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A family U of non-empty subsets of a set D is called an upfamily if for each set U € U any
set F' O U belongs to U. The upfamily extension v(D) of D consists of all upfamilies on D. Any
associative binary operation x: D x D — D can be extended to an associative binary operation

x:0(D) xv(D) 2 v(D), UxV={(U,epa*Va:U€cU, {Valacu CV).

In the paper, we show that the upfamily extension (v(D),,F) of a (strong) doppelsemigroup
(D,,k) is a (strong) doppelsemigroup as well and study some properties of this extension.
Also we introduce the upfamily functor in the category DSG whose objects are doppelsemi-
groups and morphisms are doppelsemigroup homomorphisms. We prove that the automorphism
group of the upfamily extension of a doppelsemigroup (D, ,F) of cardinality |D| > 2 contai-
ns a subgroup, isomorphic to Cy x Aut (D, ,F). Also we describe the structure of upfamily
extensions of all two-element doppelsemigroups and their automorphism groups.

1. Introduction. Given a semigroup (.5, ), consider a semigroup (5, F) defined on the same
set. We say that the semigroups (S,F) and (.S, ) are interassociative provided
(xdy)Fz=2x4(ykz2) and (zhy) dz=2F (y2)

for all z,y,z € S. When this occurs, (S,F) is said to be an interassociate of (S,-), or
that the semigroups are interassociates of each other. If the semigroups (S,F) and (S, )
are interassociative, then rearranging the parentheses in an expression that contains only
operations k-, - and elements of S will not change the result. In 1971, Zupnik [40] coined
the term interassociativity in a general groupoid setting. However, he required only one of
the two defining equations to hold. The present concept of interassociativity for semigroups
originated in 1986 in Drouzy |11], where it is noted that every group is isomorphic to each of
its interassociates. In 1983, Gould and Richardson [22] introduced strong interassociativity,
defined by the above equations along with z - (y - 2) = x  (y - z). J. B. Hickey in 1983 [23|
and 1986 [24] dealt with the special case of interassociativity in which the operation F is
defined by specifying a € S and stipulating that z -y =x 4 a 4y for all x,y € S. Clearly
(S,F), which Hickey calls a variant of (S,-), is a semigroup that is an interassociate of
(S, ). It is easy to show that if (5, ) is a monoid, every interassociate (S,F) must satisfy
the condition x F y = 4 a 4 y for some fixed element a € S and for all x,y € S, that
is (S,F) is a variant of (S,). Methods of constructing interassociates were developed, for
semigroups in general and for specific classes of semigroups, in 1997 by Boyd, Gould and

Nelson [9]. The description of all interassociates of finite monogenic semigroups was presented
by Gould, Linton and Nelson in 2004, see [21].
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This paper is devoted to study of doppelsemigroups which are sets with two associative
binary operations satisfying axioms of interassociativity. More accurately, a doppelsemigroup
is an algebraic structure (D, -, F) consisting of a non-empty set D equipped with two asso-
ciative binary operations 4 and F satisfying the following axioms:

(D) (xdy)Fz=zx(yt 2),
(D) (zhy)dz=zF (y-2).

Thus, we can see that in any doppelsemigroup (D,-,+), (D,F) is an interassociate of
(D, ), and conversely, if a semigroup (D, ) is an interassociate of a semigroup (D, ), then
(D,,F) is a doppelsemigroup. A doppelsemigroup (D, ,F) is called commutative [34] if
both semigroups (D, ) and (D, ) are commutative. A doppelsemigroup (D, -, ) is said to
be strong |36] if it satisfies the axiom z - (y F z) =z F (y 1 2).

The study of doppelsemigroups was initiated by A. Zhuchok. The idea of doppelsemi-
groups bases on the study of dimonoids in the sense of Loday [27]. Doppelalgebras introduced
by Richter [29] in the context of algebraic K-theory are linear analogs of doppelsemigroups
and commutative dimonoids are examples of doppelsemigroups. Consequently, doppelsemi-
group theory has connections to doppelalgebra theory and dimonoid theory. A doppelsemi-
group can also be determined by using the notion of a duplex [28]. Free duplexes were
constructed in [28]. Doppelsemigroups are closely related to bisemigroups considered in the
work of Schein [30]. The latter algebras have applications in the theory of binary relations [31].
If operations of a doppelsemigroup coincide, we obtain the notion of a semigroup.

