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ON OPTIMIZATION OF CUBATURE FORMULAE FOR SOBOLEV
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on star domains, Mat. Stud. 61 (2024), 84-96.

We find asymptotically optimal methods of recovery of the integration operator given
values of the function at a finite number of points for a class of multivariate functions defi-
ned on a bounded star domain that have bounded in L, norm of their distributional gradi-
ent. Thus we generalize the known solution of this optimization problem in the case, when
the domain of the functions is convex. Let @ C R? d € N, be a nonempty bounded open
set. By WP(Q), p € [1,00], we denote the Sobolev space of functions f: @ — R such that
f and all their (distributional) partial derivatives of the first order belong to L,(Q). For

1
r = (z},...,2%) € R? and ¢ € [1,00) set |z, := (22:1 \xk|q)q, |7 := max{|z¥|: k €

{1,...,d}}, and Wo(Q) :== {f € W'(Q): [V fl1 L@ < 1}, where Vf = (FL,..., FL),
p € [1,00]. In particular we prove the following statement: Let d > 2, p € (d, 00| and @ be a

ity 1 1
bounded star domain. Then E,, (WZ‘,’O(Q)) = c(d,p)(me;dSQ) v I (i< )
Ep(X) = inf{inf{e(X,q),xl,...,:cn): ®:R" 5 RY:ay,. .z, € Q) (X, B2y, 1) =
sup{‘ [ fz)dx — @(f(xl),...,f(xn))’: fe X} for X = W2°(Q), and ¢(d,p) € R depends

Q

only on d and p.

(n — 00), where

1. Introduction. Let a bounded measurable set @ C R, a class X of continuous on @
functions, and n € N be given. An arbitrary function ®: R” — R is called a method of
recovery. For given points x1,...,x, € @ the error of recovery of the integral by the method
D is

e(X,®,21,...,x,) :=sup /f(x)dq: —O(f(z1),..., flxn)|: feX
Q
The problem of the optimal recovery of the integral is to find the best error of recovery
B (X) = inf{inf{e(X,CD,xl, ) PR S RY:my, . a, € Q) (1)

the best method of recovery, and the best position of the informational set z1,...,z, lLe.,
such method ®: R" — R and points Z1,...,Z, € @, for which the infima in (1) are attained
(if such a method and points exist).
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In many cases it is hard to find the best error of recovery and an optimal recovery method;
in such situations it is interesting to find an asymptotically optimal method of recovery i.e.,

such sequence of methods @,,: R" — R and informational sets {z},..., 2"}, n € N, that
En(X)
li =1
noboo e(X, P, xt, ... 2")

The problem of optimal recovery and, in particular, the problem of optimization of
cubature formulae has a rich history, see e.g. monographs [14]-[17].

Let Q C RY, d € N, be a nonempty bounded open set. By WP(Q), p € [1, 00|, we denote
the Sobolev space of functions f: Q — R such that f and all their (distributional) partial
derivatives of the first order belong to L,(Q). As usually, for x = (2',...,2%) € R? and
q € [1,00) set

1
oy i= (S )" el = max{lat]: k€ {1, d})
It is clear that for all f € W'?(Q) we have || [V f|1 ||1,q) < 0o, where Vf = (88_51’ e %).
For p € [1, 00| set
Wy (@) = {f e W(@Q): IIVfli L, < 1}

Below we consider only the case p > d > 2. For p > d imbedding of the class W1?(Q)
into the space of bounded continuous on () functions holds, provided by some restrictions
on the geometry of @ (sets @) for which the imbedding holds will be called admissible). For
example, it is sufficient to require that () satisfies the cone condition, see Chapter 4 and
Theorem 4.12 in [1].

