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There is introduced a concept of index for the Fueter regular function of the quaternionic
variables. There are considered three approaches (Fueter, Sudbery and Mariconda) constructing
the Fueter regular function from a holomorphic function of complex variable. Using Mariconda’s
approach there are constucted some analogs of such elementary functions as the exponent, the
sine and the cosine. For the Mariconda analogs we proved that they have bounded index and
their indices equal 1, 2, 2, respectively. Using recent results on sum of entire functions whose
derivatives are of bounded index it is established that the Fueter regular function constructed
by Mariconda’s approach is of bounded index, if the derivatives of its addends have bounded
index. Also there was examined a function of the form H(q) = fi(zg + ix1) + jfo(ae + ix3),
where fi and fo are entire functions of complex variable. For the function H it is proved its
Fueter regularity and index boundedness if the first order derivatives of f; and fs have bounded
index. Moreover, the index of the function H does not exceed the maximum of indices of the
functions f{ and fJ increased by 1.

1. Introduction. In this paper we introduce a notion of index for regular functions of
quaternionic variable. The notion was firstly appeared for entire functions of single com-
plex variable [10]. These functions have applications in the analytic theory of differential
equations [16] and value distribution theory [2,6,17]. Moreover, there are many papers on
different multidimensional complex analogs of the notion [3-5,13]. Although there are many
papers and monographs [7-9,18] on properties of regular functions, we do not know results
on growth estimates, local behavior, value distribution and their applications to differential
equations which are similar in the theory of bounded index for analytic functions of complex
variable. The present paper is a starting point to develop theory of bounded index, value
distribution theory and analytic theory of differential equations for these functions.
Introducing the notion of bounded index for entire functions of complex variable, B. Lep-
son [10] considers the notion as the central index of the power series. In the complex analysis,
the notion is closely related to the concept of the complex derivative and power series. Un-
fortunately, the quaternionic regular functions have no expansion in power series. Moreover,
even ¢" is not regular function, if n > 2, and ¢ is a quaternionic variable. These functions
can be developed in some series by special type homogeneous polynomials whose coefficients
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are calculated by partial derivatives in real variables. In view of these difficulties, Prof. Oleh
Skaskiv (Lviv) posed the question: How to introduce the concept of index boundedness for
reqular Fuether functions? He assumed that such an approach would be successful if it is
possible to deduce analogs of known results from theory of complex entire functions having
bounded index. In the present paper, we make an attempt to introduce this concept and es-
tablish quaternionic analogs of the most recent statements on properties of functions having
bounded index to test for applicability.

There are a lot of connections between general field theory and quaternionic analysis.
For example, K. Guerlebeck and W. Sprossig [9, p.162] considered the application of a
quaternionic operator calculus to the representation of the solution of Maxwell equations. It
is known that these equations [19] are the cornerstone in electrodynamics. But the notion of
bounded index allows to study properties of solutions of partial differential equations without
explicitly looking for the solution itself.

2. Main notations and definitions. We will use standard notations and definitions
from [8,9,18]. Let us remind some of them.

Let H be the real associative algebra of quaternions with the standard basis 1, ¢, j, k
such that

P=2=k=-1, ij=—ji=k, jk=—-kj=1i, ki=—ik=]j.
We write an element ¢ € H in the form
q = xo+ 11 + jTo + kxs,

where z, € R, for £ = 0,1,2,3 and we set Req = x9, Puq = izy + jxg + kxs, |q| =
V@t + 2 + 22+ 22. Req, Pug and |g| are called the real part, the imaginary part and the
module of g, respectively. The quaternion § = Re —Puq = xg — ix1 — joo — ka3 is called
the conjugate of ¢ and satisfies |¢| = /q¢ = /qq. Sometimes it will be useful to write a
quaternion in a more compact way as ¢ = Z;ﬁ oty where x, € R and 19 = 1, 10 =4, 10 = J,
13 = k.

Let us consider a function f: H — H. One can extend the notion of holomorphicity
to functions of one quaternionic variable, but while in the complex case there are several
equivalent definitions, in the quaternionic case there is only one definition [8,12,18] which
is meaningful, and it consists in defining a regular function (or quaternionic holomorphic
function) as a function defined on an open set of the space of quaternions which is in the kernel
of the so-called Cauchy-Fueter operator (a natural generalization of the Cauchy-Riemann
operator). But in the last decade there were developed another approach to introduce the
notion of holomorphicity for functions of quaternionic variable. F. Colombo, 1. Sabadini,
D. Struppa and others [7,8,12] examined the slice entire functions. These are functions of
quaternionic variable which are entire functions at the every slice passing through origin and
containing one point from the unit sphere of purely imaginary quaternions.

