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Using the method of characteristics and the Banach fixed point theorem (for the Bielecki
metric), in the paper it is established the existence and uniqueness of a global (continuous)
solution of the mixed problem in the rectangle IT = {(z,t): 0 < 2z <l <00, 0 <t < T < oo}
for the first order hyperbolic system of semi-linear equations of the form

ou ou ov ow
as +A($,t)% = f(x,t,u,v,w), aix = g(.ﬂU,t,U,’U,UJ), E = h(:c,t,u,v,w),

for a singular with orthogonal (degenerate) and non-orthogonal to the coordinate axes characte-
ristics and with nonlinear boundary conditions, where A(x,t) = diag(A\1(z,t),..., \e(2,1)),
u = (U1, .. ug)y, © = (V1,...,0m), W = (Wi,...,wn), [ = (fryer s fr)s 9 = (915, 9m)s
h = (h1,...,hy) and besides sign A;(0,¢) = const # 0, sign A;(l,t) = const # 0 for all ¢t € [0, T
and for all ¢ € {1,...,k}. The presence of non-orthogonal and degenerate characteristics of the
hyperbolic system for physical reasons indicates that part of the oscillatory disturbances in the
medium propagates with a finite speed, and part with an unlimited one. Such a singularity
(degeneracy of characteristics) of the hyperbolic system allows mathematical interpretation
of many physical processes, or act as auxiliary equations in the analysis of multidimensional
problems.

1. Introduction. The hyperbolic equations and systems are typically used to model proce-
sses having a finite speed of perturbation propagation. From a mathematical point of view,
this means that the characteristics of the corresponding equations of the system are not
orthogonal to the coordinate axes [1].

However, in many problems of solid-state physics, in intermediate equations, in the
analysis of multidimensional problems, mathematical models in the form of hyperbolic
equations are found, part of the family of characteristics of which is perpendicular, for
example, to the time axis [1]. The presence of such characteristics indicates that the speed
of oscillation propagation in one-dimensional continuous media is infinite |1, see the review
of references].

It should be noted that the presence of characteristics orthogonal and non-orthogonal to
the coordinate axes in mathematical models of applied processes is also closely related to
the boundary layer effect |2, p. 353].
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In addition, many mathematical models, for example, biopopulation theory [3], epidemic
theories [4], medicine [5, 6], solid state physics |7], in the hyperbolic case have equations with
the characteristics orthogonal to the coordinate axes.

The study of global solutions of nonlinear one-dimensional hyperbolic equations poses
certain difficulties, because even in the case of smooth initial and boundary data the solution
of the problem may lose the required smoothness (continuity) over time [8].

In this paper, we consider a semi-linear hyperbolic system of the first order with orthogo-
nal (degenerate) and non-orthogonal characteristics. The conditions of existence and uni-
queness of the global generalized (continuous) solution of the mixed problem for this system
are established. Our approach is borrowed from [1, 9, 10] and uses the Banach fixed point
theorem for the Bielecki metric [11].

2. Statement of a problem. In the rectangle Il = {(z,#): 0 <z <l < o0, 0 <t <T <
oo}, we consider the hyperbolic system of semi-linear equations of the first order

. ou

%t + A<x’t)(9_x = f(z,t,u,v,w),

g_.;) :g(x,t,u,U,UJ), (1)
%—1;’ = h(x,t,u,v,w),

where u = (uy, ..., ug), v = (V1, .., V), W = (W1, ...,wy), f = (f1, s fx)s 9 = (91, -, Gm)5
h = (hi,....hy), Az, t) = diag(Mi(z,t), ..., \e(x,t)) and for all ¢ € {1,...,k}
sign A;(0,t) = const # 0, sign X;({,t) = const # 0 for all ¢ € [0, T].
Let Iy, I; be the sets of indices defined as follows:
Io={ie{l,....k}: X(0,t) >0, Vt € [0,T]},
L={ie{l,...,k}: N(L,t) <0, VEt € [0,T]},

with ry = card Iy, r, = card I;.
For system (1), we set the initial conditions at 0 < x <

ui(2,0) = qi(z), i€{l,....k},
w0 0) = ro(@), € (L.} o)

and the boundary conditions at 0 <t < T"

wi (0, 1) = A0 (t, (15(0,1)) .- w(0, t)), i eI,
wi(l,t) = 7! (t, (uy(1.1)) . ]O,w(z,t)), iel, (3)
0i0,6) = (1, (u5(0,0)) .y w(0,0)), P € {1, m}.
All given functions f : Il x RFtmn 5 RE g II x REF™ 5 R™ | o I1 x R
R* X\ :II =R, ic{l,....k}, ¢:[0,]] =R r:[0,]] = R", A°:[0,T] x R" x R* —