A bounded open set Q C R? is called a star domain with respect to a ball B (or simply a
star domain for brevity), if for all x € @ and y € B the segment xy belongs to Q. It is not hard
to verify that the interior of the closure of a star domain () coincides with (). This implies
that the closure of ) is an asymmetric star body according to [12, Definition 1.2.2], hence its
distance function is continuous (see [12, Theorem 1.2.2]), and thus @ is Jordan measurable
(see the proof of [12, Theorem I1.1.5]). Moreover, it is easy to see that a star domain satisfies
the cone condition, and hence each function f from W °(Q) has a continuous representation.

Everywhere below, for a finite set A, by |A| we denote the number of its elements. For
z,y € R? by (x,7) we denote the dot product of  and 3. For a bounded set Q C R we set
diam @ := sup{|a — b|2: a,b € Q}. We write meas @) to denote the Lebesgue measure of a
measurable set ().

The goal of the paper is to find asymptotically optimal cubature formulae on the class
W2(Q), where @ is a bounded star domain. In the case, when @ is a convex bounded
domain, such problem was solved in [2]. Solutions to some extremal problems for similar
classes of functions can be found in 8, 9, 11, 6, 4, 3|.

2. The main result.

2.1. Asymptotically optimal informational sets and methods. The construction of
asymptotically optimal informational sets and recovery methods in the case when () is a star
domain is the same as in the case of a convex set (). We adduce it below together with some
properties that we will need, see [5, 2, 4].

For a given h > 0 consider the lattice A in R? generated by the vectors (2h,0,0,...,0),
(0,2h,0,0,...,0),..., (0,...,0,2h) € RL Denote by Py(h), k € N, the cubes into which
the lattice A divides RY; their volumes are equal to (2h)?. Denote by A(h) the set of all
cubes Py(h) that are contained in @, let a(h) be the set of the centers of the cubes from
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A(h). Denote by B(h) the set of all cubes Py(h) that have non-empty set of common with
() internal points. For each n € N set

e 32’ »

For each cube P from the set B(3h,) choose a point by the following rule: the center of
the cube P, if it belongs to a(h,,); else, arbitrary point from P Na(h,), if the intersection is
not empty; else, arbitrary internal point of ) N P.

Denote by Si(n) the set of chosen points; by Sa(n) arbitrary subset of the set a(h,,)\ S1(n)
that contains n — |S;(n)| points (for large enough n this number is positive; if the set
a(hy,) \ S1(n) contains less than n — |S;(n)| points, then we take all points of a(h,) \ Si1(n)).
Set

S(n) := Si(n) U Ss(n). (3)
Let S(n) = {z1,..., 2, }. For each k € {1,...,[S(n)[} define the set

Vi i={2 € QN PBhy;xl): | — 2l|oe < |z — 2|00, 5 # Kk},

where P(3h,;x}) is the cube from B(3h,) that contains z;. Then the sets V} are pairwise
disjoint, ULS:(;L)‘ Vi C @ and meas <Q \ U',f:(?” Vk> = 0. Set

¢y, := meas Vj, Ee{l,....|S(n)|}. (4)

The following lemma states some of the properties of the sets S(n) and Vj, defined above,
see |2, Lemma 4|.

Lemma 1. Let Q C R? be a Jordan measurable set, n € N be large enough and h,, be
defined by (2). Then the following properties hold:
1. S(n) C @ and |S(n)| < n.
2. If x € Vj, then |z — &} | < 6hy,.
3. For each cube P € B(h,), |[PNS(n)| < 1.
4. Let R, be the union of cubes P € A(h,) with centers that belong to S(n). Denote by
Uy, := Vi \ Ry Then meas | Jl2' U, = o(1), n — oo.