Many classes of doppelsemigroups were studied by A. Zhuchok and his coauthors. The
free product of doppelsemigroups, the free (strong) doppelsemigroup, the free commuta-
tive (strong) doppelsemigroup, the free n-nilpotent (strong) doppelsemigroup and the free
rectangular doppelsemigroup were constructed in [34, 36, 39|. Relatively free doppelsemi-
groups were studied in [37]. The free n-dinilpotent (strong) doppelsemigroup was constructed
in [33, 36]. In [35], A. Zhuchok described the free left n-dinilpotent doppelsemigroup. Repre-
sentations of ordered doppelsemigroups by binary relations were studied by Yu. Zhuchok
and J. Koppitz (see [38]).

In [19], the task of describing all pairwise non-isomorphic (strong) doppelsemigroups
with at most three elements has been solved. We proved that there exist 8 pairwise non-
isomorphic two-element doppelsemigroups among which 6 doppelsemigroups are commuta-
tive. All two-element doppelsemigroups are strong. It was proved that there exist 75 pair-
wise non-isomorphic three-element doppelsemigroups among which 41 doppelsemigroups
are commutative. Non-commutative doppelsemigroups are divided into 17 pairs of dual
doppelsemigroups. Also up to isomorphism there are 65 strong doppelsemigroups of order
3, and all non-strong doppelsemigroups are not commutative. In [20], we studied cyclic
doppelsemigroups. A doppelsemigroup (G, ,F) is called a group doppelsemigroup if (G, )
is a group. A group doppelsemigroup (G, -, ) is said to be cyclic if (G, ) is a cyclic group. It
was proved that up to isomorphism there exist 7(n) finite cyclic (strong) doppelsemigroups
of order n, where 7 is the number of divisors function. There exist infinite many pairwise
non-isomorphic infinite cyclic (strong) doppelsemigroups.

In this paper, we investigate the extension (v(D),, ) of a doppelsemigroup (D, ,+).
The thorough study of various extensions of semigroups was started in [13] and continued in
[1]-[8], [14]-[18]. The largest among these extensions is the semigroup v(S) of all upfamilies
on a semigroup S. The extension v(S) is called the upfamily extension of S. A family U of non-
empty subsets of a set X is called an upfamily if for each set U € U any subset F' O U belongs
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to U (In [13] instead of the notion “upfamily” it was used the notion “inclusion hyperspace”).
Each family A of non-empty subsets of X generates the upfamily (A C X: A€ A) ={U C
X:3A € A(A CU)}. An upfamily F that is closed under taking finite intersections is called
a filter. A filter B is called an wltrafilter if B = F for any filter F containing B. The family
B(X) of all ultrafilters on a set X is called the Stone-Cech compactification of X, see [25],
[32]. An ultrafilter, generated by a singleton {z}, x € X, is called principal. Each point x € X
is identified with the principal ultrafilter ({x}) generated by the singleton {z}, and hence
we consider X C f(X) C v(X). It was shown in [13] that any associative binary operation
x: .5 xS — S can be extended to an associative binary operation x: v(S) x v(S) — v(95)
by the formula
UV = < JaxVi:Ueu, {v;}ancv>
acU

for upfamilies ¢4,V € v(S). In this case the Stone-Cech compactification 3(S) is a subsemi-
group of the semigroup v(S).

The problem of calculation the cardinality v(n) of v(X) for a set X of cardinality n is not
trivial and is tightly connected with the classical (and still unsolved) problem of Dedekind
[10] who suggested to determine the number M (n) of all monotone Boolean functions of
n Boolean variable. The function M (n) growths very quickly. Its exact values are known
only for n < 9 and are given in Table 1 taken from ON-LINE ENCYCLOPEDIA OF INTEGER
SEQUENCES (https://oeis.org/A000372).

| M (n))|

20

168

7581

7828354

2414682040998

56130437228687557907788
286386577668298411128469151667598498812366

© o N O Ot B~ W NN =3

Tab. 1: The values of the function M (n) for n <9

Observe that for each upfamily U € v(X) the characteristic function y;: P(X) — {0,1}
of U is monotone with respect to the inclusion relation on the power-set P(X) of X. Moreover,
xu(2) = 0 and xy(X) = 1. Conversely, each monotone function f: P(X) — {0,1} with
f(@) =0and f(X) =1 determines an upfamily f~!(1). This observation implies that for a
finite set X of size n the size v(n) of the set v(X) equals M(n) — 2.

Each map f: X — Y induces the map

v(f):v(X) =2 o), o(f): U~ (fU):UEeU), seell2].

