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WIMAN’S TYPE INEQUALITY FOR ENTIRE MULTIPLE
DIRICHLET SERIES WITH ARBITRARY COMPLEX EXPONENTS

A. O. Kuryliak. Wiman’s type inequality for entire multiple Dirichlet series with arbitrary
complex exponents, Mat. Stud. 59 (2023), 178-186.

We prove analogs of the classical Wiman’s inequality for the class D of absolutely conver-
gents in the whole complex space CP (entire) Dirichlet series of the form F(z) =
Zﬂfﬁ;o ane®*») with such a sequence of exponents (\,) that {An:meZP} CCPand A\, # A
for all n # m. For F € D and z € C? \ {0} we denote

+oo

Mz, F)im 55 JanlemCA), (s, F) o= sup{lanle®CA) s n e 22},

[[n]l=0
(tk)k>0 is the sequence (—In |an|)n€Zi arranged by non-decreasing. The main result of the
paper: Let F' € D. If

(Ba>0): [ 2 (n(1)dt < +oo, () € T 1, to>0,
pn <t
then there exists a set E C 4 (F') such that m,(E N4 (F)) = fEﬂ’y+(F) |2|2Pdxdy < Cp, z =
x4 iy € CP, and the relation M(z, F) = o(u(z, F) In*/* ju(z, F)) holds as z — oo (z € vz \ E)
for each R > 0, where
e ={zeCr\{0}: Kp(z) <R}, Kp(s)=suwp {5k Jy 22du: t> 4},
V(F)={z€C: lim ®.(f) = +oo}, 74(F) = Urs0 7,

D,.(t) = %ln w(tz, F). In general, under the specified conditions, the obtained inequality is
exact.

Let R? and CP be real and complex vector spaces, respectively, Z, = NU {0}, R, =
(0,400), p € N. For z = (z1,...,%,) € CP, w = (wq,...,w,) € C? denote (z,w) = zjw; +
4 2wy, ||z =21+ ...+ 2p, Re 2 = (Re z1,...,Re 2,), and for R = (r1,...,7,) € RP we
write Il = {z € C”: Re z < R}.
By D denote the class of absolutely convergent in the whole complex space CP (entire)
Dirichlet series of the form .
= Z ape®n) (1)

l[nl|=0

with such a sequence of exponents (A,) that {\,: n € ZP} C C? and A, # A, for all n # m.
By DT denote the class entire Dirichlet series with a sequence of exponents A? = (\,,) such
that A, = A%, ... AP, n = (ny,...,n,) and 0 = AY) < AP 4 400 (1 < &k 1 +00),
1<j<p. For FeDand z € C? we denote
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+o0
M(z, F) = Z |a,|eREA) (2, F) = sup{|a,|eREM) 0 e 78
n||=0
and NV = J, N(z), W|}|16”re N(z) is the set of such multi-indices v = v(z, F) € Z% that
|a, |eRGA) = (2, F) for a given z. Let us denote also the following function
B(z) :=sup{Re(z,\,): n€Z;}: CP = R.

It is well known ([1-4,6]) that for every nonconstant entire function f(z) = > a,2"
and every € > 0 there exists an exceptional set £ = E(f,¢) of finite logarithmic measure,
ie. [, % < 400, such that the inequality (Wiman’s inequality) My(r) < py(r)(In [Lf(?“))l/2+8
holds for all 7 € [1,4+00) \ £, where

My(r) = max{|f(2)]: |2 = r}, pp(r) = max{|a,|r": n > 0}.

Some analogs of the Wiman inequality for entire Dirichlet series F' € D with p = 1 were
obtained in [5,7].

Let D; be the class of absolutely convergent for all Dirichlet series in C of form (1) with
sequence of the exponents (A,) such that A, > 0 (n > 0) and sup{\,: n > 0} = +oo. It
should be noted that some asymptotic properties of functions F' € D; were investigated in
the papers [8-13].

For a function F' € D; of form (1) denote by (1x)rez, the sequence (—In|ay|)rez,
arranged by decreasing.

Let L be the class of positive continuous functions increasing to 400 on [0; +00) and L
be the class of functions ® € L such that ¢(2t) = O(p(t)) (t — +00), where ¢ is an inverse
function to .

The following theorem was proved in paper [13].

Theorem 1 ([13], Ovchar, Skaskiv). Let F € Dy, ®; € Ly, ®y(z) < LInp(z, F). If

+o0
(3a > 0): / 2 ()%t < 400, m(H) L S, ty >0,
to pn <t
then there exists a set E C R such that In-meas (F) := fEm[l ooy @07 < 400 and the

relation M(z, F) = o(p(z, F) In'"/* p(z, F)) holds as  — +o0o (z ¢ E).

