¢*(z) = (¢(x))*.

Let ¢ € (b s and 2z € C. Let us consider the equation

-y +qy = zy. (7)

As shown in [7], for every z € C\ R there exist the Weyl-Titchmarsh B(H )-valued right
fi(z,-) and left f_(z,-) normalized solutions of the equation (7), i.e., the solutions that
satisfy the condition

f+<Z,0) = f_(Z,O) =1,
and for every h € H

15l e < oo
Ry

The functions

m(z) := fi(2,0), ze€C\R,

are called the Weyl-Titchmarsh m-functions of the equation (7) on the half-lines Ry.
Let ¢ € Cy s and my be the Weyl-Titchmarsh m-functions of the equation (7). A potential
q (an operator T) is called reflectionless if the function
3) e m4(A?), ImA >0, Re) #0;
9N m_(A2), TmA <0, ReA 0
has an analytic continuation to the domain C \ iR.
Denote by Q the set of all reflectionless potentials ¢ € Cj, ; and equip Q with the topology
induced by C.
In the scalar case, these definitions are equivalent to the definitions given in the works [1]
and [2].

1.3. The formulation of the main result. The main aim of this paper is to construct
a natural mapping

STK)>S—T(S)eQ
from the solutions S € . (K) of the Riccati equation to reflectionless Schrédinger operators.
Namely, starting from S € . (K), we construct the following analytic functions on (.5):

L(2) == B(I = S(2)) + e KS5(2), W(2):= (5(0)2L(2),
q(z) == =4V (2) KU*(z) =: T(9), (8)

with U*(2) := (¥(2))*.
The main result of this paper is the following theorem.
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Theorem 1. Let S € /7 (K) and g = Y(S). Then
(1) the operator T, is reflectionless, i.e., ¢ € Q;
(2) the function q is analytic in I1x and

2
Iz < — 215

————, zellg, y=Imz.
cos?(y|| K1|)

The structure of the paper is as follows. In Section 2, we investigate the function S €
S *(K) and discuss its main properties. In Section 3, we establish some properties of the
functions ¥ and ¢, and prove part (2) of Theorem 1. Finally, in Section 4, we complete the
proof of the main result of the paper. Some auxiliary results that are used in Sections 2 and
3 are collected in Appendix.

2. The main properties of the function S. We start this section by establishing properti-
es of the function S.

Proof of Proposition 1. The fact that the function S(z) is an analytic continuation of (2)
whenever the operator in the parenthesis is invertible (i.e., whenever z € €(S)) is strai-
ghtforward, as is the fact that the set (S) is open and symmetric with respect to the real
line.

We will next justify the second part. Let S € ./ (K) and 0 < y < sy~ Let us consider
the operators

[:=5%0)—1, W:=T 4k,

Since the operator I' is self-adjoint and positive, yK € B, (H) and ||[yK| < 7/2, then in
view of Lemma 8, the operator W = S71(0) — I + €**¥X has an inverse operator W1 in
the algebra B(H) and ||[W Y| < [cos (y||K||)]~*. This implies (see definition of ©(S)) that
iy € Q(S) and ||S(iy)|| < [cos (y||K])]"". Note that for an arbitrary € R the shift S,
belongs to .#(K), and hence ||S(z +iy)|| = || S (iy)|| < [cos (y||K]|)]~". Since the set Q(S)
is symmetrical about the real axis and S(z) = (S(z))*, we obtain the second part of the
proposition. 0

A function S € #*(K) is called regular if the operators S(0) and I — S(0) belong to
Biw (H). Denote by .7 (K) the set of all regular functions S € .7 (K).

reg

Lemma 1. Let S € 1 (K), B :=5(0) and ¢ € (0,1/2). Put by definition
S.(x) =" T(BIt — [+ F) e 1 e R, 9)

where B, := el + (1 — 2¢)B. Then S. € .}

reg

(K) for alle € (0,1/2).