If ¢: S — S is a semigroup homomorphism, then v(yp): v(S) — v(S’) is a semigroup
homomorphism as well, see [13].
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In this paper, we show that the upfamily extension (v(D),H,F) of a (strong) doppelsemi-
group (D,,F) is a (strong) doppelsemigroup as well and study some properties of this
extension. Also we introduce the upfamily functor v in the category DSG of doppelsemi-
groups and their homomorphisms and show that this functor preserves strong doppelsemi-
groups, doppelsemigroups with left (right) zero, doppelsemigroups with left (right) identi-
ty, left (right) zeros doppelsemigroups. On the other hand, the functor v does not preserve
commutative doppelsemigroups and group doppelsemigroups. We prove that the automorphi-
sm group of the upfamily extension of a doppelsemigroup (D, -, ) of cardinality |D| > 2
contains a subgroup, isomorphic to Cy X Aut(D,,F). Also we describe the structure of
upfamily extensions of all two-element doppelsemigroups and their automorphism groups.

2. Extending operations from a doppelsemigroup to its upfamily extension. In
this section, we show that the upfamily extension of a (strong) doppelsemigroup is a (strong)
doppelsemigroup as well.

Proposition 1. If (D,-,F) is a doppelsemigroup, then (v(D),,F) is a doppelsemigroup
as well.

Proof. Tt is necessary to show that
UAVFW=UAVFW) and UFV) AW =UF (VAW)
for any upfamilies U, V, W € v(D).
Let us prove that (U 4 V)W =U - (V= W) for any upfamilies U, V, W € v(D).
First, we prove the inclusion (4 4 V) - W C U 4 (V + W). Take any subset
Ae (U AYV)FW and choose a set B € U 1V such that A D |J z + W, for some family

zeB
{W.}.ep € W. Next, for the set B € U 4V choose a set U € U such that B D |J z 1V,

zelU
for some family {V, }.co C V. It is clear that for each 2 € U and y € V,, the product z 4y

is in B and hence W, is defined. Consequently, |J y+ Wy, € V= W for all z € U and

yeVy
hence |J z4(J yFWey) e 4 (VEW). Since
zelU yeEV,
UUzd@r-wey) =J | @y - Way, C A
xelU yeVy xeU yeVy

we get A € U - (V= W). This proves the inclusion (U AV)EFW CU A (VEW).
To prove the reverse inclusion, fix a set A € U 4 (V = W) and choose a set U € U such
that A O |J = - B, for some family {B,},cv C V F W. Next, for each x € U find a set

zelU
V, € V such that B, O |J y+ W,, for some family {W, ,},ev, CW. Let Z = |J = 4 V,.

yeVy zeU
For each z € Z we can find x € U and y € V, such that z = 4y and put W, = W, ,. Then

ZeUAVand |J zFW, € (UAHYV)FW. Taking into account

z2€Z

Uzrw.cJ U @A bW, =] Jz4@FWy) C A4

z€Z zeU yeVy zeU yeVy

we conclude A € (U V) FW.
In the same way one can check that (U F V) AW =U F (V 4 W) for any upfamilies
U,V W e v(D).
[

Proposition 2. If (D,,F) is a strong doppelsemigroup, then (v(D),-,F) is a strong
doppelsemigroup as well.
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Proof. It is necessary to show that 4 4 (V - W) = U F (V 4 W) for any upfamilies
UY,WeuD).

To prove the inclusion Y 4 (VEW)CUF (VAW), fixaset AclU 4 (VEW)and
choose a set U € U such that A O |J x 4 B, for some family {B,}.cy C V F W. Next, for

zeU
each v € U find a set V,, € V such that B, D |J y + W, for some family {W, ,},ev, C W.
yeVy
Taking into account

AsJe 4B o e 1 (UyFWay) =J U o4 FWey,) =

zelU zelU yeV z€U yeV,
=l Uszrt@Amey) =zt (JyAWoy) ettt v-w),
zeU yEVz xeU erz

we conclude A€ (UF (VAW).
In the same way one can check that 4/ 4 V) =W DU 4 (V F W) for any upfamilies
U,V W e v(D). O

3. Some properties of the doppelsemigroup (v(D),,F). By definition, the center of

a doppelsemigroup (D, -, F) is the set
C(D,4,F)={a€eD:adrx=xr-aand atzx =2zt aforall x € D}.

It follows from this definition that C'(D,,F) = C(D,d) N C(D,F).

Proposition 3. If the center C(D,,F) of the doppelsemigroup (D, -, ) is non-empty,
then it is a subdoppelsemigroup of a doppelsemigroup (D, -, ).

