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We construct an algebraic basis of the algebra of symmetric (invariant under composition
of the variable with any measure preserving bijection of [0, 1]) continuous polynomials on the

nth Cartesian power of the real Banach space Lgf) [0,1] of Lebesgue measurable essentially

bounded real valued functions on [0, 1]. Also we describe the spectrum of the Fréchet algebra
.AS(LQE) [0, 1]) of symmetric real-valued functions on the space L% [0, 1], which is the completion
of the algebra of symmetric continuous real-valued polynomials on Lgﬁ) [0,1] with respect to
the family of norms of uniform convergence of complexifications of polynomials. We show

that Aj (Lg};) [0,1]) contains not only analytic functions. Results of the paper can be used for
investigations of algebras of symmetric functions on the nth Cartesian power of the Banach
space L [0, 1].

Introduction. Symmetric polynomials on infinite-dimensional Banach spaces were studied,
firstly, by Nemirovski and Semenov in [9]. In particular, in [9] there were constructed algebraic
bases (see definition below) of the algebra of symmetric (invariant under composition of the
variable with any measure preserving bijection of [0, 1]) continuous real-valued polynomials
on the real Banach space L,[0, 1], where 1 < p < 400, of Lebesgue measurable integrable
in a power p real-valued functions on [0, 1] and the algebra of symmetric (invariant under
any permutation of elements of the variable) continuous real-valued polynomials on the real
Banach space /£, where 1 < p < 400, of sequences of real numbers such that the series of
absolute values of its elements in a power p is convergent. These results were generalized
to separable rearrangement-invariant real Banach spaces in [5|. Some results for symmetric
polynomials and symmetric analytic functions on nonseparable complex Banach spaces were
established in |2, 3, 4]. In particular, in [2] it was constructed an algebraic basis of the algebra
of symmetric continuous complex-valued polynomials on the complex Banach space ng) 0,1]
of Lebesgue measurable essentially bounded complex-valued functions on [0,1] and it was
described the spectrum of the Fréchet algebra Hy, (ng) [0, 1]) of symmetric analytic complex-
valued functions on L [0, 1], which are bounded on bounded sets of LY [0,1]. In [4] it was
shown that the algebra Hy, (ng) [0, 1]) is isomorphic to the algebra of all analytic functions
on the strong dual of the space of entire functions on the complex plane C. In [3| it was
shown that there exist only trivial complex-valued symmetric continuous polynomials on the
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complex Banach space of Lebesgue measurable essentially bounded complex-valued functions
on the semi-axis. Symmetric polynomials and symmetric analytic functions on Cartesian
products of some complex Banach spaces were studied in [6, 7, 10, 11, 12]. In particular, in
[12] it was constructed an algebraic basis of the algebra of symmetric continuous complex-
valued polynomials on the nth Cartesian power of the space LY [0, 1]. Note that the results
of [12] cannot be literally rewritten to the real case, because most of these results essentially
use |2, Theorem 3.1] and [7, Theorem 6|, which are not valid in the real case.

In this work, we construct an algebraic basis of the algebra of symmetric continuous real-
valued polynomials on the nth Cartesian power of the real Banach space Lgﬂf) [0, 1] of Lebesgue
measurable essentially bounded real-valued functions on [0, 1]. Also we describe the spectrum
of the Fréchet algebra A, (LS[0, 1]) of symmetric real-valued functions on the space L% [0, 1],
which is the completion of the algebra of symmetric continuous real-valued polynomials on
L% [0, 1] with respect to the family of norms of uniform convergence of complexifications of
polynomials. We show that the restriction of any symmetric analytic function of bounded
type on the complex Banach space ng) [0,1] of Lebesgue measurable essentially bounded
complex-valued functions on [0, 1] with real coefficients to L® 0, 1] belongs to .AS(LSE) [0, 1]).
On the other hand, the function

I®0,1] 5y — )/ y(t)di| € R
[0,1]

belongs to AS(LQE) [0,1]), but it is not analytic.

1. Preliminaries. We denote by N the set of all positive integers and by Z, the set of all
nonnegative integers.

A mapping P: X — Y, where X and Y are Banach spaces with norms || - ||x and
| - ||y respectively, is called an N-homogeneous polynomial, where N € N, if there exists an
N-linear symmetric mapping Ap: XV — Y such that

P(x)=Ap(x,...,x
(z) = Ap( )
N
for every + € X. Here “symmetric” means that Ap(z-q1y,..., 2y ) = Ap(z1,...,2n) for

every permutation 7: {1,...,N} — {1,...,N}. The mapping Ap is called the N-linear
symmetric mapping associated with P.