2.2. Asymptotically optimal cubature formulae. The following theorem is the main
result of the paper.

Theorem 1. Let d > 2, p € (d, 00| and a bounded star domain @) be given. Then
- meas Q\aty 1+ o(1)
E(WE (@) = eldp) (o)

n — 0o
1
24 na 7

where

1 1
Cc d, = —H— — | loo
(d.p) dll] - |d1 N Ly ({z€R9: [z]<1})
The asymptotically optimal informational set is S(n) defined by (3), and the optimal recovery

method is
|S(n)]|

O (f (1), Flse) = Y cif (x),

k=1
where the weights ¢}, are defined by (4).
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Remark 1. We note that the case p = oo was obtained (by different methods) in [5], see
Theorem 3, in the case of an arbitrary Jordan measurable set Q.
It was proved, see |2, Lemma 5| that for arbitrary admissible @

B, (W2(@) = e(dp) (R @y Lol

od
and, see |2, Lemma 6]

1 s n — oo
nd

1S (n)]

Ej/f Flad)]da

klU

measQ) +or 1+40(1)

E, <WZ‘,’°(Q)> <  sup >

FeEWS(Q

+ c(d, p)(

na
as n — 0o, where the sets Uy are defined in property 4 of Lemma 1. Thus in order to prove
the theorem it is sufficient to prove the following lemma.

Lemma 2. Let d e N, p € (d, oo| and a bounded star domains () be given. Then

w, 5 lro-
fewge(@) %

A crucial tool in the proof of the main results is the following result, see [13, Ch. 6.9].

Lemma 3. Suppose p > d and Q C R? is admissible. Let f € WP(Q) and x,y € Q be such
that the whole segment with ends at the points x and y belongs to (). Then

(n é), n — 0o. (5)

/1 -z, Vf| 1—t)x+ty]>dt.
0

Observe that since the sets Uy, k € {1,...,|S(n)|} are generally speaking not convex,
we can not directly apply Lemma 3 to the difference f(x) — f(x}) under the integral in (5).
We define functions pi: Uy — @, k € {1,...,]5S(n)|}, such that whole segments zpy(z) and

pr(z)x; belong to ) and they are "not much longer” than the segment zx}. Once this is done
we can write the inequality

[f (@) = flap)] < |f (@) = fow(@)] + [ f(or(2)) = f2p)];

and apply Lemma 3 to switch from the values of the function f to the values of its gradient.
This will allow to obtain an estimate from above for the quantity (5) in terms of || [V f|1 ||z, (q)
and the total measure of the sets Uy, which in turn will imply Lemma 2.

3. Proof of the main result.

3.1. Auxiliary results. We need the following lemmas.

Lemma 4. Let T, C Uy and functions ¢y: T, — @ be such that ¢y (1)) is measurable,

ke{l,...,|S(n)|}. Assume that there exists a number ¢ > 0 such that
|0k(2) — T}loo < clz — 20
for all x € Ty, k € {1,...,]S(n)|}. Then there exists a number C' > 0 that does not depend

on n and such that for all integrable on () functions g

2:/1 yw<c/wym

d)k Tk)
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Proof. 1f the numbers 1 < k; < ko < |S(n)| and the points « € T}, and y € T}, are such
that z = ¢, () = ¢k, (y), then, using Property 2 of Lemma 1, we obtain

|IZ}1 - x;;2|00 S |.'L';;1 - Z|00 + |Z - x;;2|00 - |le - ¢k1 ('r)|00 + |¢k2(y) - x;:}z|00 S
< cla}, — Tloo + cly — Tyl < 12hy-c. (6)

It is now sufficient to prove that there exists a number N € N that does not depend on n,
and a partition of the set {T1,...,Tjs(} into groups {Tki, - ’Tkin,.}’ i€ {l,...,N}, such
that for all ¢ € {1,..., N} and different j,s € {k{,... k},.}, [#] — 2}|cc > 12h, - c. Really,
if such partition is done, then, due to (6), the sets {¢;(T}s), ..., du;, (T3, )} are pairwise
disjoint for each i € {1,..., N}. Hence we obtain

N m;

> [ ie=YY" [ lglar=

k=1 (T} =1 821‘75% (Tkz)

=Y [ @< i [ la@idz = [ lg(a)idz
=1a Q

U, 64 (@)

To do such partition we associate an index Ip € Z¢ with each of the cubes P € B(h,,).
The index Ip is equal to the coordinates of the "left bottom point” of P (i.e., the point of
the cube P with minimal coordinates) in the basis of the lattice. Let M be an integer bigger
than 6¢ + 1. We divide all cubes from B(h,,) into N = M¢ groups in such a way that two
cubes Py, P, € B(h,) belong to the same group if and only if all the coordinates of Ip, — Ip,
are divisible by M.