Proof. Let a,b € C(D,,t). Taking into account that the centers of the semigroups (D, H)
and (D, ) are subsemigroups of the semigroups (D, ) and (D, F) respectively, and

(a4b)Fz=0bHda)Fz=bd(aFz)=bd(ztFa)=(xtka)db=axF (a D),
(aFb)dz=(0btFa)dz=bF(adz)=bF(zr-da)=(rda)Fb=2(aF D),
we conclude that a 4b,a b€ C(D,H, ) and we are done. H

Proposition 4. The center of a doppelsemigroup (v(D),-,F) contains the center of
(D,-,F). If (D,,F) is a group doppelsemigroup, then C(v(D),,) = C(D,-)NC(D,}t).

Proof. Let a € C(D,,F). Then for every upfamily U € v(D) we get

adU={a4U:UcU}={UHa:UeclU}=UHa,
atU={atFU:UecU}={Uta:Uecl}=UFa,
which means that (the principal ultrafilter generated by) a belongs to the center of the
doppelsemigroup (v(D), -, F).

If (D,,F) is a group doppelsemigroup, then applying [13, Theorem 2| we obtain
C(v(D),H) = C(D,) and C(v(D),t) = C(D,F), and hence

C(v(D),,) = C(D,4) N C(D,F).
O

An element z of a doppelsemigroup (D, -, F) is called a zero (resp. a left zero, a right
zero)ifa4z=z-a=akz=zFa=z(resp.zda=zFa=z,adz=at z=z) for
any a € D.
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Proposition 5. Let (D,-,F) be a doppelsemigroup. For an element z € D C v(D) the
following conditions are equivalent: 1) z is a left (right) zero of a semigroup (D,); 2) z is
a left (right) zero of a doppelsemigroup (D,,t); 3) z is a left (right) zero of a semigroup
(D,F); 4) z is a left (right) zero of a semigroup (v(D),F); 5) z is a left (right) zero of
a doppelsemigroup (v(D),,F); 6) z is a left (right) zero of a semigroup (v(D), ).

Proof. The implications (2) = (3), (5) = (6) and (6) = (1) are trivial.

(1) = (2) Assume that z is a left zero of a semigroup (D, ). Taking into account that
foranyae€ D, zFa=(z2"da)Fa=2z-(at a) =z, we conclude that z is also a left zero
of a semigroup (D, F), and hence z is a left zero of a doppelsemigroup (D, ,F).

(3) = (4) Let z be a left zero of a semigroup (D, ). Then for every upfamily U € v(D)
weget zFU=(2FU:U€U) = ({z}: U € U) = 2z, which means that (the principal
ultrafilter generated by) z is a left zero of a semigroup (v(D),t).

(4) = (5) Assume that z is a left zero of a semigroup (v(D), ). Taking into account that
forany Y € v(D), z 41U = (z+FU) 41U =z (U HU) = z, we conclude that z is also a left
zero of a semigroup (v(D), ), and hence z is a left zero of a doppelsemigroup (v(D),,F).

In the same way one can check the right zero case. ]

A doppelsemigroup (D, H,F) is said to be a left (right) zero doppelsemigroup if each of its
elements is a left (right) zero. By LOx (ROx) we denote the left (right) zero doppelsemigroup
on a set X. If X is finite of cardinality | X| = n, then instead of LOx and ROx we use LO,,
and RO, respectively.

Let us note that for a subdoppelsemigroup (7, -,F) of a doppelsemigroup (D, -, F) the
homomorphism i: v(T) — v(D), i: U — (U)p is injective, and thus we can identify the
doppelsemigroup (v(7T),,F) with the doppelsubsemigroup i((v(7),,F)) C (v(D),,F).
Therefore, for each family B of nonempty subsets of 7" we identify the upfamilies
Byr={UeT|3BeBBcCU)}euv(T)and (B)p ={U € D |3IB e B(BCU)} €v(D).

Proposition 6. If T is a left (right) zero subdoppelsemigroup of a doppelsemigroup
(D,,F), then v(T) is a left (right) zero subdoppelsemigroup of a doppelsemigroup
(v(D),,F) as well.

Proof. Let T be a left zero subdoppelsemigroup of a doppelsemigroup (D, -, ). Then for
any U,V € v(T),
UAv={{Ja4Vi: UeU, UCT, VeV, V,cTiorallacU) =

N (Ut veu)=u.

acU
Therefore, by Proposition 5, (v(T),, ) is a left zero subdoppelsemigroup of a doppelsemi-

group (v(D), -, F) as well.
For a right zero subdoppelsemigroup the proof is similar. O

Propositions 5 and 6 imply the following corollary.