The following assertion shows that statement of Theorem 1 can not be improved in a
general case.

Theorem 2 ([13], Kuryliak). For every a > 0 there exists a function F' € D; such that
the conditions ft;roo t72(ny(t))*dt < 400 and (Ve > 0): t;roo t72(ny(t))*edt = +oo are
satisfied, and

F(x)

(Ve e @) o P, P

— +00

holds as x — +o0.

In this paper we consider analogs of the Wiman inequality in the class D with arbitrary
p=>1

2. Auxiliary statements. For a Lebesgue measurable set (for example, for a Borel set)
E C CP and o > 0 denote
dxdy

To(E) = —, z=x+1yeC
En{z: |2|>1} 2|
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For the ball D}, = {z € C?: |z| < R}, R > 0, 7,(D%) = C,In R, (R > 1), 79,(C?) = +o0,
where C), is the area of the unit sphere in R?.

Let £ be the class of positive continuos fucntions ¢: Ry — R, such that () — +oo (t —
+00), and Ly be the class of the functions ® € £ such that f;o @dt =0(®(z)) (x — +00).

Denote by Dy the class of the functions F' € D such that u(z, F) = 1 (2 € DY), where
DY = {z € C?: |z| < 1}. If for a function F € D this condition is not fulfilled, then for
b = max{u(z,F): z € DI} we define F5(2) := 5 (F(z) — ag + 2b). Therefore, pu(z, Fy) =
w1(0, Fy) = max{1, |a,|/(2b): n # 0} =1 (z € DY), i.e. Fy € Dy.

For the function F' € Dy and given z € CP we define the function

1
D, (t) = gln,u(tz,F): [0, 4+00) = [0, +00).
For the function F' € D, we define the following sets
v(F) e/ {zeC: tLlfrn O, (t) = +oo}, vL(F) w {ze~q(F): ®, € Ly}

From the convexity of the function In pu(tz, F) as function of ¢ > 0 under the condition
(0, F') =1 for each fixed z € y(F') we get that for to > t; >t
Inp(tez, F) —Inp(0, F) _ Inu(tiz, F) — Inu(0, F)
O (1,) = > — ®.(t) >0, 9
i.e. the function ®,(¢) is continuous, non-negative on [0,400) and strictly increases on
[to, +00) for some t, > 1. Note that tg = to(z) := max{t € R: u(tz, F) = 1} has this
property. Thus, we can define the inverse function ¢, (u): [0,4+00) — [tg, +00) of the functi-
on ®,(t): [ty, +00) — [P.(tg), +00) = [0,+00) for fixed z € y(F'). Note that ®,(t) =0 (0 <
t <tg), 0.(0) =ty =to(2) = max{t € R: u(tz, F) = 1}.

The sets y(F'), v4 (F) are real cones. It follows from the following elementary proposition.

Proposition 1. For every function F' € D
z€v(F) <= (Vr>0): (rz) ev(F), zevy (F) < (Vr>0): (rz) € v.(F).

The following statement (in the case p = 1, see indication in [15]) we will give a complete
proof.

Proposition 2. For every function F € D, y(F) ={z € C: p(z) = +o0}.
Proof. Assume first that §(z) < +o00. Then

In pu(tz In |a, )| In |a,
- ut( ) _ t(t) !t<t>!+5(2)7

hence, t@ ®,(t) < B(z), that is z & y(F). Therefore, v(F) C {z: 8(z) = +oo}.
—400
Suppose now that z ¢ (F). Then (V¢ > 0): ®,(tz) < C(z) < 400, hence,
Inu(tz, F)
t

. (t

-+ Re(z, )\l/(tz)) S

In |a,|

+ Re(\,, 2) < <C(z) (t>0, neZh).

Thus, for every fixed n € Z". we obtain

Re(\, 2) < Tim <C’(z) - 1“'“"'):0(2).

T t—+o0 t

It follows that 5(z) = sup{Re(\,, z): n > 0} < C(z). Therefore, {z: B(z) = 400} C ~(F)
and finally v(F) = {z: 8(z) = +00}. O
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Proposition 3. Let F' € D. For every cone K with the vertex at the point z = 0 such that
K\ {0} C y(F) we have

min{||v(z, F)||: v(z, F) € N(2)} — 400, il][l,u(z,F)—>—i-oo (z = 00, z € K).