Proof. 1t is obvious that the function S. is a solution of the equation (1), moreover,
S.(0)=B., S.(0)=KB.+ B.K —2B.KB:..
Since 0 < B < I, we get that el < B, < (1 —¢)I. Thus the operators S.(0) and I — S.(0)
belong to By, (H). Using straightforward calculations, we obtain
KB. + B.K —2B.KB. = (1 —2¢)*(KB + BK —2BKB) +2(¢ — e)K > 0.
Here we took into account that KB + BK — 2BKB = 5’(0) > 0. Therefore, S.(0) > 0,
which also means that S, € .7f, (K) for all € € (0,1/2). O

reg
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Proposition 2. Let S € .*(K) and S. be defined by the formula (9). Then
15(z) = S:(2)[ = o(1), & = +0,

uniformly on compact sets in Ilf.

Proof. Let us put Sy := S. Obviously, it suffices to prove the existence of a continuous
function C': II; — R, for which

1S0(2) = Se(2)|| < C(2)e, ze€llg, e€]0,1/2). (10)
Fix an arbitrary z € I and let ¢ := [cos (y|| K||)] ™ + €2I#Kll 4 = Im 2. Let us consider the
operators N.(z) := (BZ! — I + e**K)71 ¢ € [0,1/2). By definitions S.(z) = e*X N_(z)e*E,
N.(z) = e *KS_(2)e *X. Thus
150(2) = Se(2)I| < ¢l No(2) = Ne(2)]- (11)
According to Proposition 1, ||S.(z)|| < ¢, and hence
IN(2)I| < ellSe(2)]| < ¢, e €[0,1/2). (12)
It follows from the definitions of the operators N, that
N.(2)BZ' =T+ N.(2)(I —e**%), B 'Ny(z) = I+ (I — e**)Ny(2).
Therefore, taking into account (12), we obtain the estimates
IN.BIY < 1+ V() <26, 1B No(2)]| < 1+ el No()| <265 (13)
It is easy to check that
No(z) = N(2) = No(2)(B-' — B Y)No(2), B:'—B'=eB'(2B-1)B™".

Thus Ny(z) — N.(2) = eN.(2)B-'(2B — I)B"!'Ny(z). Using the estimates (13) and the
inequality [|2B — I|| < 1, we get

INo(2) = Ne(2)l| = el[Ne(2) B | - [2B = 1| - [ B~ No(2)|] < 4c”.
Taking into account (11), we have
1S0(2) = Se(2)| < el No(2) — Ne(2)]| < 4c”.
Therefore, the inequality (10) holds if the function C' is defined by the formula

C(2) := 4([cos (y[| K]~ + =T,

Lemma 2. Let S € .(K). Then for all z € R

S(0)L(z) = e~7KS(x). (14)
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Proof. Let S € .7(K) and (see (2)) X(z) := e "% S(x) = (S7H0) — [ 4 *F) 1™z € R.
Then S(0)(S71(0) — I + e**)X(z) = S(0)e®®, and hence

S(O) (e = )X (z) = $(0)e™ — X(a).
Using this equality, we obtain S(0)L(z) = S(0)[e*™ — (e*® — e™*F)S(x)] = S(0)e™™ —
—S(0)(e*X — NX(2) = X(z) = e 5(). O
Lemma 3. Let S € . *(K). Then for an arbitrary e > 0

1(S"(0)2(K +eI)7H(S"(0)) V2] < 1/2.

Proof. Let e >0 and A = v/2(K +¢eI)~/2. In view of (1), we have
S'(0) = S(0)K + KS(0) —25(0)K S(0). (15)

Multiplying (15) on the right and left by the operator A, we get
AS'(0)A = AS(0)KA+ AKS(0)A — 2AS(0)KS(0)A =
=1— (I -AS(0)KA)(I — AKS(0)A) — AS(0)(2K — K*A*)S(0)A.

Since 2K — K2A? = 2K|[[ — K(K + 1)\ > 0, (I — AS(0)KA)(I — AKS(0)A) > 0, we
deduce that AS’'(0)A < I. This means that 2(S"(0))"/2(K +eI)~'(5(0))/2 < I,e>0. O

Lemma 4. Let S € /1 (K). Then S'(z) > 0 for all x € R, moreover,
S'(x) = L*(x)S'(0)L(z) = U*(2)¥(z), z€R. (16)
Proof. Multiplying the equality (15) on the left by L*(z) and on the right by L(x), we get
(see (14))
L*(z)S"(0)L(z) = L* () KS(0)L(z) + L*(x)S(0)K L(x) — 2L*(x)S(0) KS(0) L(z) =