R, A [0, T] x RO x R® — R"™ 4 : [0, T] x R" x R™ — R™ are continuous and the functions
A; satisfy the Lipschitz condition in the variable x,

2. Global solvability theorem. Assume x = @;(t;xq,t0), t € J;, i € {1,...,k} are the
non-continuous solutions of the Cauchy problem

dx
% = )\1(.1',15), Qf(to) = T,
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where (z9,t9) € (0,1) x (0,T], J; is interval of [0, T]. Note that these solutions are characteri-
stics of the first group of equations in system (1). Moreover, this system also has horizontal
characteristics of the form ¢ = ¢, and vertical characteristics © = . Denote by x;(xq, to) the

smallest ¢, for which is defined the solution x = ;(t; ¢, to) in II, i.e., x;(zo, to) = min J;.
Let us define the following sets
| Hf]:{(x_,t)eﬂzxi(x,t):O},ie{l,...,k},
HE) = {(l‘,t) ell: Xz(xat) > 07 @Z(Xz(xat)vxat) = 0}7 (S [O:
H? = {(l‘,t) € ﬁ : Xz(xvt) > Oa gOl(XZ(ZL‘,t),iL‘,t) = l}’ S Il~

Integrating the equations of system (1) along the corresponding characteristics, we obtain
the following system of integro-operator equations:

wi(z,t) = Filu,v,w](z,t)+
+ / fi(gOZ'(T;I,t),T,u(g&i(T;ZL’,t),T),U(QOZ'(T;J},t),T),M(go,;(T;:E,t),T))dT, (4)

Xi (I,t)
x

03(o.8) = 05 (8 (100,00, 00,0) + [ 05 (38 t) 00000 D))y (5)

ws(z,t) = ry(z) + /hs (x,7',u(a:,T),v(x,T),w(x,T))dT, (6)
where i € {1,...,k}, j€{l,...,m}, s€{1,...,n},
Gi(pi(0;2,1)), (1) € HZa
Fi[u,v,w](:ﬁ,t) = %Q<Xi($7t)> (uj(0>Xi(x7t)))j€[la w(O,Xi(%t)))a (l’,t) € Héa
(), (v, 1),y 0l ) ), (1) € 11,

The generalized solution of the problem (1)-(3) is called a vector-valued function (u, v, w),
whose components belong to the space C(II) and satisfy the equations of the system (4)—(6).

Theorem. Assume that the following conditions are satisfy:

1) the function A is continuous and Lipschitz on the set II in the variable x;

2) f, g, h, q, 7, 7%+, ¥ are continuous functions on the respective definition sets;

3) the functions f, g, h, 4°, 4!, ¢ satisfy the Lipschitz condition in the variables u, v, w on
the above defined sets;

4) the zero-order compatibility condition holds:

6i(0) = 7/(0, (¢;(0))jer,, 7(0)), i € I,
ai(1) = %0, (g;(D)jer,, v(1), i €1,
v;(0,0) = ,(0, (¢;(0))er,,7(0)), i€ {l,...,m}.
Then there exists a unique generalized solution of problem (1)-(3).