Let two different cubes P;, P, belong to one group and x € Py, y € P,. Then due to the
definition of the group |z — y|loo > (M — 1) - 2h,, > 12ch,,.

Now we construct a partition of the sets Ty, k € {1,...,|S(n)|}. We put two sets T}
and Tj into one group if and only if x} and 2 belong to cubes from the same group. Such
partition is a desired one, since Property 3 of Lemma 1 holds. The lemma is proved. O

The following lemma follows from the so-called matrix determinant lemma (see |10,
Lemma 1.1]), or from the Weinstein—Aronszajn identity; it can also be proved directly by
induction on d. We omit the technical details.

Lemma 5. Let two vectors u = (u',...,u?), v = (v!,... v%) and numbers o, 3 € R be
given. Then
.qd
det <a-[+ﬁ- ‘u’vJ ) = o’ Ha + B(u,v)),
ij=1

where I denotes the identity matrix.

3.2. Auxiliary construction. Let @ be a star domain with respect to a ball S%(0) with
the center o € () and the radius larger than some positive number R > 0. For all k£ €
{1,...,|S(n)|} and 0 < r < R define a function py(+;7): Uy — R? by the following equation

r @4+l —ath o .
|z — xf|o + 27 '

pulasr) =
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Everywhere below we assume that the distance from o to the boundary 0Q) of the set ()
is greater than R (otherwise we can decrease R). We also consider so large n € N that all
the points z} (from Vj, with non-empty U) and sets Uy are outside of the ball S%(0). As
the value of r we will use either r = R, or r = %, so that r will be separated from 0 and
independent of n.

Equality (7) has the following geometrical sense.

Lemma 6. Assume that a point x € Uy is such that vectors ox and oxj are not colli-
near. Consider the 2-dimensional space E? generated by these two vectors. Let S%(0) be the
boundary circle of E* N S%(0). Let 0105 be the diameter of the circle S*(o) parallel to the
segment xxy. Then pg(x;r) is the point where the diagonals of the convex hull of the points
01, 02,  and x;, intersect.

This lemma will be proved below together with the following lemma.

Lemma 7. Segments xpi(z) and py(z)x; are fully contained in () and there exists a number
C' that does not depend on n such that

max{ |z — pg(;7) oo, |75 = Pr(7;7) |00} < Ol = 7 |oo-

Proof. Let p be the intersection of the diagonals xo; and x;0,. Then triangles xpz; and o01pos

are similar. This, in particular, means that the points o, p and the middle m of the segment
q Im=pl2 _ 2=}l

o—pls 5. Hence

xxy, belong to a line an

L * r-(x+zi)+lx—xila-0
:—*(|$—$k|2'0+2r-m): ( k)*‘ k’2
27"+|x—£17k|2 |33—3?k\2+27"

p

This means that p = pi(z;7) and Lemma 6 is proved.

From the similarity of triangles zpx} and o;po, it also follows that “(i—_’;i = ‘m;izb. Hence
01— pla - |l — 3|0 diamQ-\/c_l~x—a:*
2r 2r
diam Qv/d

Hence the inequality in the statement of the lemma holds with the constant C' :=

The estimate for |z} — pr(z, )| can be obtained using the same arguments.
Segments xpy(x) and pg(z)z; are fully inside @), since the set @) is a star domain and

they are subsegments of the segments zo; and z}o0,. O]

2r

3.3. Some properties of the functions p;(-;7). Below we state several properties of the
functions pg(-; ) defined in the previous paragraph. Everywhere in this paragraph we assume
ke{l,...,|S(n)|} and 0 < r < R are fixed, and n is big enough, so that the sets Uy are
outside the ball S%(0).