It is known (see e.g. [8], Theorem 1.10) that Ap can be recovered from P by means of
the so-called Polarization Formula:

1
Ap(l’l,...,l’]\[):w Z 61...€NP(€1CL’1+...+€NIN). (1)

€1,..,eN==%1

It is known that an N-homogeneous polynomial P: X — Y is continuous if and only if

|P|| = sup ||P(z)]ly < +oc.

llzllx <1
Similarly, an N-linear mapping A: X» — Y is continuous if and only if

HAH = sup HA(%,---,Q?N)HY < +00.

lz1 ]l x <1,...,|le || x <1
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Formula (1) implies the following inequality, which is called the Polarization Inequality:

NN
1Pl < [lAp] < 7 1Pl

for every continuous N-homogeneous polynomial P.
A mapping P: X — Y is called a polynomial of degree at most [V if it can be represented
in the form
P=PFPy+ P +...+ Py, (2)

where Py € Y and P;: X — Y is a j-homogeneous polynomial for every j € {1,..., N}. Let
Ao, - - -, Ay be arbitrary distinct numbers. Note that

P(\jx) = Py+ A\jPi(z) + ...+ XY Py(x)

for every j € {0,..., N} and z € X. Therefore,

.....

is not equal to zero, it follows that there exists the inverse matrix V)\_Ol... = (Wik)j o

Consequently,

.....

Py(x) =) wpP(\x), (3)

for every j € {0,..., N} and = € X. Note that the equality (3) is called the Martin formula.

Let K = R or C. Let LY [0,1] be the Banach space over the field K of all Lebesgue
measurable essentially bounded K-valued functions y on [0, 1] with norm

[9lloc = esssup [y(t)].
t€[0,1]

Let n € N. Let (L]0, 1])" be the nth Cartesian power of L [0,1] with norm

||y||0<>,n = 1123;% sl o0

where y = (1, ya) € (LE[0,1])".
Let = be the set of all bijections o : [0, 1] — [0, 1] such that both o and o~! are measurable

and preserve the Lebesgue measure. A function f: (ng ) [0,1])" — K is called symmetric if

flyoo)= fly)

for every y = (y1,...,Yn) € (Lg.f) [0, 1])™ and for every ¢ € =, where yoo = (y,00,...,y,00).
Formula (1) implies the following corollary.
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Corollary 1. Let P: (Lgf) [0,1])" — K be a symmetric N-homogeneous polynomial. Then
AP(Ql ©0,...,YN OU) - AP(Ql?' - 7yN>
for every y1,...,yn € (Lgo@[O, 1)) and o € E.

For every multi-index k = (ki,...,k,) € Z" such that |k| > 1, where |k| = ki1 + ...+ k,,
let us define a mapping R,(CK): (Lgf) 0,1])" — K by

n

RE)(y) = /[ oy a (4)

0
where y = (y1,...,Yn) € (Lgf) [0,1])™. Note that R,SK) is a continuous symmetric |k|-homoge-
neous polynomial and HR,(CK)H =1.
Let €2 be an arbitrary nonempty set. A mapping f: {2 — K is called an algebraic combi-
nation of mappings f1,..., fm: Q — K if there exists a polynomial ): K™ — K such that

f(l’) = Q(fl(x)v ce 7fm(x>)

for every x € Q. A set {f1,..., fiu} of mappings fi,..., fr: Q@ — K is called algebraically
independent if

Q(fi(z),..., fu(z)) =0

for every x € € if and only if the polynomial @) is identically equal to zero. If a set of
mappings {f1,..., fr} is algebraically independent and polynomials Q1,Qy: K™ — K are
such that
Q1(f1(@), ..., fm(@)) = Q2(f1(x), .., fm(2))

for every x € €, then the polynomial () is identically equal to the polynomial (). Thus,
every algebraic combination of elements of an algebraically independent set of mappings is
unique. An infinite set of mappings is called algebraically independent if every its finite subset
is algebraically independent. A subset B of some algebra of mappings A is called an algebraic
basis of A if every element of A can be uniquely represented as an algebraic combination of
some elements of B. Evidently, every algebraic basis is algebraically independent.

For every nonempty finite set M C Z!} and for every mapping I: M — Z,, let

(1, M) =" |k[I(K). (5)

For N € N, let
My={keZi: 1<|k|<N}. (6)

We shall use the following result, proven in [12].