Let us now introduce two differential operators which generalize the Cauchy-Riemann
operator to the quaternionic case:

0, 0 .0 .0 0 0, 0 0 . 0 | 0

a_q - Oxo +Zax1 +jc9x2 +kax3’ 8_cj - Oxo + 81‘12 * axgj + 8x3k'

The two operators are called the left and right Cauchy-Fueter operators, respectively. We
also define their conjugate operators

a 0 ia_.a_ka @_8_82,_3,_81{;
dqg Oz  On ‘]0$2 ors’ dq 0Oz Oxy 8@‘7 Oxs
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Definition 1. (see Definition 3.1.1. in [8]) Let U C H be an open set and let f: U — H be
a real differentiable function. We say that f is left reqular on U
af _of . of _of . of

' ' 2, 1
07 oz om  om  "om (1)

We say that f is right regular on U if

o.f of of of  of
07 " ory " 0xr oy Tant )

We denote by Re,(U) the set of the left regular functions on U and by Re,(U) the set
of the right regular functions on U. The theory of the left regular functions is completely
equivalent to the theory of the right regular functions so, classically, the theory is usually
developed for the case of left regular functions.

Below we indicate three ways to construct the Fueter regular function of quaternionic
variable from holomorphic functions of complex variable.

Proposition 1 (see Proposition 2.27 in [9], [11], the Mariconda Proposition). Let Gy, (k =
1,2,3), be open sets in C and let hy: Gy — C be complex holomorphic functions. Further-
more, let hy, = Re hy+iIm hy and let G := {q = o+ 11 +12xs +1323 € H: 2o+ 121 € G}
Then the function H: G — H given by

H(q) = Z Re hg(zo, 1) + sz Im hy(zo, xx) (3)

k=1 k=1

is quaternionic regular in G.

For each ¢ € H, let 7,: C — H be the embedding of the complex numbers in the
quaternions such that ¢ is the image of a complex number ((¢) lying in the upper half-plane;
ie. P

. uq .
ng(r +iy) = v+ —=—y, ((q) =Reqg+i|Pugl. (4)
| Pug
Theorem 1 (Theorem 3.1.6. in [8], the Fueter Theorem). Suppose f: C — C is analytic
on open set U C C, and define f: H — H by f =n, o fo((q). Then Af is regular on the
open set (_1(U) C H, and its derivative is O,(Af) = Af', where f" is the derivative of the
complex function f.

Theorem 2 (see Theorem 4 in [18], the Sudbery Theorem). Let u be a real-valued function
defined in H. If the function u is harmonic and has continuous second derivatives, then there
exists a regular function f, defined on H such that Re f = u. In particular, the function can
be obtained by the formula f(q) = u(q) + 2 Pu fol s20mu(sq)qds.

Every regular function f: H — H can be represented as a uniformly convergent series
(see [8,18])

o0

F@)=>_> plag—q)a,

n=0 v€oy,
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where a, = %&,f(qo), 0, = 8,1182%, o, denotes the set of triples v = (ny,ng, n3),

n =mny +ns +ng, qo € H, and

po(g)= D, (wony — ). (wons, —T2,)

1§)\17~~~’/\n§3

Here the sum is taken over the
i=1,2,3.

Below we introduce a notion of index for the regular function of quaternionic variable.

A regular function f: H — H is said to be of bounded index if there exists ny € Z, such
that for all ¢ € H and for all & = (ay, s, a3) € Z2 the following inequality is true

10af(q)
(a1 4+ ag +ag)! —

51+52+53<n0,5:(51,@2,53)Gzi}- (5)

W different alignments of n; elements equal to 7, with

1)
= ma {(514—524‘53)

The least such integer ng is called the index of the function f and is denoted by N(f,H).