Lemma 8. For each t € [0,1] there exists a partition Uy = | J;_, Ui(t) into measurable sets
Ui(t), i € {1,...,4}, such that the function

Yp(x;r,t) =t x4+ (1 —1) pp(z;r) (8)
is injective on each of the sets UL (t),...,Uk(t). For all t € (0,1] the functions
op(T;rt) = (1 —1t) -z +t - ppla;r), 9)

are injective on each of the sets U}(0), ..., U0).
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Proof. First of all note that for z,y € @ and ¢ € (0, 1],

or(wsr,t) = @Ry t) <= pr(z;r) = prly;r) <= e(z;r,0) = Yi(y; 7, 0).

Thus the statement about functions (9) follows from the statement about functions (8).

Let ¢t € [0,1] and q € g (Uy;7,t) be fixed. Next we prove that the preimage v, ' (g;7,t)
consists of at most 4 points.

If the points ¢, o and z} belong to one line (i.e., are linearly dependent), then all the
points from the set @/lel (q;r,t) also belong to this line and the proof of the lemma is analogous
to the that below for the case when the points ¢, 0 and x}, are linearly independent.

Assume that the points ¢, o and 2} are linearly independent. Then they generate a
2-dimensional space. From the geometrical sense of py(+;7) it follows that the set ¥, '(¢;7,t)
is a subset of this 2-dimensional space. Let

v €y (g ). (10)

Consider a 2-dimensional Cartesian coordinate system in it such that the point o is on the
ordinate axis and the point x and the point that is symmetric to the point 2} with respect to
o are on the abscissa axis (to determine the coordinate system uniquely we can additionally
require the point z to be in the upper half-plane with respect to the abscissa axis). Let
;= («,2ys), ¢ = (24,Y,), and z = (21,0) in this coordinate system. Then o = (0, y.).
By (7) and the definition of the function ¢, we have that for arbitrary point z = (z.,y.)

zirt)=(1—1 +t(z,,y,) =
(T, + ) Y.
= ((1-t)—=2"" 4t (1— )y, + 1—t—+tz).
<( )2r+|x,’;—z|2 ( Jye + )27”—1— Ty — 2o Y

From (10) we obtain that y, = (1 —t)y.; hence v} '(¢; 7, t) is a subset of the abscissa axis,
and for all z = (z,,0) € ¢, '(¢;7,t) we have

) r(z, + x,)
2r + \/(x* —x,)? + 4y?

(1—t +tx, = .

All the solutions of the latter equation are also solutions of the equation

(0= (s 2) = 20w, — t2)] = (g — 1220 — 2.)° + 42,

which is an equation of not more than degree 4 with respect to the unknown z,; hence the
set ¢ '(g; 7, t) contains at most 4 points.

Finally, we construct the required partition of the set Uy. Consider the function ¢y (-;r,t)
as a function defined on the closure Uy, of Uy. It is easy to see that 1, is continuous, and hence
by [7, Theorem 6.9.7] there exists a Borel set B C U}, such that ¢y (B;r,t) = ¢ (Uy; 7, t) and
Yr(+;7,t) is injective on B. Set U} = B N Uy. The set v, '(q;r,t) \ U} consists of at most
3 points for any g € 1y (Ug; 7, t). Repeating the same arguments we obtain measurable sets
U C Uy \U}! and U? C Uy, \ (Ul UU?) such that v is injective on each of them, and is
injective on the measaruble set U} := Uy \ (UL U U UUY). O
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Below for a function ¢: RY — R? by g—ﬁ we denote its Jacobian matrix, Jy(z) := det 22(z)
and I is the identity matrix. For a point or a vector y € R? and s € {1,...,d} by y* we
denote its s-th coordinate.