Corollary 1. Let (D,-,F) be a doppelsemigroup. Then the following conditions are equi-
valent:

1) (D, ) is a left (right) zero semigroup; 2) (D, ,\) is a left (right) zero doppelsemigroup;
3) (D,F) is a left (right) semigroup; 4) (v(D),t) is a left (right) zero semigroup;

5) (v(D),,F) is a left (right) zero doppelsemigroup; 6) (v(D),) is a left (right) zero
semigroup.
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An element e of a doppelsemigroup (D, ,F) is called an identity (resp. a left identity,
a right identity) if a He = e 1a=ak e=ek a=a(resp.e 4a=ce¢k a=e,
ade=ake=ua)for any a € D.

Proposition 7. Let (D,-,+) be a doppelsemigroup. For an element e € D C v(D) the
following conditions are equivalent: 1) e is a left (right) identity of a doppelsemigroup
(D,H,F); 2) e is a left (right) identity of a doppelsemigroup (v(D),,F).

Proof. The implication (2) = (1) is trivial.

(1) = (2) Let e be a left identity of a doppelsemigroup (D, ,F). Then for every upfamily
U € v(D) we get
ebFU={eFU:UecU}y={U:UclU}=U, edU={e1U:UcU}={U:UclU} =U,
which means that (the principal ultrafilter generated by) e is a left identity of a doppelsemi-
group (v(D), -, F).

In the same way one can check the right identity case. O

Remark 1. In general case, a left (right) identity of a semigroup (D, ) is not a left
(right) identity of a doppelsemigroup (D,,F). For the doppelsemigroup ({0, 1}, min, ),
where a x b = 0 for any a,b € {0,1}, the semigroup ({0,1}, min) is a monoid while the
semigroup ({0, 1}, *) contains no left (right) identity.

A non-empty subset I of a doppelsemigroup (D, -, F) is called an ideal (resp. a left ideal,
a right ideal) if (S HNHUSFNHUI AS)UUIES) CI (resp. (SHNHUSHI) CI,
(I4S)u(IFS)cClI).

Proposition 8. If I is a left (right) ideal of a doppelsemigroup (D, ,}), then v(I) is a left
(right) ideal of the upfamily extension (v(D),,t) as well.

Proof. Indeed, let U € v(D), M € v(I). Then
UAM=(JaAM: U €U, MyeM, M, CIforallacU)

acU
:<Ua—|Ma: Uetd, {Mocr C M, Ua—|MaC[> e v(I).
acU aclU
By analogy U F M € v(I), and therefore v(I) is a left ideal of the doppelsemigroup
(v(D),H,F).
In the same way one can check the right ideal case. O]

By definition, the minimal ideal of a doppelsemigroup (D, H,F) is an ideal containing no
other ideal of (D, H, ). It is also called the kernel of a doppelsemigroup (D, ,F), denoted
K(D).

Proposition 9. If a doppelsemigroup (D, -, ) contains a left (right) zero, then the minimal
ideal K(D) of (D, H,F) coincides with the set of all left (right) zeros of (D, -, F).

Proof. Let Z be the supdoppelsemigroup of all left zeros of (D, -, ). Then for every d,t € D
and every z € Z weget (d4z)dt=d-H(z4t)=d-dzand (dF2)dt=dF (z4t) =
d F z. By Proposition 5, d 4 z,dtF 2z € Z,thatis D 4 ZUD F Z C Z, and hence Z is a left
(right) ideal. It follows from definition of left zeros that Z 4 D = Z = D = Z. This shows
that Z is an ideal of (D, -, F). It suffices to check that Z lies in each ideal I of (D, H,t).
Indeed, Z=Z41CDAHICI.

In the same way one can check the right zero case. O]
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A semigroup (5, ) is said to be right simple if axS = S for any a € S. Taking into account
that according to Proposition 18 of [13], for a right simple semigroup (S, *) the semigroup
(v(S), *) contains a right zero, we conclude by Proposition 5 the following proposition.

Proposition 10. Let (D, ,F) be a doppelsemigroup. If (D,) or (D,}F) is a right simple
semigroup, then the doppelsemigroup (v(D),,F) contains a right zero, and hence the mi-
nimal ideal K(v(D)) of (v(D),,F) coincides with the set of all right zeros of (v(D),,F).

Corollary 2. If (G, ,}F) is a group doppelsemigroup, then the doppelsemigroup (v(G), -, )
contains a right zero, and hence the minimal ideal K(v(G)) of (v(G),,t) coincides with
the set of all right zeros of (v(G),,F).