Remark 1. Since we use partial derivatives in the imaginary variables z1, xq, z3 in (5), it is
interesting to investigate how this definition relates to the definition of index boundedness
for entire functions of complex variable. In the case, we rewrite (5) replacing ¢ = x¢ + iz +

Jjxo + kxs by z = x + iy, Oy by %—aa and dz by %. Then for any o € Z, one has

0°f(2) 19°f(2)|

ol | aye < max 7 | "oy 0<pB<ny,BEL, p. (6)
It is known that ﬁ = (% — z‘gf) and ﬁ = l(af + iaf). Hence, ? = + dz, and
g—g = z(% — %) But the function f is entlre It means that af = 0. Thus 8—5 = zgﬁ
Similarly, 2 ayn = "ng for any n € N. Therefore, | I =] 8z{:| and 1nequahty (6) is equivalent
to

1 0°f(2) 1197f(2)] .

a 020 Sma /B' 8’3 0§5§n07562+ :

Thus, our approach to quaternionic bounded index matches with the usual bounded index
in the case entire function of complex variable.

3. Main results.
Recently, there was obtained such a theorem in [1]

Theorem 3 ([1]). If fi(21), fo(22) are entire transcendental functions, and their derivatives
f1(z1), f4(z2) are functions having bounded index, then the function F(z1,22) = fi(z1) +
fa(22) is also of bounded index in joint variables and N(F') < 1+ max{N(f]),N(f5)}.

In view of Theorem 3 and Proposition 1, we can prove such a proposition.

Theorem 4. Let hy,: C — C and its the first order derivative be entire functions of bounded
index, k € {1,2,3}. Then the function H(q): H — H from Proposition 1 is the Fueter-regular
function of bounded index and its index does not exceed maximum of indices of the functions
h}. increased by one.
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Proof. Proof of the theorem is based on the proofs of Proposition 1 and Theorem 3 from [1].
Let H: H — H be defined in (3). Then for v, = (ny1,0,0) (ny > 0) one has

. 8”1h1(m0 + Zl’l)
B Oxy*

d,, H(q) = "™ (2 + ). (7)

and

0, H ()] _ [P (o +iz0)| 1 [(B(wo + iwy)) V)

711! TL1! N n_1 (n1 — ]_)‘ -
! ; (m)
< imax{|(h1(%+wl)) | :0<m< N(hll)} =
ny m)!
1 AT (g + )| ,
:n—lmax{(l—i-m) T m) 1 <14+m<1+N(h) <

N, (W tin
ny s!

:1§s§1+N(h’1)},

because h) is of bounded index N (h}).
Choosing n; > 1+ N(h)) and using (7) we obtain for v; = (n,0,0)

H h(s) :
—|81 (9)] Smax{| ! (x0+lx1)|:1§5§1+N(h’1)}_

nq! s!

Os.0.00H
s!

Similarly for o = (0,n2,0) (ne > 1+ N(hY)) and v3 = (0,0,n3) (ng > 1+ N(hj)) we

deduce 5 5 i
. H s
0] [Pl <1y ),

ng! s!

H O0.0.6H
\(%3 '(q)‘ Smax{| (0,0, )' (Q)| ]_SSS]_—'—N(hg)}
ns. S

If v = (n1,n9,n3) and at least two components (for example, n; and ns) do not equal
zero then

o™ o oM
~ 0xy? Oz Oz
am o

T 01 Ox? (™A™ (2o + ixy)) = 0.

0,H (q)

(hi(xo +ix1) + ho(zo + jz2) + hg(xo + kag)) =

Combining all results, we deduce

0, H(q)]
(711 -+ (%) —+ ng)'

Ow.s.00H
max{“L)'(q”: 1§3§1+N(h’2)},max{
s!

|a(s,0,O)H(Q)|

s!

|a(0,0,s)H(Q)|
s!

gmax{]H(q)|,maX{ :1§5§1+N(h’1)},

;1§s§1+N(hg)}}:
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10(s1,5,55) H (q)]
= maX{ (5(1 " S:)+ ol 0Sstetaa<ly max{N(h), N (hy), N(h3),} ¢ .

Therefore, the function H has bounded index and its index N(h) does not exceed 1 +
max{ N (}), N (i), N(5), }. =

Using the Mariconda Proposition (see above Proposition 1) it is possible to introduce the
following Mariconda’s analogs of the exponent, the sine and the cosine:

expy(q) = €™ (cos x1 + cos xg + cos x3) + €™ (isinzy + jsinxy + ksinxy),
cosy(q) = cosxo(chxl + chxy + chag) — sinzg(ishxy + jshxy + kshuxs),
sinp(q) = sinzg(chxy 4+ chxy 4+ chas) + cosxo(ishxy + jshas + kshas).