Lemrna 9 Assume a point x € Uy, is given. Let m be the middle of the segment xzj,

Ar = Iw ol Then
Do (- 2 11d
Pi( vr)(x) — " I+ " Hmo Ar’ )
Dzx 2r + |z — 2 (2r + |z — x}]2)? ij=1
Proof. Let x = (! x? = (2h,...,2%), 0= (0',...,0%). Let also 6;; = 1 if i = j, and

), i,
0;j = 0if 7 # j. Equahty (7) can be rewrltten in the coordmates

re(zt ok, 2t 4 ad) + \/ijl(xs —5)%- (o,...,0%)
\/ijl(xs —ap)? 4 2r

pr(x;r) ==

oz * iy i | iy @)
Opular)t O+ Eho) - (r 4l = aile) = (o 4 2]) + e — miho) 252
OxI (2r + |z — x}|2)?
r(2r + |z — x5|2)di + 2r|x I*J| o — r‘;cj—xf’f(xl +zh)

(2r + |z — x7]2)?
r 2r R ;T
2r + |z — %o (2r + |z — x3]2)? |z — %2 2

From Lemmas 9 and 5 we immediately get the following lemma.

Lemma 10. Let the function ¢y (x;r,t) be defined in (8). Then for all t € [0, 1]

,,,d

(2r + |z — x} )4+t

Ty (T) = (27" + |z — il + 2(%, A_x>>

Lemma 11. Let the function ¢y (x;r,t) be defined in (8). Then for all t € [0, 1]
ka(';rvt) (.:C) =
r(1—1) a1 [2r*+3r|z — xils + |z — 2}]3 —2T<W,A_x>

2r + |z — 2o (2r + |z — x7]2)?

Proof. To prove this lemma it is sufficient to apply Lemmas 9 and 5 and notice that

1-1¢ 2r(1 =t —
=) L, 2o Q(W,A:c):
2r + |z — 2 (2r + |z — x}]2)

2r% + 3rlx — x}lo + |z — 2} |3 — 2r<W,A_x>
B (2r + |z — 2} ]2)?

(t—1)+ 1.
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The next lemma justifies possibility to make a substitution y = ¢ (x;r,t) in the integrals
considered below.

Lemma 12. For each fixed 0 < r < R the function ¢y (x;r,t), x € Ug, t € |0, 1] is continuous
on Uy x [0,1]. The set © := {(x,t) € Uy x [0,1]: Jy,(rpy(x) = 0} has measure zero in R,

Proof. Continuity of 1 follows from the definition. The set © is a piece of the plot of the
function
(2r + |z — z}|2)?

t(l’) =1- N\
2r2 + 3rjx — x4 |lv — 2} — 27’(%, Ax)

xz e Uy

on which ¢(z) € [0, 1]. There exists € > 0 such that
on {(:B,t) € U x [0,1]: |21 + 37|z — af|o + |2 — 2}[5 — 2r<m,A_x>) < 5} = .

Thus on the set {z € Uy: t(z) € [0, 1]} the function ¢ is uniformly continuous, and hence its
plot has zero measure. O

In the next two paragraphs we use the following notation. The symbol C' stands for a
positive number that does not depend on n. This number may be different in left and right
parts of equality or inequality.

1S(n)]
3.4. Estimate for Y [|f(z) — f(pi(z;7))|dz.
k=1 T,
Lemma 13. Assume T}, C Uy, k € {1,...,]S(n)|}, are measurable sets and
max diam U, <r <R. (11)
ke{l,...|S(n)[}

Then there exists a number C' that does not depend on n and such that for all f € WP(Q)

1S (n)] 3

/|f f(p(z;7))|dx < Chy, (meas U ) 1Vl 2,
k=17, k=1
Proof. Using Lemma 3 and Lemma 7 we obtain
|5(n)| S5()]
/|f fpr(z;7))|dx < Z //|pk ;1) — Z|oo| V(1 = t)pr(x; 7) + tz) |1 dxdt <
k=17, k=1
Sl