4. The upfamily functor in the category DSG. A map ¢: D; — D, is called a
homomorphism of doppelsemigroups (Dy,1,F1) and (Dsy, —a, F5) if

pla 1 b) =p(a) B2 ¢b) and ¢(atib) =p(a) k2 o)
for all a,b € D;.

A bijective homomorphism is called an isomorphism of doppelsemigroups. If there exists
an isomorphism between the doppelsemigroups (Di,1,F;) and (Da, 9,b2), then
(D1, ,F1) and (Da, o, F2) are said to be isomorphic, denoted (Dq,1,1) = (Dg, g, o).
An isomorphism ¢ : D — D is called an automorphism of a doppelsemigroup (D, ,F). By
Aut (D, H,F) we denote the automorphism group of a doppelsemigroup (D, -, F).

According to Proposition 8 of [13], each homomorphism ¢: D; — D of doppelsemigroups
(Dy,,F1) and (Ds, -5, F2) induces the homomorphism

v(p): v(D1) = v(Ds), v(p): U (eU)C Dy: U €U,
of doppelsemigroups (v(Dy),1,F1) and (v(Dsg), s, ts).

Denote by DSG the category of doppelsemigroups whose objects are doppelsemigroups
and morphisms are doppelsemigroup homomorphisms.

A covariant functor F': C — D from a category C to a category D consists of an object
map F': vC — vD which assigns to each a € vC, an object F'(a) € vD and a morphism map
F which assigns to each morphism f: a — b in C, a morphism F(f): F(a) — F(b) in D
such that

1) F(id,) = id p(, for each a € vC;
2) F(fog) = F(f)oF(g) for all morphisms f, g € C for which the composition fog exists.

Consider v: DSG — DSG which assigns to each doppelsemigroup (D, -, +) the doppel-
semgroup (v(D), -, F) of upfamilies on D, its morphism map assigns to each doppelsemigroup
homomorphism ¢: D; — Dy, the doppelsemigroup homomorphism v(p): v(D;) — v(Ds3).
Taking into account that for any U € v(D),

v(idp)(U) = (idp(U): U ey =(U: U eU) =U = idyp)(U),
v(p) o v(W)(U) = v(p)((V(U): U elU)) = (poo(U): U €U) = v(poy)U),
we conclude that v(idp) = id,(py and v(¢ 0 1) = v(¢) o v(¥)), and hence this construction
defines the covariant functor v: DSG — DSG. This functor is said to be the upfamily
functor in the category of doppelsemigroups.
Combining Propositions 2, 5 and 7 with Corollary 1, we get the following proposition.

Proposition 11. The upfamily functor v in DSG preserves strong doppelsemigroups,
doppelsemigroups with left (right) zero, doppelsemigroups with left (right) identity, left
(right) zeros doppelsemigroups.
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Recall that every Abelian group (G, ) is isomorphic to each of its interassociates (G, F),
and hence a doppelsemigroup (G, ,F) is commutative. The following proposition show that
the upfamily functor v in DSG does not preserve commutative doppelsemigroups and group
doppelsemigroups.

Proposition 12. For any group doppelsemigroup (G, -, F) of order |G| > 1 the doppelsemi-
group (v(G),,F) is neither commutative nor a group doppelsemigroup.

Proof. According to Corollary 3 of [13] for any group (G, ) the center of the semigroup
(v(G), 1) coincides with the center of (G, H). Since [v(G)| > |G| for |G| > 1, we conclude that
(v(G), ) is not commutative, and hence the doppelsemigroup (v(G),,F) is not commuta-
tive as well.

Taking into account that for any group (G, ) of order |G| > 1 the semigroup (v(G), )
contains at least two right zeros: {G} and ({g}: g € G), see [13, Prop. 15, 18|, we conclude
that (v(G),) is not a group, and hence the doppelsemigroup (v(G),,F) is not a group
doppelsemigroup. ]

5. Automorphism groups of the upfamily extension of doppelsemigroups. Taking
into account that the construction v defines a covariant functor in the category of doppelsemi-
groups, we conclude the following proposition.

Proposition 13. Ifi: Dy — D, is an isomorphism from a doppelsemigroup (D, ,t1) to
a doppelsemigroup (Ds, —a,t2), then v(v): v(D;) — v(D2) is an isomorphism as well.

Corollary 3. If 1p: D — D is an automorphism of a doppelsemigroup (D,-,\), then
v(¥): v(D) — v(D) is an automorphism of the upfamily extension (v(D),,F).