E

Proof. Let us prove by contradiction that ﬁ Inp(z, F) = 400 (z = o0, z € K). Suppose
that there exists a sequence (z;), z; € K (j > 1) such that z; = oo (j — 400) and

1
]
Denote t; = |z;], z( ) = = z;/|7;|. Since z](p) € KN{z: |z] = 1}, the sequence (Z](O)) has an
accumulation point z; € K N {z: |z| = 1}. Therefore, there exists a subsequence (zj(»l)),
zj(l) = Z;(c?.) (7 > 1) of the sequence (z( )) such that ]Einoo z( ) = 2. We put 2 = zj(.l)tkj = 2,
It follows from the condition z; € (F') that there exists ¢y > 1 such that
1

From (2) and (3) at t = t; = to, to = |2]| we get

1

0 (t) = - In p(tyzl", F) < @ o (t2) = = Inpu(2}, F) < C.
J 0 ]
Passing here to the limit at j — 400, together with (4) we obtain
1 1
20 < @, (ty) = lim — Inpu(tez, F) < O,
1(fo) = lim - pltoz; ", F) <
It is a contradiction.
Let us now prove that min{||v(z, F)||: v(z, F) € N(2)} = 400, (z = o0, z € K). Note

that

<| | Y ) In pu(z, F) ln\ay(z)|7 V() = v F) € N (2).

2| 2|
If we assume that there exists a sequence (z;), z; € K,z; — 0o(j — +00) such that

Vi) ||v(z;, F <C’<—|—oothn—(‘—>0 z; — 00). Therefore,
j B j
1 »
lim Re( s Az )> = lim M = +00.
joteo T\ [z e 2]

We again obtain a contradiction, because #N (z;) < (C+1)P (j > 1), and ‘ Re ;—7|
J

For a fucntion F' € D and z € v we put

K(z) = Kp(2) ::sup{q)1 /Ot(bz(u)du: tZto},

Lt U
where @, (t) = 1 Inpu(tz, F), and to = to(2) = H<1a)x{t € R: u(tz, F) = 1}. It is clear that
v (F) = {z e y(F): Kp(z) < +oo}.
For R € (0,+00) we also define
vr =1 (F,R) == {z: Kr(z) < R}.
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It follows from Proposition 1 that for every R > 0 the set of vg is also an unbounded
real cone with the vertex at the point 0.

Since a, — 0 (|[n]| = +o0) for a function F' € D of form (1), the sequence (a,)nezs can
be arranged by non-increasing. Denote by (ux)r>0 the sequence (—In |an|)neZi arranged by
non-decreasing. It is clear that y, 400 (k — +00). For each given n € Z- we put k =k,
such that py, = —Inla,|, and for every given k € Z, we put n = n(k) € Z% such that
e = — In[an |-

Let us prove the following auxiliary general theorem containing the upper estimate of
the general term of the series F' € Dy through its maximal term.

Theorem 3. Let F € Dy, v(u): [0,+00) — [0,+00) be a function such that v(u) > 0
(u > ) and f0+°° v(u)du < +oo. If Ink = o(u,) (k — +00), then there exist a function
c1(u) T 400 (u— +00), f0+oo c1(u)v(du)du < +oo, and a set E C v (F), mp(E Ny (F)) <
C,, such that for each R > 0, for alln > 0 and for allt > 0,tz € yp \ £

P c.(u
|, | REGAD < (42, F) exp{ - t/ (pix, — u)gp*iu;v(4u)du}, (5)
Mk z

where pi, = —In |a,|, c.(u) = e72X@¢i (u), v = v(tz, F):
lv(t2)]| = max{|[n]|: |anle"*E) = p(tz, F)}

is the central multi-index of series (1), and ¢%(u) is the inverse function of the function
O*(t) = Inu(tz, F).

Proof of Theorem 3. We fix z € v, (F),|z| = 1. Denote
+o0
)= [ o o) = e (o), o) = (10) - 1(40) 7,

where K (z) = Kp(z) is the constant defined before the formulation of Theorem 3. Note that
[(x) | 0, therefore ¢;(z) T +o00 (r — +00), and

[N

(2K () /0 T esand < 1 (1(0)) /0 ) hie) = 5 )

For t > 0 and k € Z+ we put

aft) == —/:OO L (wo(u)du, o :exp{—/ouka(t)dt}, e = o).

i (u)
From (6) it follows

) £ s [ et =o (

Therefore,

% +oo c(u
/0 dt/t %v(élu)du =o(ug) (k— 400). (8)

We consider a Dirichlet series f of one variable s € C

+oo

b
F(s) =3 oo™

k=0
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where by, = efe=*) 0 = n(k) € Z% such that pj, = —In|a,w| (k € Z4).

Let us now prove that for every fixed z € ~,(F) the Dirichlet series f is absolutely
convergent in the half-plane {s = ¢ +it: ¢ < 0}, and also that the central index v(zx, f) —
+oo (z — —0).