< hZ//]Vfwertﬂdxdt (12)

where the functions ¥ (+;7,t) are defined in (8). Due to Lemma 8 for each ¢ € [0,1] and
ke {l,...,]S(n)|} there exists a partition T}, = (J;_, T}(t) such that the function (-7, )
is injective on each of T((t), i € {1,...,4}. Hence for all k € {1,...,|S(n)|}

//|Vf V() dadt = Z//Nf Vi, ) dadt, (13)

OTZ
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and for each ¢ € {1,...,4}, making a substitution y = ¢;(x; r,t) in the internal integral, and

applying Holder’s inequality, we can write

1 1
| [ vt hsa = [ / POl

0 Tit) 0 ¢k(Tl )irs

(/ / IV iy |pdydt> (/ / oty )P dydt>', (14

k(TE(L);r,t) k(TE(L);r,t)

Applying the inverse function theorem and making a substitution z = ¢, '(y;7,t), we

/ / BRI |dydt/ / ot (6 457, iyt =

obtain

0wy (Tt 0 oy (Tt
/ / ooy ) ddt < / / oo () [ i (15)
0 Tt Ty
Since p > d > 2 we have z% = 1—% > £ and hence 0 > 1—p' > —1. Note that for all ¢ € [0, 1]
r(1—1t) (L +t) -t — s roo 1
or +|r—akls  2r+ |z — i 2r+r 3’
diam Q g 2r2 + 3r|x — x})s + v — }|3 — 27’(W,A_x> g
2r (2r + |z — x}2)? -
212 +3r2 +r?2 4+ 2r -diam@ 3 diamQ
< =+ :
4r2 2 2r

Using Lemma 11, the latter inequalities and 0 > 1 — p’ > —1 we obtain

1

1
/ [y ory ()77t < 3U7DE D sup / (At—1)+1)'7dt < C, (16)

A
0

where the supremum is taken over the segment
diam () 3 diam Q]
2r 2 2r
and the number C' is finite and depends on diam () and r and does not depend on h,,.
Using (16), (15), (14), (13) and (12), we deduce

Ae |-

1S(n) 4 15()] )
Z / f(pr(x;r))|de < C’hnz (/ / IV f(y |pdydt> (measTy)? <
k=1 =1 k=1 N\ i
4/ Lism) b /IS0 v
<ony ( D> Ay |pdydt) (Z mT> . (17)
=N By @
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Note that for all ¢ € [0,1] and each i € {1,...,4} the sets T}(t) and the functions 9y (-; 7, t)
satisfy the conditions of Lemma 4, because for all z € T}(t) due to Lemma 7

|2y, — Vel 7, t) oo = lag — (1= O)pi(a;7) =t <ty — 2loot
H(L = Oy = (@5 7)o < g = @loo + [0 = pr(@7)]o0 < Clag — 7o

with some number C' independent of n (and t). To finish the proof of the lemma it is sufficient
to apply Lemma 4 to (17). O]

3.5. Estimate for LS:(?)' ka |f(x}) — f(pr(z;7))|de.

Lemma 14. Assume (11) holds, and measurable sets T, C Uy, k € {1,...,|S(n)|}, are such
that there exists a number ¢ > 0 that does not depend on n for which |J,, (.r1)(z)] > ¢
for all x € Ty. Then there exists a number C that does not depend on n, such that for all

fewhr(Q)
S| sl
> [ 17(a0) = Fontair)lde < Cho(meas | )71 1941 Do
k=1 4, k=1
Proof. We may assume that each function ¢ (+;7,%) is injective on T, k € {1,...,[S(n)|}.