In view of Proposition 1 they are Fueter regular. By Theorem 4 the regular functions expy,
cosyg, siny are functions of bounded index in the whole space H and their indices equal 1,
2, 2, respectively.

It is possible to prove a similar proposition for the sum of two holomorphic functions,
which is not a consequence of the previous one.

Theorem 5. Let hy(z), ho(z) and their derivatives be entire functions of bounded index.
Then the function H(q): H — H defined as

H(q) = hi(xo + iz1) + jho(ws + ix3)

is the Fueter-regular function of bounded index and its index does not exceed maximum of
indexes of the functions h), increased by one.

Proof. At first, we will prove regularity of H. Since

H(q) = Re hy(zg, z1) +ilm hy (20, 21) + j(Re ha(zg, 23) + i Im hy(1z, 73)) =
= Re hl(l'(),xl) + 7 Im hl(l'(),xl) + ] Re hQ(IQ, 1'3) — kIm ]’LQ(IQ,[E3),

we can calculate the operator 5t of the function H using the Cauchy-Riemann equations for

the entire functions h; and he

8*

8lH i 8[—] Rehl(l'o,l‘l) +281m hl({['(),Il) +Z,(Reh1(w0,x1) +Z@Im h1($0,$1))+

8_6 prd Zk orr 0o Oxo 0xq 0xy
+] 8Reh2(x2,x3) . kalth(IQ,SCg) i k (9Re h2($2,$3) . k@lmh2(x2,x3) _
81’2 81‘2 ox XT3 81'3
Re h1<l’0,(lf1> Im hl(xo,l’l) . 0Im hl(xo,l‘l) Re hl(xo,xl)
= —_ +1 + —
6’% 8131 8130 8.731
8R€ h2($27$3) 3Imh2(x2,x3) i 8Imh2(x2,x3) 8Reh2(x2,m3)
— — —1 + = 0.
61’2 81‘3 8952 8x3

Since 8(%{[ = 0 the function H is regular. Now will investigate the index boundedness. Then

for 11 = (n1,0,0) (ny > 0) one has

o™ h,l (fl?o + Z.Tl)
ox*

8y, H(q) = = i B (2o + ixy), (8)
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|8V1H(q)|:|h§n1>(m0+m)| 1 (B (o + iy )M )]

TLl! TL1! N sl (n1 — ]_)‘ -

/ ; (m)
SimaX{Khl(:Eo—f-lfl)) |:0§m§N(h/1)}:

ny m)!

P (2 + )|
(1+m)!

1+ N, h{ /
§+—(1)max{| 1 (xolerl)':lSsSl—kN(h,l)},
S

1
:—max{(l—i-m) :1§1+m§1+N(h/1)}§
ny

ny

because R is of bounded index N(h}).
Choosing n; > 1+ N(h)) and using (8) we obtain for v, = (n4,0,0)

(s) .
—|8,,1H(q)| < max{‘hl (o + 1) 1<s<1 —|—N(h’1)} =

n1! s!

Dis.00H
:max{“L)'(qﬂ: 1§s§1—|—N(h’1)}.
s!

Then for vy = (0,n2,0) (ny > 0) one has

0™h ) o .
81/2H(Q) _ 2($2n2 ZZL‘3) :jhg 2)(1,2 +Zl’3),
Oz
10, H (q)| _ |h§”2)(x2 +ix3)| _ 1 |(Ky(zs + iz5)) 2D
n2! n2! N2 (ng — 1)‘ -
! ; (m)
= imax{|(h2(x2 I 0 < m < N(h’z)} -
N2 m!
. 1 |hgl+m)(l‘2 + Z[E3)| ) ,
_n—2max{(1+m) 1+ m)! 1<1+m<1+N(h) <
1 N(h! h(s) .
< 2 ) () max{| 2 (x2'—|—zx3)| 1<s< 1+N(h/2)},
2 s!

because R}, is of bounded index N (h}).
Choosing ne > 1+ N(h}) and using (9) we obtain for v, = (0,n4,0)

CI
19-H{a)] max{‘hz (22 tiz)l 4 o oy +N(h’2)} _

TLQ! s!

Di0.s.00H
:max{’(L)'(qﬂ: 1§s§1—|—N(h’2)}.
s!

