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In this paper, we study the problem for a nonlinear hyperbolic Stokes system of the second
order with an integral term. Sufficient conditions for the uniqueness of the weak solution of this
problem are found in a bounded domain. The nonlinear term of the system contains a variable
exponent of nonlinearity, which is a function of spatial variables. The problem is studied in
ordinary Sobolev spaces and generalized Lebesgue spaces, which is quite natural in this case.

Introduction. In the present paper we consider the problem of the finding a pair of the
functions {u, 7} that satisfy the following relations:

un—z (Al-j(x,t)umi)mj—l—G(m,t,ut)—i-/Qﬁ(x,t,y)ut(y,t) dy+Vr = f(z,t) in Qor, (1)
Q

ij=1

divu=0 in Qor, (2)
/ﬂ(x,t) de=0 in (0,7), (3)

Q
u|8§2><[0,T] =0, (4)
u’t:O = up(x) in €, (5)
where u = (uy,...,u,): Qor = R", m: Qor = R, Vi = (66—;1, e 8896—7;), A;; is some matrix,

Gz, t,up) = (g1 (2, 1) (u)e 72w, o gn (e, )] (un)e 77 (un)e),

f is some vector, divu = % + ...+ g%z, 2 C R™ is a bounded domain with the smooth

boundary 99, n > 2, Qor = Q2 x (0,7"), and T" > 0 is some number. The function ¢ = ¢(z)
is called the variable exponent of the nonlinearity to system (1).

System of the Navier-Stokes partial differential equations describes motion and heat
transfer of the viscous incompressible fluids. Besides, it is used in mathematical modelling of
nature phenomena and various technical problems. That is why problems for the parabolic
Navier-Stokes equations with the constant exponents of nonlinearity are widely studied in
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scientific literature (see, for example, [1]-[3|, and the references given there). In papers [4]-[6]
the authors introduced and investigated the hyperbolic perturbed Navier-Stokes system with
the constant exponent of nonlinearity. The local-in-time existence result and global existence
of smooth solutions for small data are proved.

Weak solutions of the parabolic Stokes equations with constant and variable exponents
of the nonlinearities are studied in [7]-[10]. Some classes of nonlocal nonlinear problems
for the equations with variable exponents of the nonlinearity are investigated in [11], [12].
The initial-boundary value problem for linear hyperbolic Stokes equations is considered in
[13]. Some local energy decay estimate of solutions for such problem is obtained. Hyperbolic
equations of third order with variable exponent of nonlinearity is considered in [14].

We found sufficient conditions of uniqueness of the weak solution for problem (1)—(6).
As we know the weak solutions of the hyperbolic Stokes system with variable exponent of
the nonlinearity and nonlocal term are not studied yet. The article is organized as follows.
In Chapter 2 we derive the model of hyperbolic Stokes system on the basis of the classical
system of the Navier-Stokes equations and some laws of physics. The auxiliary statements
are given in Chapter 3. Finally, in Chapter 4 we formulate and prove the main statements.

1. Physical background and motivation. The classical Navier-Stokes system for the
space R" (n = 3), provided that the fluid density p = 1 and in the absence of the external
forces, has the following form

— pAu+ (u, V)u+Vr =0, R" x(0,00), (7)

divu =0, R" x (0,00), (8)

where u = (uy(z,t), us(z,t), uz(z,t)): R x (0,00) — R™ is the fluid velocity vector, > 0

is the viscosity of the medium, 7 = m(z,t): R* x (0,00) — R is the fluid pressure,
i)

A = 8332 + 6‘\12 + 22 is the Laplace operator, (u, V) = “18%1 + UQaizz + uzg,;-
Condition (8) is the condition of fluid incompressibility. Equation (7) arises from the
general equation of motion of a continuous medium

ur + (u, V)u = div N, 9)
where N = (NV;;) is the stress tensor

N,
(div N); Z%” i=1,2,3.
L5

For simplicity, we drop in (9) the nonhnear term (u, V)u and obtain
= div N. (10)
Let us transform (10). First, we know that

where R;; = —7 0,5, 0;; is the Kronecker symbol that is 1 for ¢ = j and 0 for ¢ # j.
According to the Fourier law for tensor S = (.5;;), we have the following:

< Ou;  Ou;

55 = Gp, T o

). =123, (12)

where p is the parameter that characterizes the viscosity of the medium.
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Then we calculate the divergence It is clear that
3

oR 0 0
(div 1), = Z o 2 13—%(—”@ =y
]:

Let us similarly transform the second and third components of a vector div R and have that

divR = —Vr. (13)