= L*(z)Ke ™ S(x) + S(x)e " K L(z) — 25 (x)e” * X K S(z).
In view of (8), we have e *K L(z) = I —S(z)+e 2*KS(x), L*(z)e K = I —S(x)+S(x)e 2K,
Thus the equalities

L*(x)Ke ¥ S(2) = KS(z) — S(z)KS(z) + S(x)e **FKS(x),
S(x)e ™ KL(z) = S(z)K — S(x)KS(x) + S(z)e > X KS(x)
);

hold. Therefore, taking into account (1), we obtain
S(

L*(x)S'(0)L(x) = S(x) K + KS(z) = 25(z) KS(x) = 5'().
Since S’(0) > 0, we have S’(x) = L*(x)S'(0)L(z) > 0, = € R. In view of the definitions
(see (8)), W (2)¥(x) = L*(2)5"(0)L(z) = 5'(x). O

3. The main properties of the functions ¥ and ¢. Let S € " (K) and S. (¢ € (0,1/2))
be defined by the formula (9). Let us agree to denote by V. and ¢. the functions ¥ and ¢,
respectively, which are associated with the function S..

Proposition 2 implies the following corollary.

Corollary 1. Let S € *(K). Then
[W(2) = Ve(2)]| = o(1), llg(2) = ¢e(2)I] = o(1), & = +0,

uniformly on compact sets in I1y.
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Let S € .7, (K). Then the operators I' and R := (5(0))Y/257%(0) belong to B(H),
moreover, ' > 0. It follows from (2) that

S(z) = (I + e Te )71 2 e k. (17)
By the formulas (14), we have that L(z) = S7'(0)e **$(z), and hence (see (8)),
U(z) = Re 5 8(2), =ze€llg. (18)
Multiplying the equality (15) on the right and left by the operator S~1(0), we get
KT +TK = R*R. (19)

Lemma 5. Let S € /7 (K) and £ € R. Denote by Ve, qqey, Rygy, I'(ey the functions and
the operators, which are associated with the function Sg¢y. Then

e (I =[P+l lag )l = llalz+l, 2 € k.

Proof. In view of Corollary 1, we can assume that S € . (K). Taking into account (17),

reg
we have ['r¢y = Sé}(()) — I = e Te % Thus (see (19))

RigyRiey = KTy + T K = e " (KT + TK)e % = e " R*Re™*",
Using the polar decomposition, it can be easily shown that Ry, = W Re™¢% | where the

operator W is a partial isometry of the subspaces ran R and ran Ry . Taking into account
(18), we obtain

Vi (2) = Rige " Sig(2) = WRe "9 S(2 4+ &) = WU (2 +¢), 2 € k.
thus (see (8)) qe(2) = =4V (2) KV (Z) = Wz + )W, 2 € llk. It follows from the
above that [ W6y (=) = 2= + &), lage (o) = laC= + )], = € . 0

Proposition 3. Let S € . *(K). Then for the functions ¥ and q the inequalities

|| K2

|| 2| K|
~ 2cos(yll K1)

I7() oK)

la(z)] < y=TImz, (20)

hold in the strip Ilg.

Proof. In view of Corollary 1, we can assume that S € Zf (K). Lemma 5 implies that it is
sufficient to prove the estimates (20) for z € Iy that lie on the imaginary axis. Denote by
U° and ¢° the functions, which are associated with the function S°. Since S° € .7 (K) and
U°(2) = U(—2) and ¢°(2) = q(—=2), it is sufficient to prove the estimates for z € iR .
Let y € R,y and ||[yK|| < 7/2. Then (see (3), (18) and (8))
U(iy) = R(e™ +T)7 1™, qliy) = 40 (iy) KU (~iy).

Therefore, it is sufficient to prove the estlmates

|| K2

: K|
/] K1/2 < H
< 5all s i)

~ V2cos(y||K|)
Put K := yK, R := \/yR, F := R(e*X +T)~". Since K[+TK = R*R, then KT+TK = R*R.
It is easy to check that the inequalities

1 (iy) 1> < [0 (iy) U (iy) | = y I FF*|, |V (iy) KV < (|0 (iy) KV (iy) || = y || FKF|

1 (iy) (21)
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hold, and for the operators K , ﬁ,ﬁ and I' := T the conditions of Lemma 9 are satisfied.
Thus (see Lemma 9)

o 2| K 2011 i s K112 2\ K|I12
P FIRL _ wKI e  IRE_ IKE
dcos?(||K|))  4cos*([lyK])) 2cos?(||K|))  2cos*([lyK]|)
Taking into account these estimates, we get (21). O