The set v(D) of upfamilies on a set D possesses the unary operation
L:v(D) =vD), L:U—U"={ACD: VU cU (ANU # 2)}
called the transversality map. This operation is involutive in the sense that (U+)t = U for
any U € v(D), see [13].
The following proposition was proved in [13].

Proposition 14. For a semigroup (S, ) the extended associative operation *: v(S) — v(S)
commutes with the transversality map in the sense that (UxV)+ = UL+ V* for any upfamilies

U,V e v(s).

Corollary 4. The transversality map L: v(D) — v(D) is an involutive automorphism of
the doppelsemigroup (v(D), ).

In the following proposition we show that the automorphism group of the upfamily
extension of a doppelsemigroup (D, ,F) contains a subgroup, isomorphic to the group

CQ x Aut (D, _|, }_)

Proposition 15. The automorphism group Aut(v(D),,F) of the extension (v(D),, )
of a doppelsemigroup (D, ) of cardinality |D| > 2 contains a subgroup, isomorphic to
Cy x Aut (D, A, F).
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Proof. By Corollary 3, for any automorphism ¢: D — D of a doppelsemigroup (D, -, )
its upfamily extension v(¢)): v(D) — wv(D) is an automorphism of (v(D),,F). Taking
into account that the restriction of the transversality automorphism L: v(D) — wv(D)
to D C B(D) is the identity automorphism of D and the extension v(idp) of the identi-
ty automorphism idp of (D, ,F) is the identity automorphism id,py of (v(D),,F), we
conclude that L& {v(¢): ¥ € Aut(D,,F)} = Aut (D, -, F).

Let us show that v(¢)o L = L ov(%)) for any ¢ € Aut (D, ,F). Indeed, for any U € v(D),

v()o L (U) =v(p)U") = (W(A) Cc D: AeU™) =
= (WA CD: VYU cU(ANU#2)=(VCD:VUcld (Y V)NU # 2)) =
=(VcD:VYUeU (VnyU)+#2)) = U): UcU)t = L ov)(U).

Thus, Aut(v(D),H,F) contains the subgroup {L,idypy} x {v(y): ¥ € Aut(D,H,H)}
which is isomorphic to Cy x Aut (D, , ). m

6. Doppelsemigroups of upfamilies over two-element doppelsemigroups. Firstly,
recall some useful facts which we shall often use in this section. In fact, each semigroup
(S, ) can be consider as a (strong) doppelsemigroup (S, -, ) with the automorphism group
Aut (S,4,4) = Aut (S, ), and we denote this trivial doppelsemigroup by S. As always, we
denote by (S, ,) a variant of a semigroup (.S, ), where x 4, y =z 4 a 1 y.

A semigroup (S, ) is called a null semigroup if there exists an element z € S such that
x4y = zforany z,y € S. In this case the element z is the zero of (.S, ). All null semigroups
on the same set are isomorphic. By Ox we denote a null semigroup on a set X. If X is finite
of cardinality |X| = n, then instead of Ox we use O,.

Following the algebraic tradition, we take for a model of the class of cyclic groups of
order n the multiplicative group C,, = {z € C: z" = 1} of n-th roots of 1. For a set X by
Sx we denote the group of all bijections of X.

Let (D;,-1,F1) be a doppelsemigroup such that for each doppelsemigroup (Ds, 3, F5)
the isomorphisms (Ds, o) = (Dy,1) and (Dg,t5) = (Di,b;) imply the isomorphism
(Dg, 4, F2) = (D, 1, F1). If S and T are model semigroups of classes of semigroups isomor-
phic to (D1, ) and (Dy, F1), respectively, then by S () T we denote a model doppelsemigroup
of the class of doppelsemigroups isomorphic to (Dy, -y, F1).

It is well-known that there are exactly five pairwise non-isomorphic semigroups having
two elements: the multiplicative cyclic group Cy = {—1, 1}, the linear semilattice L, = {0,1}
with min-operation, the null semigroup Oy = {0, 1} with zero 0, the left zero semigroup LO,
with operation ab = a, and the right zero semigroup RO, with operation ab = b.

It was proved in [19] that there exist 6 pairwise non-isomorphic commutative 2-element
doppelsemigroups: Cy, Cy § Oy = ({—=1,1},-,-_1), La, Oa, Ly § Oy = ({0, 1}, min, miny),
and Oy () Ly = ({0,1}, ming, min), and two non-isomorphic non-commutative doppelsemi-
groups of order 2: LO, and RO,. All two-element doppelsemigroups are strong.

The following Table 2 of all two-element doppelsemigroups and their automorphism
groups is taken from [19].