Proof. Consider a metric space Q consisting of continuous functions z = (u,v,w), whose
components u,v,w belong to to the space C(II), with u;(0,0) = ¢(0), i € I, and
ul(l,O) = qi(l), 1€ 1.
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Let {z!, 22} C Q. Then we define the metric at the elements of Q by the formula from
9-11)

p(*,2%) = max { mae |ul(r, 1) — ul(, ) o ()e ™",
(7)
max o (z,£) = ()] B()e ™™, mas |l 2 1) — wd e, l(x)e™"

where the constant a > 0 and the continuous positive functions oy, G;, 7; : [0,1] — R will be

chosen later.
In the space Q, we introduce the operator A = (A', A% A3), where the operators A!, A?
and A? are defined, respectively, by the right sides of system (4)—(6), i.e.:

Aj[2)(z, t) = F[2] (z, t)+ /fi(@i(T;xut>’7—aU(Spi(T;xut)7T)=U(Qoi(7—§I7t)77—)7w(90i(7—§x7t>77—)> dr,

Xi (mvt)
x

ALl (ot) = 5 (8 (150000 g 00.0)) + [ 05 (3 b)), 0000y,

0
t

A ( 1) = ra(x) + /h (2.7 u(e, 7). 0(a, ) w(a, 7))

0
where ¢ € {1,... k}, 7€ {l,...,m}, s€{1,...,n}.
By L we denote the common constant in the Lipschitz conditions for the functions
f,g,h,v,7°, ~', which is written, for example, for f, in the form

\fi(z, t,ul (2, 1), 0" (2, 1), w (z,1)) — filx, t,u?(z, 1), v*(z, 1), w?(z,1))] <

< Lmax { max‘u}(xat> - u§<x7t)‘> max ’U]l(aj,t) - U?(.I',t”, max ’U}]l(x,t) - w?(x,t)\}
7,x,t 7,x,t 7,%,t

From the definition of the metric for admissible i, z, t, and z € Q, the inequalities follow

p(zlv’ZQ) t 1 2 0(21,22> t
ul(et) — ) < P ot () ety < 25D
0@ i)
1 .2
(e t) — uda, ) < 222
ni(z)

Let us show that the operator A is contractive. To do this, we will perform a series of

estimates.
Let 2! € Q, 22 € Q, then for j € {1,...,m}

L max{max e‘;zi((g;t) : mjax eoxi (1) }p(zl7 22>’ (ZL’, t) c H%)?

()
FlzY(z,t) — F[2%|(z, t)] < i¢lo 0 am.z 4 8

Let us define p = (max; ¢ |\i(x, t)]) 7. If the first inequality of (8) is satisfied, then for
all i € Iy, xi(z,t) <t — pz. Similarly, from the second part of (8), for all ¢ € I; we have

Yl t) <t — pull — )
Based on the obtained inequalities, we obtain estimates for the operators A!, A%, A3:

(A=) () = (Ai[2°]) (@, )] (@)™ <
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. —apx . —ap(l—z) ) —apz
< L'max ¢ max ai(z)e , max aifz)e , max M,
i€lp, Q; (0) i€l Clj(l) 1610 7; (ZL‘)
¢l J¢n
) —ap(l—x)
max M p(217 22)+
il ()
J

t

+/6“("‘t)daL max {max ai(z) max 2 () ; max () } p(z', 2%) <
iy aj(y) iy Bi(y) iaw ni(y)

0

. —apux . —a (l—x) A —apz
< Lmax { max 22 , max az(x)e , max O‘Z(L,

i€lp, o7 (0) ZEIL ) "610 77]'(]3)
J¢lo

L { a; (a: (x
+— max { max max
a iy aj(y) iy ﬁj(y

Hé%X }p
; x)}>p(zlaz2%

gXr m(y)

|A?[zl](x,t) — A?[z2](a;,t)| ﬁi(;p)e—at < <Lmax{ max ' ,m‘7a'X 3}—{—

Bi(x) Bi(x) Bi(x) 1,2
+/Lmax{rrzlgx 0 (y)’ max B, 7aX (y>}dy p(z,27),

‘A?[z x,t) — A [2%)(z, 1) }77Z e " <
< L max {max () rnax (x) ax (91;) } p(zh, 2%).

a b ay(y) e Bi(y) e 1 (y)
From the latest estimates, we get

0

() p—an () p—an(l—2) R—
p(A[2'], A[z%]) < max { Lmax { max w, max m, max M,
@ i€ho,  a;(0) ek, a; (1) i€l n;(z)
i¢lo I J

i (z)earl=2) L { a; () a; () a; () }
max —————— » + — maX { max ,max ,max +
i€l ni(z) a vy aj(y) waw Bi(y) idw n;(y)

A o Y | ijaX . Co RN C .