By analogy for v3 = (0,0,n3) (ng > 1+ N(h})) we deduce

. ,8”3h2(a:2 + Z.T3)

8y, H(q) = T = §i"h{™ (g + i3).
3

197
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Then in view of (9) one has ji°/j00.5,0)H (q) = 0(0,0,5)H (¢) and

, Oi0.5.00H

ng! s!

Let v = (ny,n9,0), ng > 1, ng > 1. Then

o2 gm o™ oy 1 (n1) .
0,H(q) = 90 O T ——(hi(xo + ixq) + jho(za + jz3)) = T (" hy "V (zo + ixq)) = 0.
2 2
Let v = (n1,0,n3), ny > 1, ng > 1. Then
o gm o

&/H(‘Z) (hl(iCo + zwl) + Jh2(372 + st)) ( mh(nl)(ﬂfo + 23:1)) =0.

oy day’ duy

Let v = (0,n9,n3), ng > 1, ng > 1. Then

g g O™ () .
aI/H<Q) ax'gg a no (hl(mo + le) + jhg(l’g + ]IE3)) axgg (th (‘,EQ + Zl’3)) =
= §i"3h{T) (2 + i), (10)
Therefore,
0, H(g)| _ [P (@ i) 1 |(h(as + i) e
(ng —+ TL3>' (ng + TL3>' (ng -+ n3> (Tlg =+ ng — 1)' -
! ir2)) (™)
< ! max{’(hQ(xz—i_Zx?’)) |:O§m§N(h’2)}:
Ng + N3 m!
1 B :
_ max 4 (1+myl_ @@l oy v L <
1+ N(K h$ (s + i
Na + N3 s!

because R}, is of bounded index N (hj).
Choosing ngs + ng > 1+ N(h}) and using (10) and (9) we obtain for v = (0, ng, n3)

(s) ;
Mgmax{m? (x2+m3)|;1§3§1+N(h’2)} =

nz! s!

Di0.s.00H
:max{wz 1§s§1+N(h’2)}.
s!

Ifv= (nl,n27n3>7 ny Z 17 na 2 ]-7 ns Z 17 then

g gnr gm
Oxy® 0xy? Ox”

o O |
= 5 o (™ (w0 + 1)) = 0.
3 2

O,H(q) = (h1(zo + ix1) + jhe(zo + j22)) =




THE BOUNDED INDEX FOR THE FUETER REGULAR FUNCTIONS 199

Combining all results, we deduce

0, H ()]
(m + N9 + ng)'

Dis.00H
Smax{]H(q)\,max{M: 1<s< 1+N(h’1)},

s!
{ 10(0,5,0/H (q)]
max { —2 -~~~

' :1§s§1—|—N(h’2)}}:
s!

85 S2.,8 H
:max{‘ (51,52,53) (q”

1t 5+ 55)] :0<s1+s9+s3<1 —|—maX{N(h’1),N(h'2)}}.

Therefore, the function H has bounded index and its index N(h) does not exceed 1 +
max{ N (}), N (h})}. =

4. Open problems. The authors in the introduction of [1] claimed that Theorem 3 can
become a base for the introduction of the concept of index for monogenic functions in a finite-
dimensional commutative algebra [14,15], regular functions of a quaternionic variable [12],
or slice regular functions of a quaternionic variable [7]. In fact, Theorem 4 shows the validity
of this statement for the Fueter regular functions of a quaternionic variable.

Fueter’s Theorem and Sudbery’s Theorem (Theorem 1 and Theorem 2) show another
approach to construct Fueter regular functions of quaternionic variable. In this paper we
thoroughly discussed the Mariconda approach within the theory of functions having bounded
index. The obtained results (Theorem 4 and Theorem 5) lead to the following questions:

1) Are the analogs of the exponent, the sine and the cosine obtained by Fueter’s Theorem
or by Sudbery’s Theorem of bounded index?

2) What are conditions on the function h in Fueter’s Theorem and on the function u
in Sudbery’s Theorem providing the index boundedness of the corresponding Fueter regular
function?

It is also posssible to construct the Fueter regular analogs of the exponent, the cosine and
the sine using sin z, cos z, exp z as the function f in Theorem 1 and the real or imaginary
parts of sin, cos, exp as the harmonic function v in Theorem 2. The investigation of index
boundedness for these functions encounters technical difficulties related with calculation of
partial derivatives. Therefore, we are not ready to give an exhaustive answer to the questions.
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