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We study temperate distributions and measures with discrete support in Euclidean space
and their Fourier transforms with special attention to almost periodic distributions. In parti-
cular, we prove that if distances between points of the support of a measure do not quickly
approach 0 at infinity, then this measure is a Fourier quasicrystal (Theorem 1).

We also introduce a new class of almost periodicity of distributions, close to the previous one,
and study its properties. Actually, we introduce the concept of s-almost periodicity of temperate
distributions. We establish the conditions for a measure p to be s-almost periodic (Theorem
2), a connection between s-almost periodicity and usual almost periodicity of distributions
(Theorem 3). We also prove that the Fourier transform of an almost periodic distribution with
locally finite support is a measure (Theorem 4), and prove a necessary and sufficient condition
on a locally finite set E for each measure with support on E to have s-almost periodic Fourier
transform (Theorem 5).

1. Introduction. The Fourier quasicrystal concept was inspired by the experimental di-
scovery of nonperiodic atomic structures with diffraction patterns consisting of spots, made
in the middle of 80’s. A number of papers has appeared, in which the properties of Fouri-
er quasicrystals are studied. Conditions for support of Fourier quasicrystals to be a finite
union of discrete lattices were found, and nontrivial examples of Fourier quasicrystals were
constructed ( [2,4-6,9-11,13-16, 18-20,22])

These studies have been extended to a more general setting of temperate distributions
with discrete support and spectrum ([3,7,8,17,21]). Note that these studies used, most
often implicitly, the properties of almost periodic measures and distributions. The goal of
the paper proposed here is to make these connections explicit.

The structure of this article is as follows. In Section 2 we give the necessary notation
and definitions. In Section 3 we prove some properties of distributions with locally finite
support and spectrum. These results are very close to the results of [3]. Here we also prove
that if distances between points of the support of a measure do not quickly approach 0 at
infinity, then this measure is a Fourier quasicrystal (Theorem 1). In Section 4 we introduce
the concept of s-almost periodicity of temperate distributions. Here we show conditions for
a measure p to be s-almost periodic (Theorem 2), a connection between s-almost periodicity
and usual almost periodicity of distributions (Theorem 3). We also prove that the Fourier
transform of an almost periodic distribution with locally finite support is a measure (Theorem
4), and prove a necessary and sufficient condition on a locally finite set F for each measure
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with support on E to have s-almost periodic Fourier transform (Theorem 5). In Section 5
we give proofs of theorems from Section 4.

2. Notation and definitions. Denote by S(R?) the Schwartz space of test functions ¢ €
C>=(R?) with the finite norms

Nym(p) = sup{max{1, |z[*} max [Dfp(z)]}, n,m=0,1,2,...,

where

k= (ki,....ka) € (NU{OD, |k|| = k1 + -+ kg, D" =05 ... 0.

These norms generate the topology on S(R%). Elements of the space S*(R?) of continuous li-
near functionals on S(R?) are called temperate distributions. For each temperate distribution
f there are C' < co and n, m € NU {0} such that for all ¢ € S(R?)

[F (@)l < CNum(p). (1)

Moreover, this estimate is sufficient for the distribution f to belong to S*(R?) (see [25, Ch.3]).
The Fourier transform of a temperate distribution f is defined by the equality

~

flo) = f(p) forall ¢ e SRY),

where
20) = [ @) exp{=2rita.y)}do

is the Fourier transform of the function ¢. By ¢ we denote the inverse Fourier transform of
¢. The Fourier transform is the bijection of S(R?) on itself and the bijection of S*(R?) on
itself. The support of f is called spectrum of f.

We will say that a set A C R? is locally finite if the intersection of A with any ball is
finite, A is relatively dense if there is R < oo such that A intersects with each ball of radius
R, and A is uniformly discrete, if A is locally finite and has a strictly positive separating
constant

n(A) :==inf{|lx — 2| : x, 2" € A, x # 2'}.

Also, we will say that A is polynomially discrete, or shortly p-discrete, if there are positive
numbers ¢, h such that

|z — 2| > emin{l, |z|7" |2/|™"} Va2’ € A, x#2 (2)
A set A is of bounded density if it is locally finite and

sup #A N B(z,1) < co.

xER4

As usual, #E is a number of elements of the finite set F, and B(x,r) is the ball with center
at the point z and radius r.

An element f € S*(R?) is called a crystalline measure if f and f are complex-valued
measures on R? with locally finite supports.