+L max { max

) max
i,i¢lo a;;(0)" ig mi(x) i\

/ woag(y) s Bi(y) i mi(y)
+— max {max Sy  max (z)  max (z) } p(z', 2%).
a wiy aj(y) iy Biy) v n;(y)
Let us choose the weighted functions of the space metric so that A is a contractive
operator on Q, n;(z) = e (j € {1,...,n}),

err=2) e Iy i€ I

epx, iejo,i¢jl; o .
a;(r) = i(x) =ce P i e{l,...,m},
@ =3, repier B (L..om)

er, i Io, 1 ¢ I,
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where p > 1, 0 < € < 1 are some parameters. Suppose that the following conditions hold

p<ap, pl<ap, e"<e p>1/e (9)

Then we have

T iclo, a; (0 T icly epl
Jj¢lo

max{maxM} :max{ma}(M} =

— max {epx(l—:c)e—a,u,x—pl’ epme—ap,x—pl} — e—pl;
T

{ i (z)earl=2) } o (z)eal=2)
max maxW = max { max—} =

z i€l Q; x i€l epl
7¢I

— max {em(l—x)e—au(l—r)—p17 ep(l—me—au(z—x)—pz} _ ol

I
x

a;(x)e ohe a;(x)e ohe
max { max ————— » = max{ max ————— » =
v | iel,  n;(x) x i€l er!
j

— max {ep:zr:(lfyr:)efat,u:vfpl7 epzefa,uzfpl} _ efpl;
x

{ i (r)earl=2) } { i (w)e~anl=2) }
max { max ——-———— » = max{ max ——-———— » =

@ iel; n;(x) x i€l er!

— max {epz<lfm>efau<lfcc>—pl’ ep(z—@efau(lfz)—pz} e
x

In addition, we obtain the following inequalities
Bi(x) gePe

_ —px—pl _ __—pl.
max{max "o} = max —7 = maxee P = e
ge P
max{max 61(30)} = max ——— = e maxe PP = ee 7,
T 1,7 nj ([E) T epl T
xT x
pi(x)

max max
@ i o(y)
0

T T x

dy < max/se_pwdy < max {56_”26} < 5le_pl;
x x

—px 1—ePr 1
max [ max Bilz) dy = max/ 56_ dy = max/ep(y_“;)dy — max— < -—<g
e Biy) o) e ) TP p

. —pa
max [ max BZ(x)dy < maX/ =€ ; dy < max {5e_px_plx} < ele .
e S () v er v

As a result, we get the inequality

1 5 L { Oéi(w) Oéz‘@) Ofi(x)}
p(A[2Y], A[2Y]) < <Le + 4 ma { max S ma S max TS
+L5+L€+£max{max milz) ma (x) x 7 i) })p(z 2?).
a = iy aj(y) i BJ(?J) ’”/ i (y)
We fix the sufficiently small value of the parameter £ and sufficiently big value of the
parameter p > 1: (e™ < g, p > 1/¢) to satisfy the condition Le ' + 2Le < 1/2. Then
the functions «;, (;, 1; are defined, and




x o;(x

max
x
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{max ai(x),max ai(x) max ( >} M,
gy a;(y) iaw Bi(y) iiw n;(y)
S O 1 1)
2V agy) v i) e 1;(y)
where M and K are constant. Finally, we fix the value of the parameter a large enough
to satisfy conditions (9) and the inequality L(M + K)/a < 1/2. Then the operator A is a
contractive operator on the elements of the space Q with the selected functions oy, 5;, n;
and the parameter a. Thus, based on Banach’s contractive mapping theorem, there exists
a unique fixed point of the operator A in the space Q, which is a generalized continuous
solution of problem (1)—(3). O

Remark 1. By increasing the smoothness of initial data for problem (1)-(3) with the
fulfillment of the first-order compatibility conditions, it is easy to prove the correspondi-
ng theorem on the global classical solvability of this problem.
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