Lemma 6. Let S € ¥ (K), and ¥ and q be defined by the formula (8). Then
—U"(x) + q(2)V(z) = —V(z)K? xR (22)

Proof. Let X(x) := e *%S(z), z € R. Taking into account (1), we obtain that
X'(z) = e K S(z)(K —2KS(x)) = X(z)(K — 2K S(x)),
and hence X" (z) = X(z)[(K — 2KS(z))? — 2K S'(z)]. Using (1), we get that
(K —2KS(z))? = K* = 2K[KS(z) + S(z)K — 25(z)KS(x)] = K* — 2K S'(z).

Thus

X"(z) = X(2)K? — 4X (z) K S' (). (23)
In view of (14), we have X (x) = e *¥S(x) = S(0)L(x). And hence the equality (23) can
be rewritten as S(0)[L"(z) — L(z)K? + 4L(z) K S’ (x)] = 0. Since the operator S(0) has the
trivial kernel, we conclude that

L"(z) — L(2)K* + 4L(z) KS'(z) = 0. (24)

Multiplying the equality (24) on the left by the operator (S'(0))'/2, we get
U (z) + 49 (2)KS' (x) — U(z)K? = 0.
Therefore, taking into account (8) and (16), we have that
—U"(z2) 4+ q(2)V(z) + U(2)K* = V" (z) — 4V (2) KU* (2)¥(z) + U (2)K* =
= —U'(x) — 4V (2)KS' (z) + ¥(2)K* = 0.
[

Lemma 7. Let S € /*(K), and L be defined by the formula (8). Then the function L
satisfies the equality

L'(z)sh(zK) + L(z)K ch(zK) = L(z)KL*(x), x€R. (25)

Proof. Let us introduce the notations A := sh(zK), B := ch(zK). Then A+ B = 5. It
follows from the definitions that L = A+ B —2AS, L' = K(A+ B) —2KBS —2AS’. Using
the equality (1), we have L' = K(A+ B) —2KBS —2A[KS + SK — 25K S]. Thus

L'A+ LKB=K(A+ B)A—2KBSA—
—2A[KS + SK —2SKS]A+ (A+ B)KB —2ASKB =
= K(A+ B)*—2(A+ B)KSA —2ASK(A + B) + 4ASKSA. (26)

On the other hand,

LKL* = (A+ B —2AS)K(A+ B —2SA) =
= K(A+ B)? - 2ASK(A+ B) —2(A+ B)KSA +4ASKSA. (27)

Since the right-hand sides of (26) and (27) are equal, we get L'A+ LKB = LK L*. O
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Lemma 7 implies the following corollary.

Corollary 2. The equality
—4[V'(z) sh(zK) + V(x)K ch(zK)|V*(0) = =4V (2) K¥*(z) = q(x), = €R, (28)
holds.

Proof. Let us multiply the equality (25) on the left by the operator ¥(0) and on the right
by ¥*(0). Since ¥(0) = (5’(0))"/2, we get
[W'(z) sh(zK) 4+ ¥(z) K ch(zK)|¥*(0) = U(z) KU*(z) = —1q(z).

]

4. Proof of Theorem 1. Note that part (2) of Theorem 1 was proved in Proposition 3. It
remains to prove part (1). The proof is divided into three steps.
1°. Let S € /F(K) and ¢ = Y(S5) (see (8)). We consider the function

h(\, z) := e[ — U(x)D(A, 2)¥*(0)], zeR, e O(K),
where D(\,z) := Kye K + K e K, = (K — i\, O(K) :={\ € C| +i)\ ¢ o(K)}.
Let us show that

—h"(\, x) — q(zx)h(\, 2) = N2h(\,2), z€R, )€ O(K). (29)
Note that
D' +iAD = 2sh(zK), D"=K?D=DK? (D' +i\D) = 2K ch(zK).  (30)

Using straightforward calculations, we obtain that

e MR — qh + M\?h] = —2I\[WDU*(0)] — [¥DY*(0)]" — g + ¢V DV*(0) =

= =2\’ DU*(0) — 2N D'U*(0) — (" — q¥)DY*(0) — 2¥'D"T*(0) — D" ¥*(0) — q.