Denote by |u|(A) the variation of the complex-valued measure p on A. If both measures
|| and || have locally finite supports and belong to S*(R?), we say that u is a Fourier
quasicrystal. A measure =, _, axdy with a) € C and countable A is called purely point,
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here ¢, is the unit mass at the point y € RZ. If this is the case, we will replace ay with p(\)
and write supp u = {A: p(\) # 0}.

3. Temperate distributions with locally finite support. By [24], every distribution f
on R? with locally finite support A has the form

F=> ( > pk()\)D’“)éA with  p(\) € C, K, < o0.

ACA K|S KN
Note that ord f = sup, Ky(z) < oc.

Proposition 1. Suppose f € S*(R?) has a locally finite support A. Then
i) ord f < o0, hence,

F=Y_Y mND",, ke (NU{0})!, K=ordf; (3)

XeA [[k]<K

in particular, if f has a locally finite spectrum 1", then ord f < o0 and

=33 4D, jeMU{oy, J=ord f. (4)

Vel jll<g
ii) If A is p-discrete, then there exist C', T' < oo such that for all k
Ip(\)| < Cmax{1, AT} for all A € A. (5)

Moreover, there exists T7 < oo such that

> Y W =0(R") as R— oo (6)

AEAJA<R ||k <K
Proof of Proposition 1. i) Let A € A and € € (0,1) be such that
inf{(A=XN|: N e A, N #A\} >e
Let ¢ be a non-negative function on R such that
p(lal) € C=(RY), p(jz]) =0 for |2 > 1/2,  (Jz]) = 1 for |a| < 1/3. (7)

Then set

orelo) = T (B2 € s,

where, as usual, k! = kq!--- kgl. It is easily shown that

Floane) = (=1)Flp(N).

Let f satisfy (1) with some m, n. We get

|f(orre)] < C sup max{l,|z|"} Z c(a, ) ’Da¢ (M) DB ((93;—')‘)’{)

_ 13
lo=Al<e la+B]|<m

Y
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where a, 3 € (NU {0})¢ and ¢(a, ) < co. Note that

€

‘ Dy (M) ‘ <elole(a) for |A—af <e2/3,

and this derivative vanishes for |\ — z| > /2. Also,

DP(z — ) = {0 if k; < B, for at least one j; '

c(k, B)(w — N2 itk > B; V).

Since
max{1, |z|"} < 2" max{1,|A|]"}

for o € suppy k., we get

Pe(A)| < > c(k, o, B) max{1, | A|" }el¥I-lla+All

lla+BlI<m, B;<k; Vj

For || k|| > m we take ¢ — 0 and obtain pg(\) = 0.
Since f € S*(R%), we obtain (4).

ii) Let A be p-discrete and (5) be not satisfy. Then there is k, ||k|| < K, and a sequence
As — oo such that |As11] > 1+ |As for all s and
log [pr(As)|
— e — 00. 8
ogA 7 T )

Put 8, = ¢|A\s| ™" with ¢ from (2) and

(=) e — A Vs ()
Tbs,k@) - k! 2 ( Bs ) ) ; pk(>\s

We can assume that \; is so large that supp s, Nsupp ¢y = @, s # s'. Then by (8),

1/pe(Xs) = o(1/|A]7),  |As] = 00,  for every T < oo.
Since
D x(2)) = O(XJ"H), 5 € (NU{0})",

we see that ' '
DI (Wi(x)) = o(1/]z[""1), 2 — oo,

and U € S(R?).
Since A is p-discrete, we get A & B(\s, c|A\s| ") for all A € A\ {)\,}. Therefore, f(Uy) is
equal to

> 2 2 DM M) D @) (V) =D Y (D (A)pe(A) T D (W) (M)

AEA |lI|I<KK s s |iI<K

Since D'(1bs1)(Xs) = 0 for [ # k and D*(1),)(As) = 1, we obtain the contradiction. O

Estimate (6) follows immediately from (5) and the following simple lemma:
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Lemma 1 (cf. [8], a part of the proof of Theorem 6). If S is p-discrete set, then #S N
B(0,R) = O(R™) as R — oo with T' < oo.

Remark. V. Palamodov |21] proved Proposition 1 for temperate distributions with uniformly
discrete support.

Proposition 2. Let u € S*(RY) be a measure. Then |u| belongs to S*(R?) if and only if
there is T < oo such that |u|(B(0,R)) = O(RT) as R — oo.

Indeed, any non-negative measure v on R satisfying the condition v(B(0, R)) = O(RT) as
R — oo belongs to S*(R?) (cf. [24]). The converse statement see, for example, |6, Lemma 1].

It follows from Propositions 1 and 2.