Indeed, the condition F' € D implies, that

—In|ay,|

lim ————— = +o0.
Inf—+o0 RE(2, An)

Thus, Re(2, Angy) = o(ftx) (k — +00). Hence and from (8) we obtain

b —+o00 *

lna— Re(z, Ay / dt/ v(du)du = o(pg) (k — +00).
k

Since Ink = o(ug) (k — +oo), by Valiron’s theorem for abscissa of absolute convergence of

Dirichlet series f we obtain

oa(f) = lim — In(by/ o)

k——+00 Hk

=0.

Therefore, the Dirichlet series f is absolute convergent in the half-plane {s = o +it: o < 0}
for every fixed z € v, (F).

Let us now prove that the cenral index v(z, f) — +oo (z — —0). This follows from the
relation u(x, f) = 400 (x — —0) or, equivalently, from the condition

sup{i—i: k20}2+oo. 9)

Let us prove the last relation. We have, 0 < In u(tz, F) = In|a,| + tRe(z,\,) (t > to(2)),
v =1v(tz, F). Hence, —In|a,| < tRe(z, A\,). Since ®%(t) = tP,(t) = Inu(tz, F) < tRe(z, \,)
(t>0),t < p.,(Re(zA,)), where ¢, is the inverse function of the function ®,. Thus,

—Inja,| <tRe(z,A) < Re(z, \)e:(Re(z,\))  (t > to(2)), (10)

where v = v(tz, F). The function u/@*(u) is the inverse function to the function uep,(u),
where the function ¢, is the inverse function to the function ®,(t) = ®*(t)/t, therefore,

u —In|a,|
Re(z,\,) > =—F——— (t>0) v=v(tz, F). (11)
s, el
Let k, € Z, be such that —Inla,| = pg,. Then, at k = k,, v = v(tz, F), lnz—’; >

=i — J&* Jou(t)|dt. The condition z € ~,(F) implies that ¢/} (¢ ) D, (pi(t)) = +o0
(t = +00), and

/O“” soid(tt) - 90;%) +/0 ()(D;( i + o) = %H)(%) :O(w;w))

as & — 4o0. Therefore, by (7) we get [/ |o(u)|du = o(px/e%(1)) (k — 400), hence,
finally, at k = k,, In 2 > (14 0(1)) ks — +oo (t = +00), v = v(tz, F), that is (9) holds.
Thus, v(x, f) = +0o0 (1: — —0).

Let (s;) be the sequence of jump points of the central index v(s, f), numbered in such a
way that v(s, f) = j for s € [s;,s;41) and, if v(sj41 — 0, f) = j and v(s;41, f) = j + p, then
Sj41 = Sjr2 = = Sj4p < Sjqptl- It is clear that S5 — —0 (j — —|—OO)
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If © € [sk+Tk, Skt1+Tk) «f E} C (—00;0), then v(z—my, f) = k and by definition pu(z—7y, f)
for all m > 0 we obtain Z—*:Te(f’/’*f’v)“m < pu(x — 7, f). It follows from here for pu,, # py

Hm
LT P— < O T (Re(z An(m) ~Aa(w)) — exp{ _/ (a(u) — Oé(uk))dU} <1

bk Ok HE
Substituting here x = —%, t > 0, we obtain
| |etRe z )‘n(k)) - bkexpk < 1 (n 3& k)? (12>

ie. v(tz, F) = n(k) and p(tz, F) = |anm e RE2w) for t € [— (s + 73) 7L —(Spp1 + 76)7L).
Therefore, for every t > 0 tsuch that x = —t~' € J,, Ex, where J C NU {0} is the
range set of the cenral index v(z, f), and for all n € Z" by inequality (12) we get

L I o Y S ) 13
o e~ () SO0~ / (tn — 0o (1) (13)

k

as t = —2 > 0, where n(m) such that — In|a,(m)| = pm- Therefore, for all t € (J,; Ek “E

we obtain (5), where E, C (0,400) is the image of the set E} by the mapping ¢ = —1.

Estimate the logarithmic measure of the set
+0o0o

B =[=s;'+00) \ B = | J[~(sk + 1), = (s + ) Uzk
k=1
Since (V k> 0)(Vt>0): — pp +tRe(z, \yy) < Inpu(tz, F), as t = goz(uk) we have

pe+ P 2k
t wx (1)
For the constant K = Kp(z) € (0,+00) and fixed z € v, (F)
D (t T, (t
2K®,(ve ?F) < t( )dt < / t( )dt <Ko, (z) (z>0),
0

" Jze2K
that is 20, (ze ") < @.(z) (z > 0). Hence, ¢.(2u) < e*p.(u) (u > 0). Since, t/5(t) =
©.(p5(t)), the inequality ¢, (2 ) < vl ()) = cpi(t) (t > 0) holds with ¢ = &*! K =
Kr(z). By this inequality and (14) we get

Re(z, )‘n(k)) <

(14)

2
< euRele ) < g (2 ) < gt (020 (15
where v = v(tz, F), k, such that —Inla,| = u,, and ¢ = X, K = Kp(2).