In addition,

3
s =325 =5 2 (G 34)) -

j=1

3 3
S5 () ¢ 3 (o(22)) = 1 1)

7=1

Using (8), we obtain the following: (div.S); = u Awv;. Let us similarly transform the second
and third components of the vector div R. We have that div.S = u Awv.
Finally, we obtain the (parabolic) Stokes system:

—plAu+Vr =0, R"x(0,00), (14)
divu =0, R" x (0,00). (15)
Now let us move to the hyperbolic equation. First, let us replace Fourier’s law (12) by

Cattanco’s law (see [5, p. 195-196] and [21]), which under certain conditions better models
the real course of physical processes:

T

(9Sij Sl-j _ <8uz I 0uj

- L) ig=123, (16)
] Z

where 7 > 0. Then we differentiate (10) with respect to ¢ and multiply by 7:
Tuy = 7div Ry + 7div S;. (17)
From (16) we get that
7div S; = div7S; = pAu — div S. (18)

Using (10), (11) and (13), we obtain from here that v, = —V7 + div S. Therefore (18) will
take the form
7div S = plAu — up — V. (19)

Substituting (19) into (17), we obtain the equation
Tuy — pAu + uy = =V — 7V, (20)

Let 7 = 7 + 7. Then from (20) and (15) we obtain such hyperbolic modification of the
system of system (14): Tuy —pAu+u,+ V7 = 0in R x (0, 4+00). Let us divide this equation
by 7 > 0. We get

ug — alu ~+ guy + V' =0, (21)
where a = £ >0, g = - > 0, 7" =1 “(r+Tm) =+ 17r Clearly, considered in the present
paper system (1)—(2) is a generahzatlon of system (21) (15).
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3. Auxiliary statements. Suppose that O = Q or O = Qpr, M(O) is a set of all
measurable functions v: O — R,
B+ (O) :={q € L*(0) | esse(i?nfq(y) > 0}.
y

For every q € B, (O) by definition, put

0= ess o). o = esswa) p@0)= [PV d (22

yeO

v € M(O). Assume that q € B4(O) and qo > 1. The set
LI(0) = {v € M(O) | pgv;0) < +00}
with the Luxemburg norm ||v; LY (O)]| := inf{\ > 0 | py(v/\; O) < 1} is called a Lebesgue
space with variable exponent. Properties of the Lebesgue and Sobolev spaces with variable
exponent of nonlinearity were widely studied in [15]-[20]. In particular, it is well known that
if g € B, (O) and qo > 1, then L9 (0) is the Banach space which is reflexive and separable.
The scalar product in R” we denote by (-, -)gn,

(u,v)q = /(u(m),v(a:))Rn dr, u= (uy,...,uy), U= (V1,...,0,): Q2 —=>R"  (23)
Q

Let Cgiy := {u € [C()]" | divu = 0}, H is a closure of Cg;, in [L?(2)]", Z; is a closure of
Caiv in [H1(2)]". By definition, put

V=20 [LOQ)", UQor) = L0, T; Z1) N [L9(Qor)]",
1o VI = [vs Zu] + [Jus [LY(Q)]"],
[lw; U(Qo.r)l| = lw; L0, T3 Z1)|| + [Jws; [L7(Qo,r)]" .

We shall need the following assumptions:
(A): A;j, Aiji, are n order quadratic matrix with the elements from L*(Qor),
Aij = A, 4,5 =1,n,forall ', ... " € R" and almost all (z,t) € Qor
the next estlmates are true

a002|5 ” < Z ERIISNS Rn<a°(’2|£ i

4,7=1
‘Z z]txtg ij” <aZ’£Z|2

i,j=1
where 0 < agy < a” < 400, 0 < a' < +00;
(G) g € LOO(QO,T>7 l= 17_”?
0<go<gi(n,t) < g’ < +oo for ae. (z,t) € Qor (I =1,n);
(Q): ¢ € B(2) and gp > 1 (see notation (22));
(E): 9 is a quadratic matrix of order n with elements from space L™ (Qo 1 x €2);
(F): fe L*0,T; H);
(U): up € V, uy € HN[LID(Q)]".
We define the operator A(t): V — V*, A: U(Qor) — [U(Qor)]*,
E(t): (L@ — [LAQ)]", and E: [L2(Qor)]" — [L(Qu)]" by the rules

(A(t)z,w)y := / Z (2, 1) 20, (2), Wy, (7)) )rn dx, z,w eV, t€(0,T), (24)

i,j=1
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(At 0oy = / (A(t)u(t), o))y dt, w0 € U(Qur), (25)
(E())@) = [ M t.y)=(y) dy, Q= e [LQ)" (26)