Theorem 1 (cf. [8]). If 4 € S*(RY) is a measure with p-discrete support, then |u| € S*(R?).
In particular, every crystalline measure with p-discrete support and p-discrete spectrum is
a Fourier quasicrystal.

M. Kolountzakis, J. Lagarias proved in [10] that the Fourier transform of every measure
i on the line R with locally finite support of bounded density, bounded masses p(z), and
locally finite spectrum is also a measure

fo= Zyel“ Q'y(s”/
with uniformly bounded g,. The following proposition generalizes this result for distributions
from S*(R9).

Proposition 3. Suppose f € S*(R?) has form (3) with some K and countable A, and f has
form (4) with the locally finite support I". If

pr(r) = Z Z lpe(N)| = O™, r =00, H >0,

[Al<r [kl <K

then ord f < H; if ps(r) = o(r**#) as r — oo, then ord f < H.
Furthermore, in the case of integer H and ||j|| = H we get

g;(7)| < C"max{1,|y|"*};

for the case of uniformly discrete I' this estimate with the same K takes place for all j.

Corollary 1. If f € S*(R?) has form (3) with countable A, locally finite spectrum T', and
ps(r) = O(r?) as r — oo, then f is a measure, and

F=> a6, lg()] < € max{1, |7|*}.

yer
Proof of Proposition 3. Let v € I' and pick € € (0,1) such that
inf{ly —+'[: v €T,y #7} >e
Let ¢ be the same as in the proof of Proposition 1. Put

orselt) = Y oy —11/2) € SR,
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We have . R
(“D)Mg(y) = " ¢;(1)D6,(010:) = (f, 1) = (f, Bre)-

Iill<J
Note that

Prie () = €7 27@0 (1) (—27i) WIDY (- /) = e(l)e >N eI (DLp) (ex),

Therefore,
DH (@) () = IS 7 o * e @] DP[(D'g) ()] =
a+p=k
— Z c(av, B)(—2mi) Il e=2mi@n) g IS DA+ ) ().
a+pB=k

Since ¢(ex) € S(RY), we get for every x € R and n € NU {0}
DT (@) (ex)] < Nujga () (max{L, lex]"}) ™
Therefore for every k, ||k|| < K,
[DM(pr0.0) ()] < C(K, ) M max{1, ||} (max{L, [ez|"})

where C'(k,n) depends on ¢. Now we may estimate (f, $,.) as

5 S B a0 < O M1, 1) [ B @
If ps(r) = O(r¢™) for r — oo, take ¢, such that
lp(t)| < Cot for t > t.
If ps(r) = o(r*™), fix any n > 0 and take ¢y = to(n) such that
Ip(t)| < nt™H for t > t,.

Then pick n > d + H and ¢ < 1/t,. Integrating by parts and using the estimate for ps(¢),
we obtain

/000 max{L, (et)"} " ps(dt) = py(1/e) + /100(€t) "ps(dt) < ng_% , ==Ly

Therefore, the left-hand side of (9) not more than el!l=# CyC’ max{1, |y|¥}, and
a(7)] < C'Comax{1, |y|[<}elll=H,

If ||I]| > H, we take e — 0 and get ¢(y) = 0, hence, J = ord f < H.
If H is integer, we get |q(7)| < C'Comax{1,|y|¥} for ||l|| = H
If py(r) = o(ri*t#), we replace Cy by n and note that n is arbitrary small for & small
enough. Hence, ¢(v) =0 for ||I|| = H
Finally, if T' is uniformly discrete, we take ¢ = g9 < n(I")/2 for all v € T and obtain the
bound
la(7)] < 5" C'Comax{L, 7"} VL [lI] < J.
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4. Almost periodic distributions and their properties. Recall that a continuous functi-
on g on R? is almost periodic if for any £ > 0 the set of e-almost periods of ¢

{7’ eR?: sup |g(z+7) — g(z)| < 5}

z€R4

is a relatively dense set in R? (cf..for example, [1]).

Almost periodic functions are uniformly bounded on R? The class of almost periodic
functions is closed with respect to taking absolute values, and finite linear combinations; the
limit of a uniformly in R? convergent sequence of almost periodic functions is also almost
periodic.

A typical example of an almost periodic function is an absolutely convergent exponential

sum
Z Cp exp{2mi{x, w,)}

with w, € R?, ¢, € C.
A measure ;1 on RY is called almost periodic if the function

(6% )t /wt—wdu 7)

is almost periodic in t € R? for each continuous function 1) on R? with compact support. A
distribution f € S*(R?) is almost periodic if the function (¢ x f)(t) = f(1(t — -)) is almost
periodic in ¢ € R? for each ¢ € C* with compact support (see [12,18-20,23|). Clearly, every
almost periodic distribution has a relatively dense support. But there are measures that are
almost periodic temperate distributions, but are not almost periodic as measures (see [18]).