We now assume k € J. Then v (— (Sg + i1 — 0)71 Z,F) =v(sg+71—0,f) <k-—1
Hence and from the inequality (15) we have |sy + 717" = —(sp + 7-1) "' < el (1)
Therefore, by the deﬁnition of 71, we obtain Isk+ 71| (|meee | = |72]) < ¢ ::_1 ci(u)v(4u)du.

Since, by inequality (6 f”’“ ci(wv(du)du < 1, for I} = [|sp+ 71|74 sk + 75| 71) one
has
* ~1 -1 Sk 1 Th—1
In-meas(I;) = In-meas (([|s; + 71| [sk + 7] 71))) =In | ———| =
Sk + Tk

I (1 LTl = |Tk\) < mal = Iml 71| — |7]
|5k + 7l s+ 76l sk + Tl = (17| = 7))
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<e /ﬂ " c;(u)v(4u)du(1 e /ﬂ " c;(u)v(zxu)du) T <o /H " e w)o(du)du,

k—1 k—1 k—1

Suppose now that j ¢ J, k,p € J are such that p < j <k, 5, < sp11 = 8; = S < Sp41.

Then
k

k
U L= U s mal ™ s #5070 = sy + 7l s+ 7l 7).

Jj=p+1 J=p+1

By using the inequalities |s; + 51| 7' = —(sx + 76-1) "' < e’ (ux—1) and (6) we obtain

A

k
ln—meas< U ]j*) < |Sp+1 + T < |Tp| — | 7k]
j=p+1 |S?’+1 + 7| |3P+1 + Tp| - (|Tp| — |7l)

<e / " c;(u)v(4u)du(1 e /M " c;(u)v(4u)du) T <o /M ™ e w)o(du)du

Hp P P

+o00
Therefore, for the set £ = (J [ by inequality (6)
j=1
+00

o 1
In-meas (E]) = ln—meas(U [;) < 26/ c(u)v(du)du < 3
=1 0
So, finally, for the set ' = U E., where E, = {tz: t € EX}, we get

ey(F)N{z]2|=1}

dt 1
I
zey(F)N{z:|z|=1} E. t 2

where (), is the area of the unit sphere in C?. O
3. Main result.
Theorem 4. Let F' € D. {foo

(3a > 0): /t 2 (1)%dt < +oo, m(t)E Y"1, 19> 0,

0 Hn <t
then there exists a set E C v, (F), such that 15,(E N4 (F)) < C, and the relation

M(z, F) = o{u(z, F) In/* (=, F))
holds as z — o0 (z € yg \ E) for each R > 0.

Proof of Theorem 4. Without a loss of generality we can assume that F' € Dy, \g =0, 0 =
to <t 400 (1 < m — 400). To prove Theorem 4, it is enough to use Theorem 3 and
arguments according to the scheme of proving Theorem 1 in [13]. On the one hand, for a given
R > 0 and every fixed z € yg we will obtain that In u(tz, F') > (n1(3u,))%c1(v), v = v(tz, F),
holds for all ¢ > 0 such that tz € E;, where the set Ey C v, (F), by Theorem 3, such that
Top(E N4 (F)) < Cp/2, and ¢;(v) — +00 as tz — oo uniformly in K (by Proposition 3).
On the other hand, we will obtain that
Z |ay et ReEA) < itz F)Jeo(v), v =wv(tz, F),

HE>3py

is fulfilled for all ¢ > 0 such that tz € E5, where again the set Fy C vy (F'), by Theorem 3,
such that 7,(Ey Ny (F)) < C,/2, and co(v) — 400 as tz — oo uniformly in K (again by
Proposition 3).
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Remark, 7o,((E1 U Ey) Ny (F)) < C,. Therefore, for all tz ¢ E' = E; U Ey we obtain

M(tz, F) < p(tz, F) (n(?),u,,) + 1/02(y)) < u(tz,F)((lnu(tz, F)Y e (v) + 1 /CQ(V)).

Now, to complete the proof of Theorem 4, it remains to apply Proposition 3. In the case

F' € Dy, Theorem 4 is proved. The transition to a general case is obvious. O]
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