In the following we describe the structure of upfamily extensions of all two-element
doppelsemigroups and their automorphism groups. Since all two-element doppelsemigroups
are strong and by Proposition 2 the upfamily extension of a strong doppelsemigroup is a
strong doppelsemigroup, we conclude that all the following extensions are strong doppelsemi-
groups.
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D Cy Co0Cy' Ly Oy Ly Oy Oy0 Ly | LO; RO,
Aut (D) Cl Cl Cl Cl Cl Cl 02 02

Tab. 2: Two-element doppelsemigroups and their automorphism groups

6.1. The doppelsemigroup v(C5). For the cyclic group Cy, the doppelsemigroup v(C5) is a
non-commutative strong doppelsemigroup of order 4. In addition to two principal ultrafilters,
it contains two upfamilies Z = {Cy} and Z+ = ({g}: g € C,) which are right zeros in v(C5),
see [13]. The subdoppelsemigroup I = v(Cy) \ Cy = {Z, Z+} of right zeros of v(Cy) is
the unique proper ideal of v(Cy). Taking into account that Aut(Cy) = C; and the identity
automorphism of C5 can be extended to an automorphism of v(Cs) in exactly two ways

idycy): U~ Uand L:U— U,
we conclude that Aut (v(Cy)) = Ch.

6.2. The doppelsemigroup v(Cy (j C;!'). Let us consider non-trivial two-element group
doppelsemigroup Cy § Cy' = ({—1,1},-,-_1), where a-_; b = a(—1)b = —ab. According to
Proposition 5, right zeros Z = {Cy} and Z+ = ({g}: g € Cy) of the semigroup (v(Ch), )
are right zeros of the doppelsemigroup v(Cy (§ C5 ') as well. By Proposition 4, the center of
the doppelsemigroup v(Cy (j Cy') coincide with C({—1,1},-) N C({-1,1},-_1) = {-1,1}.
It follows that v(Cy § Cy'') is a non-commutative strong doppesemigroup.

Taking into account that Aut(Cy, § C,') = C; and the identity automorphism of
Cy () C5* can be extended to an automorphism of v(Cy (j Cy') in exactly two ways

idycpy: U —Uand L:U — U,

we conclude that Aut (v(Cy (§ Cy1)) =2 Cs.

6.3. The doppelsemigroup v(Ly). For the linear semilattice Ly = {0,1} with min-

operation the semigroup v(Ls) of order 4 is a semilattice as well, see [4]. In addition to

two principal ultrafilters, it contains two upfamilies Z = {L,} and Zl ({g}: g € Lo).
The order structure of the semilattice U(LQ) is described in the following diagram:

/\
\/

Looking at this diagram we see that the semllattlce v(Ls) is not linear.

Taking into account that Aut(Ls) = C; and the identity automorphism of Ly can be
extended to an automorphism of v(Ls) in exactly two ways

idyr,: U~ Uand L:U— U,

we conclude that Aut (v(Lg)) = Cs.
6.4. The doppelsemigroup v(0s). It was proved in [18] that the upfamily extension of
a null semigroup is a null semigroup as well, and Aut (v(0,)) = Sjy(0,)-1 for n > 1. We
conclude that v(0z) = Oy and Aut (v(02)) = Ss.
6.5. The doppelsemigroups v(Ly (§ O2) and v(Oy () Ly). For the doppelsemigroups
Ly () Oy = ({0, 1}, min, ming) and Oy § Ly = ({0, 1}, ming, min) the semigroup v(0z) = Oy
is a variant (generated by 0) of the semilattice v(Ls).
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By Proposition 2.3 of [19], Aut (v(Ly () O2)) = Aut (v(Os ( L)) = Aut (v(Ls)) = Cs.
6.6. The doppelsemigroups v(L0O;) and v(RO;). It is well-known that Aut (LO,,) = S,
and Aut (RO,) = S,,.

Taking into account that by Corollary 1, the upfamily extension of a left (right) zero
doppelsemigroup is a left (right) zero doppelsemigroup as well, we conclude that
v(LOy) = LOy, v(RO3) = ROy, and hence Aut (v(LOs)) = Aut (v(ROs)) = Sy.

We summarize the obtained results on the automorphism groups of the upfamily exten-
sions of two-element (strong) doppelsemigroups in the following Table 3.

D Cy Co(Cy' Ly Oy Ly Oy Oy Ly | LO; RO,
Aut (U(D)) Cg Cg CQ 53 CQ Cg 54 S4

Tab. 3: Automorphism groups of the upfamily extensions of two-element doppelsemigroups
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