Otherwise, due to Lemma 8, we can divide each of the sets T}, into four subsets, so that the
functions @i (-; 7, t) are injective on each of the subsets, and apply arguments below to each
of the subsets. Using Lemma 3 we obtain

|S(n)l IS(m)] 1
S [ 1rain) = fapide < 3 [ [ i) = i)V outas ) e <
k=1 T k=1 0 T
S| 1 v v
<>/ ( / \m(msr)—xzrzodx) ( / !Vf(wk(x;r,t))\?d$> <
k=179 \p, T,
by Lemma 7 . [S(m)] 1 %
< Chn/ Z(measTk)P’(/]Vf(gok(a:;r,t))ﬁdx) dt <
0o k=l T
1S()| v L5 v
SC’hn< measTk> /(Z /|Vf(g0k(x;r,t))|’fdx) dt =
k=1 0 k=1 Ty

U

7 L /1Sl

S(n)] o Lo/1sm)l v
= Ohn( Z meas Tk) / ( / |Vf(y)|}1)|‘]go;1(-;r,t) (y)|dy> dt =
k=1 0 k=1 or (Tk;rt)
e *’ Yk \?
= Chn< Z measTk> / < Z / _11 : ) dt.
k=1 0 k=1 o (Trt) |‘]90k(‘§7"7t)(90k (y7 r, t))|

Due to Lemma 10 for all k € {1,...,[S(n)|}, t € [0,1] and z € Ty, Jy, () (2) = 4T, (1) ().
Hence, using the conditions of the lemma we get
[S(n)]

> /lf(pk(fc’;r)) — f(x})|dz <
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< Ch |§|measT / 5 Z / VS (y)lidy Edt<
- ’ o Matrn(@ @l ) 7

IS(n
§Chn<2measTk> / Z(

Viy)|id

Z / Vi)l y) dt.
= o (Thirt)

Note that the sets T} and the functlons ok (7, t) satisfy the conditions of Lemma 4, since

by Lemma 7 for all k € {1,...,[S(n)|}, t € [0,1], and = € T}

|2y, = or(@: 7, ) oo = tlpr(2;7) = Tiloo < pa(2:7) = Thloo < Ol = 7o

To finish the proof of the lemma it is sufficient to apply Lemma 4 and recall that p > d, and
d
hence the integral fol t~rdt converges. O]

3.6. Proof of Lemma 2. Foreach k =1,...,|5(n)|, we divide the set Uy, into three subsets
W} = {z € Uy: (mo, Az) < —2R}, W} := {z € Uy: (Mo, Az) € [-2R, —E]} and W} :=
{z € Uy: (Mo, Az) > — 5}
Let n be so large that for all k € {1,...,[S(n)|} and z € Uy, |z — z}]> < £. For all
x € W} we have 2R + |z — z}|> + 2(mo, Az) < 2R+ £ — 4R < —R, for all z € W}} we have
2R + |z — x}|s + 2(Mo, Ax) > 2R — R = R, and hence by Lemma 10 for all x € W} U W}
we have
d
‘ka(-;RJ)(x)‘ = 1t 1

Rd
(3R)d+1 R= 3d+1

(2R + |z — a7]2)d+!

‘QR—I— |z — x%]2 —|—2<m0 Am)‘

For all z € W2 we have 2 & + |z — x}|, + 2(mo, Az) < 22 + £ — R < — £ and hence

by Lemma 10 for all z € W2 we have

d
(#)
8
T (@)=
o (”) (% +lo - x}‘;|2>
8R4 R 4

> BRI 2 3

2

2R
5 + |z — zi]2 —I—Q(mo Aw)‘

Finally let us return to the proof of (5).

IS(n)|
= Uy Lwiows
glgfl | |t - st m) dx+|sfl [ |t ) - s
Is(n)kuwg W1UW3
+kz:;/ f(x) (pk<x —))‘dx—i- Z /’f Pelx; — f(x)

To prove (5) we need to apply Lemmas 13, 14 and note that meas ULS:(?)‘ Uk = o(1) as
n — oo due to property 4 of Lemma 1. n
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