Definition. A distribution f € S*(R?) is s-almost periodic, if the function
(Y )(E) = f(¥(t =)

is almost periodic in t € R? for each ¢ € S(R?).
The following theorem plays a very important role in our investigations.
Theorem 2. If f is a temperate distribution and its Fourier transform f is a purely point

measure such that R
|F1(B(0,7)) = O(r")

for r — oo with some T' < oo, then f is s-almost periodic distribution.

Proof of Theorem 2. Tt is very easy. Let f = > er b(V)0y, M(r) = |/1(B(0,r)). For any
P € S(RY) we get

F(t =) = (F(). b ()™ ) =3 b(y)d(y)em ). (10)

Since [1(y)] < Nri10(e)|y|~T=" for |y| > 1 and
S b)) < Co+ Cy / TN (dr) < oo
yerl’ 1

we see that the series in (10) absolutely converges, and the function (f % )(t) is almost
periodic. O
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From Proposition 2 it follows the following corollary.

Corollary 2. If f € S*(RY), f is purely point measure, and \f\ € S*(RY), then f is s-
almost periodic distribution. In particular, every Fourier quasicrystal is s-almost periodic
distribution.

Using Proposition 1, we also get

Corollary 3. Let f € S*(RY) have p-discrete spectrum, and the Fourier transform fisa
measure. Then f is s-almost periodic distribution.

Corollary 4. Let f € S*(R?) of form (3) have locally finite spectrum T' with polynomial
growth of numbers #(I' N B(0,r)). If

Z Z (V)| = O(r?)  for r — oo,

[EI<K [Al<r
then f is s-almost periodic distribution.

Indeed, by Corollary 1, f is a measure with polynomially growth coefficients.

Evidently, every s-almost periodic distribution is an almost periodic distribution too.
Conversely, the following assertion is valid:

Theorem 3. Every almost periodic (in sense of distributions) non-negative measure i €
S*(RY) is s-almost periodic distribution. The same implication is valid if u is a complex-
valued measure on R such that

sup [u|(B(z,1)) < oc. (11)

z€R4

It is easy to check that every almost periodic in the sense of distributions measure pu
under condition (11) is almost periodic in sense of measures.

Proofs of Theorem 3 and the following ones are given in the next Section 5.

Theorem 4. If f € 5* (R%) is an almost periodic distribution with locally finite spectrum T,
then f is a measure.

Show that p-discreteness of support of a measure is closely connected with s-almost
periodicity of its Fourier transform:

Theorem 5. In order for each measure p € S*(R?) with support in a fixed locally finite set
A C R? to have s-almost periodic Fourier transform fi, it is necessary and sufficient that A
be p-discrete.

Moreover, if fi x ¥(t) is bounded for all ¢ € S(R?) and p € S*(R?) with supp u C A,
then A is p-discrete.
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5. Proofs of Theorems 3-5.

Proof of Theorem 3. Let ¢ be C* non-negative function with compact support such that
p(x) = 1 for x € B(0,1). Since ¢ x u(t) is an almost periodic function, we see that it is
uniformly bounded. If ¢ > 0, we get

w(B(z,1)) < C
for all z € R Set pf(z) := p(t — x) with ¢t € R% For every complex-valued measure p
subject to (11) we get
M(r) := |pt|(B(0,7)) < Crd
for all 7 > 1, where the constant C' is the same for all t. Take ¢ € S(R?). Then
()] < Cyl| =
for |z| > 1. For any € > 0 there is R < oo that does not depend on ¢ and such that

V(@) (d)

< 01/ M (dr) < Cy(d + 1)/ M (r)yr~*2dr < ¢/3.
R

‘ lz|>R R

Therefore for all ¢t € R?

‘/H_M b(t = 2)u(da)

Let £(z) be C*°-function on R? such that

<e/3. (12)

- ] /| Ry

0<E<T, &(r)=1 for |z <R, &x)=0 for |z]>R+1.