Thus, taking into account (30) and (see (22)) ¥” — q¥ = WK? we get that

e[ — qh + N2h] = —20/ (D' + iAD)T*(0) — 20(D’ + iAD)T*(0) — q.
Using the equalities (30) again, we have

e~ AR — qgh + N?h] = =4[V’ sh(zK) + VK ch(xK)]¥*(0) — ¢.
Thus, in view of (28), we get that e=**[h” — gh + A2h] = 0. Therefore, the equality (29) is
proved.
2°. Taking into account that D(\,0) = 2K (K? + A\?I)~!, we consider the function

M(A) :=h(\,0) =1 —20(0)K(K?+ XI)7'0*(0), e O(K).
The function M ()) is analytic in O(K). Denote by O(K) the set of all A € O(K), for which
the operator M (\) is invertible in the algebra B(H). It is obvious that the set O(K) is open
in C.
Let us show that the set C\ O(K) is a compact subset of the imaginary axis. Since
[M(A) = I]l = O(A7%), A — oo,

the set C\ O(K) is compact in C. It suffices to prove that
C\ O(K) c iR. (31)

Let us assume the contrary. Then there exists A € C \ iR such that M(A) is not invertible.

Since (M (X))* = M(A), one of the operators M (), M (A) is unbounded below. Without loss
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of generality, we may assume that M ()) is unbounded below. Then there exists a sequence
(hn)nen in H such that
(VneN):  Jhy)l=1 and lim (M(A)h, | h,) =0.
n—roo

Let E be a resolution of the identity for the operator K. Let us consider nonnegative Borel
measures f,, n € N, on R, which are defined by the formula

2
na(t) = 2(AE@WO) By | DO R,). 1€ R
Since ¥(0) = (S'(0))'/2, it follows from Lemm 3 that for an arbitrary € > 0
tdp, (t
[0 — a0 200+ 1) S0 [ ) < =1
Ry

t+¢€
Thus fR+ du,(t) <1, mn € N. Since the measures p,, is concentrated on the interval (0, || K|],

by Helly’s theorem, from the sequence (i, )nen One can choose a subsequence (fi,, )ren, which
converges weakly to some nonnegative Borel measure p that is concentrated on the interval

(0, ]| K||]] and (R, ) < 1. The definitions imply that
(M()\)h|h)_1_/t2d“—”(t)

Thus

1—/ Edu®) _ (1 —/ M) = lim (M(A\)hn, | hn,) = 0.

n t2 —+ A2 k—o00 12 + A2 k00
As a result, the point z = A2 is the zero of the function
2 du(t
g(z):zl—/ 2/1()’ z € Cy.
R, t“ 4+ z
On the other hand, g is a Herglotz function, and hence it does not vanish outside the real
axis. Therefore, \> € R. Since A € C \ /R, then \* € R,. Thus

t2dp(t)

N)=1- >1—p(Ry) >0

o0 =1 [ G 1 nE 20

meaning that g(A?) # 0, which is a contradiction. Therefore, the inclusion (31) is proved.
3°. Put by definition,

FOL2) = B\ 2)M7EA) = €2 [1 — T(z) DO, 2)T* (0)]M(N), Ae O(K).  (32)

Let fi(z,-) be the normalized right and left Weyl-Titchmarsh solutions of the equation
—y" +qy = zy, z € C\ R. Let us show that

f()\’) _ {f+()‘zv)> )‘GC+\ZR7 (33)
f=(A,), AeC_\iR.

Let A :={A e C|ImA > 2||K||}. The formula (32) implies that

IF @)l < e 2@ 4 W (@) DY, )T (0) M (V)I), >0, AeA.
It is obvious that the function A — M~'()\) is bounded in A. According to the second
estimate in (20), we have |[|[U(x)| - [|¥*(0)| < 4| K||, z € R.

It is easy to see that ||K.y|| < ||K||7%, A € A. Thus
DO, 2)| < 2| K| tel=Xl 2z e R, XeA.