(Bu)(, 1) == (E(t)u(t))(z) Z/m(w,ty)U(y,t) dy, (2,t)€Qor, u€[L*(Qor)]".  (27)

Remark 1 (see [10], Lemma 2). If condition (E) holds, then defined in (26), (27) the
operators E(t): [L*(Q)]" — [L*(Q)]" and E: [L*(Qor)]" — [L*(Qor)]" are linear bounded
and continuous. Moreover, for all v € [L?(Q)]", 2z € [L*(Qor)]", t € (0,T), and 7 € (0,7
the following estimates are true:

IHE@)ol; L2 Q)] < E°flvs [L2(Q)]"], (28)
HE2; L (Qor) || < B2 [L*(Qo. )", (29)
where constants E°, E% > 0 are independent of z,v, 7.

Remark 2 (see [10], Proposition 6). It’s easy to see that if v € [L?(Qq7)]", then

Hol; L(Qo)II* < nllvs [L*(Qo)]" I, 7 € [0,T]. (30)

A pair {u, 7} is called a weak solution of problem (1)—(6), if u € L>(0,T;V)NC([0,T]; H),
w € L*0,T;2,) N [LY@(Qor)]™ N C([0,T]; H), uy € L*(0,T;H), m# € LI/« D(Qor),
u satisfies initial conditions (5)—(6), for every v € V and a.e. t € (0,7") we have

(u(t),v)e + (A@)u(t), v)v + (G2, w), v)a + (E(t)u, v)o = (f(t), v)a, (31)
7 satisfies equality (3) in space D*(0,7") and satisfies

uy + Au+ Gz, t,u) + Euy + Vo = f in space [D*(Qor)|". (32)

4. Main results. Let us prove the following theorem.

Theorem 1 (uniqueness). Suppose that conditions (A)—(U) hold. Then problem (1)—(6)
can not have more then one weak solution {u, 7}.

Proof. Let’s assume the opposite. Let {u, 7}, {u, 7} be weak solutions to problem (1)—(6),
u # U, ™ # 7 on positive measure subset of Qo . Take w := u — @, Then, for each 7 € (0,7
it is easy to obtain the equality

T

[ nt®.tt)n + (A0, )+

+(G(a,t,w () — G, £, (1)), wi (1)), + (E(t)wt@),wt(t))g} dt = 0. (33)

We get

T

/(th(t)awt(t))ﬂ dt = %/|Wt|2 dx 7

0 Q Qr
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0
1 n t=1 1 n
= 5/ Z(Aijwl'i7wﬂfj)R" dx — 5 / Z(Aijthi7wzj)Rn dxdt >
q n=l =0 Qo,r ij=1
1 n ) 1 ) n )
Z § aopo Z |Wxi dr — 5 a Z ‘(,um’ dxdt.
Q, =1 G0, =1

From (G) it follows the estimate (G(x,t,u(t)) — G(x,t, U (t)), we(t)), > 0. According to
the Cauchy-Bunyakovsky-Schwarz inequality, using (29) and (30), we obtain

/(Ewt,wt)w ddt < | [Ew]; L2 (Qor )|l - I wels L2 (Qo )|l <
Qo,r
< n|Buw; [L2(Qo)]" || - llwos; [LH(Qo. )] | < nE®lws; [LH( Qo))" | - llews; [L*(Qo)]" | =

= 0B ws 2@ I = B (3 s Qo)) <

=1

2
< nE® (n max |lwi; LQ(QO,T)H) = n’ £ max / |wyo|? dadt <
1<I<n <n

1<l
QO,T
n
<n*E% / Z |y |? dadt = n® EY / |w, |* dadt.
=1
Qo,r Qo,r

Thus, from (33) we get the equality

%/[|wt|2+a002|wzi|2] dr < Cy / [lwdl? 4 e, 2| dedt, 7€ (0,7],  (34)
1=1

QT QO,T =1

where Cy > 0 is independent of 7. Let y(7) = [, [|wt|2 + > |wzi|2] dr, 7€ (0,T].
! i=1

Then from (34) it follows that y(7) < 2Cy [ y(t)dt, 7 € (0,T]. Then the Gronwall-Bellman
Lemma yields that y(7) < 0 for 7 € [0, T, hence u = u.

From (32) we get equality V(7 — 7) = 0 in a sense of space [D*(Qo.r)]". Then, using
condition (3), we get that 7 = 7 and the Theorem 1 is proved. O
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