The function (£) % u(t) is almost periodic, hence there are a relatively dense set E C R?
such that for any 7 € E and all t € R?

|(§0) 5 pult +7) — () » u(t)] < /3.
Applying (12) to (1 —&(t+7))(t + 7) and (1 — &(¢))y (), we obtain
[xp(t47) = xp(t)] < [(§)Hplt+7) = () pu(t)[+ (1= E)xpu(t+7) |+ |(1=E)wpu(t)| < e.
Hence, F is the set of e-almost periods for the function ¢ * u. m

Proof of Theorem 4. Let f be an almost periodic temperate distribution with a locally finite
spectrum I'. By Proposition 1, f has form (4). Suppose that J # 0 and ¢; () # 0 for some
v el and j' = (ji,...,75), lI7/|| = J. Without loss of generality suppose that jj # 0. Set

er=(1,0,...,0), e;=1(0,1,...,0),..., ea=(0,...,0,1), (13)

and j” = j' — e;. Pick e <min{|y' —v|: v € '}, and set

=7)Y" (ly—~
907'»1'”75(:9) = . ()0 )

]”! c

where ¢ is defined in (7). We have

f(e%rmjt (2N a Z Z HJH Dj( 2mi yt>90’y’,j”,€(y))(/7) (14>

Vel [ljlI<J
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Since
0, ify#~ orj#j"

D'] / ‘//6 =
(@757, (¥))(7) {1’ £ — o and g —

we see that expression (14) is equal to

(_1>qu/ (7/)27]_% e2m v t) J Z QJ”+e 27T2t eZm’(»y’,w + (_1>J71qj// (7/>627ri<fyl,t).

The first summand is unbounded in ¢; € R, hence the function

(@ gmela =) = F(ET00 o (—y))

is unbounded and not almost periodic. We obtain the contradiction, therefore, J = 0 and f
is a measure. O

To prove Theorems 5 we need the following proposition:

Proposition 4. Let \,, 7, € R? be two sequences such that 7, — 0, |\,| > [A\,_1| + 1 for
all n, and
log | 7|

log [\

Let j1 be any measure from S*(R?) such that its restriction for each ball B(\,,1/(2|\,]))
equals |7,|"2/3(8x,+r, — Ox,). Then there is ¢ € S(R?) such that fi x 1 (t) is unbounded. In

particular, fi is not s-almost periodic distribution.

—00 as n — oo. (15)

Proof of Proposition 4. By thinning out the sequence 7,,, we can assume that for all n

Do InlT < (1/8) ), (16)

p<n

and
> Il < (2/Bm) . (17)
p>n

Set

T) = Z |7—n|1/390(|/\n||x = Aal),

where ¢ is defined in (7). By (15), |7.] = o(1/|\,|") as n — oo for every T' < oo. Therefore,
for all k € (NU{0})%, N € N we get D*y(x) = o(|\,| ™) for z € B(\,,1/(2|\.])). Hence,
(D*y)(x)(1 + |z|) is bounded on R? for all N and k, i.e., ¢ € S(R?). By (7), ¢(z) = 0 for
r & U,B(\,, 1/(2),)). Hence, for every t € R?

At~ 0) = (b (x)e ) Zmr 3| o e 2O ()20

7] < 1/(3|\n]) for large m, therefore, ¢(|7,||\n|) = ©(0) = 1. Besides, for t = 7,,/(2|7,|?)

|€—2ﬂ'i<(}\n+7’n), ) e—27r7, (An,t ’ _ |€—27ri<7'n,t) . 1| — 9
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Therefore,

Rt =) = 20ma 72 =2 ||V = Y g | et 1. (18)

p<n p>n

Taking into account (16), (17), and the estmates

—2mi(Tp,t) 1] < 27|7||t] = 7T|Tp||7-n|_17

e
we obtain that (18) is more than 2|7,|~'/3/3. Hence the convolution (fix)(t) is unbounded
on the sequence 7, /(2|7,|?), and the distribution /i is not s-almost periodic. O

Proof of Theorem 5. Suppose that A is a not p-discrete set. Then there are two sequences
An, A, € A such that A, and 7, := X, — A\, satisfy (15) and |\,| > 1+ |\,_1|. Check that the

measure
=" |l ¥[5x, = 6x,]

belongs to S*(R?).
For any ¢ € S(R?)

(. 0) < Y 17l PISO) = S < D Il PN (9),

where Ny 1(¢) is defined in (1). By (15), 7, = O(n~7T) for any T' < oo, therefore the sum
converges, p satisfies (1), and p is a temperate distribution. Applying Proposition 4, we
obtain that /i is not s-almost periodic.

Proposition 4 actually implies that the convolution [ 1& with some ¢ € S(RY) is
unbounded, which proves the last part of the theorem.

Sufficiency follows from Corollary 3. O
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