It follows from the above that there exists a constant C' > 0 such that || f(\, z)|| < Ce @Il
x € Ry, A € A, and hence fR+ IfO\2)||?de < oo, ie., f(N,-) is the Weyl-Titchmarsh
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solution of the equation —y” + qy = A?y. Uniqueness of the Weyl-Titchmarsh solutions
implies that f(\,z) = f,(\?, z), z € R, A € A. Since at fixed z the right and left parts of
the equality are analytic in C, \ iR, then

f(A"):f+()‘2")7 /\EC—F\iR'
Similarly, we prove that
fOL)=F(A%9), AeC_\iR.
Put by definition g(\) := f'(},0).
Obviously the function g is analytic in O(K). The formula (33) implies that

my(A2), A€ C,\iR;
g()\) _ +( 2) + \ ‘
m_(A%), AeC_\ iR,
and shows that the potential ¢ is reflectionless. Theorem 1 is proved.

5. Appendix. Some auxiliary results. In Appendix, we will give auxiliary lemmas
(see [8]).

Lemma 8. Let I' be a self-adjoint and positive operator in a Hilbert space H, K € B, (H)
and ||K|| < m/2. Then (e** +T)~! € B(H), moreover, ||(e** +T')7!|| < [cos (| K))] "

Proof. Let 6 :=7n/2—||K||, W = e® (2 +T'). Since 61 < 2K+61 < (2||K||+0)I = (7—03)I,
we have that ImW = sin (2K +d1) + (sind)l' > (sind)I, Im(—W*) = sin (2K +dI) +
(sind)I" > (sind)I. Hence the operators W and W* are bounded below, moreover,
Wl = (sind)|[ f]l, | € H.
From the above, we conclude that the operator W is invertible and ||[W || < 1/(siné).
As a result, ||(e* +T)7| = ||W | < (sind)™! = [cos (|| K]])] . O

Lemma 9. Let K,I' € B, (H) and KI'+ 'K = R*R, where R € B(H). If ||K|| < 7/2, then
for the operator F' = R(e*£ 4+ T')~! the inequalities

K 2

< L
= 2o (| K))

I'= e (I (34)

hold.

Proof. Let A > 0 and Ky := (K —i\)™!, B := FK,R*. Tt follows from the conditions of
Lemma that
(K —id) (e +T) + (e  + ) (K +i\) = R*R+ 2Kh(K), (35)

where h(t) := cos2t + Asin2t/t, t > 0. Multiplying the equality (35) on the left by the
operator F' K and on the right by (K,)*F*, we have B* + B = BB* + 2F K g(K)F*, where
g(t) == h(t)(#* + A*)~!, t > 0. Hence

OFKg(K)F* =1 — (I — B)(I - B)" < I. (36)

Put 5 := ||K]||, v := COZB, c(A) == (cos 2/ + /\%)/(52 + A?).

Since the functions sint/t and cost decrease on the interval [0, 7], the function h and ¢
decrease on the interval [0, 7/2]. Therefore, g(t) > ¢()) for all ¢ € [0, f]. Thus, taking into
account (36), we get that 2c(\)FKF* <2FKg(K)F* <.

Since at \g = ftg S, c¢(\o) = W = ~2, we obtain 272FKF* < I. This inequality

implies the first estimate in (34).
Let us prove the second inequality in (34). We consider the function
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2t%
o(t) = g(t)t + TESYE t€0,7/2].
It follows from the definitions of the functions i and g that for all ¢ € [0, 7/2]
t sin 2¢ 9 t 9
ot) = gz ((cos2t AT 4207) 2 g (cos2 4 26%).

Note that the function cos2t + 2t? is monotonically increasing and 1 < cos 2t + 2t* <

/2 — 1, tgi% <1, t €[0,7/2]. Thus x5 < @(t) < g(t)t +2t, t € [0,7/2]. Therefore,
FK(K?*+ )I)"'F* < FKg(K)F* + 2F K F*. Using this inequality and the estimates (36)
and 292 FKF* < I, we get FK(K? + MI)7'F* < (3 ++72)1.

Since | K||7!K < I, then
1
LK || "L PR (K2 + X217 R < FE(K? + A1) F* < (5 + 7—2)1,

and hence FK?(K?*+ X 1)1 F* < B(3+ —5°_). By passing to the limit as A — +0, we obtain

cos? 3
FF*Sﬁcos,?ﬁ—l—ZBQ :ﬁC0825+4B2+1 < 23 .
2 cos? 3 4 cos? 3 4 cos? 3
Therefore, the second inequality in (34) is proved. O
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