Theorem 1 ([12], Theorem 2). Every symmetric continuous N-homogeneous polynomial
P: (LP[0,1)" — C can be uniquely represented as

P(y) = Z ay H (R;(;C)(y)y(k),

l: MN—Z4 keMn
»>(L,Myn)=N  I(k)>0

where y € (ng) [0,1])", oy € C, My is defined by (6), and s is defined by (5).
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We shall use the following result, proven in [2].

Theorem 2 ([2|, Theorem 3.1). For every sequence § = {&,,}5°_, C C such that

sup R/ |&m| < 400,

meN

there exists ye € LY [0, 1] such that

/[O )=

for every m € N and ||y¢loo < & suppen ¥/ |&m|, where

2. The algebraic basis of the algebra of symmetric continuous real-valued poly-
nomials on (L& [0, 1])™. For every N-homogeneous polynomial P: (LSE) [0,1])" — R, let us
define an N-homogeneous polynomial P: (ng) [0,1])" — C in the following way. Let Ap be
the N-linear symmetric mapping associated with P. Let

Ag: (LO0,1)" x ... x (LO)0,1))" — C

~
N

be defined by

Aﬁ(y17-~-7yN Z Z Gt +jNA < ,---7yN )>7 (7>

Jj1=0 Jjn=0

where 3© and y for every y = (yl,...,yn) € (L [0, 1])" are defined by 3©(¢) =
(Rewr(t),...,Reyn(t)) and yM(t) = (Imwyi(t),...,Imy,(t)) for ¢ € [0,1]. It can be checked
that Ap is an N-linear symmetric mapping. Let
Py) = Ap(y,---.y) (8)
N

for every y € (ng) [0,1])™. Note that the polynomial Pis usually called the complezification
of the polynomial P. It can be checked that for every N;-homogeneous polynomial P; and for
every No- homogeneous polynomial P, which act from (Lgﬂf) [0,1])" to R, where Ny, Ny € N,
we have P1 b= P1 PQ

For every polynomial P: (Lgﬂf) [0,1])™ — R of the form (2), let

P=Py+P +...+Py. (9)

Pro§)051t10n 1. For every symmetric continuous N - homo%eneous polynomial P, acting from
to R, the N-homogeneous polynomial P: — C, defined by (8), is
symmetnc, continuous and

1P



SYMMETRIC POLYNOMIALS ON THE CARTESIAN POWER OF L0, 1] 197

Proof. Let P: (Lg};) [0,1])" — R be a symmetric continuous N-homogeneous polynomial. Let
Ap be the N-linear symmetric mapping associated with P.
By [1, p. 82, Formula 2],
51— CN)Y
- N!

1P

Therefore, the continuity of P implies the continuity of p.
Since P is symmetric, by Corollary 1,

Ap(yroo,...,yvo0) = Ap(yr,---,yn)
for every yi1,...,yn € (Lgf) [0,1])" and o € E. Therefore, by (7),
As(z100,...,2ny00) = Ap(21,...,2N)

for every zq,...,2y5 € (ng) [0,1])" and ¢ € Z. Consequently, by (8),

P(zoo)=Ap(z00,...,2z00) =As(z,...,2) = P(2)
N N
for every z € (L'S'[0,1))" and ¢ € E. Thus, P is symmetric. O

Proposition 2. The set of polynomials {R,gR): k € Z7,|k| > 1} is algebraically inde-
pendent.

Proof. Let N € N. Let us show that the set {RI(CR): ke M N} is algebraically independent,
where My is defined by (6). Suppose

a (k)
awt+d Y a [] (BPw) =0 (10)
p=11: My—Z4 keMp
w(l,My)=p  1(k)>0
for every y € (Lgch) [0,1])™, where ag,a; € R and p/ € N. Let us show that all the coefficients
ap, oy are equal to zero. For p € {1,... '}, let

Qu(y) = Z Q H (RI(CR)@))KM

l: MN—Z4 keMp
el M= U(R)>0

for y € (Lgﬂf) [0,1])". Note that @), is a p-homogeneous polynomial. By (10),
/J/
a+ Y Quly) =0 (11)
pn=1

for every y € (Lgﬂf)[(), 1])*. Therefore, by (3) and (11), g = 0 and @Q,(y) = 0 for every
y € (Lgf)[o, 1)) and p € {1,...,4'}. Consequently, ||Q,| = 0 for every p € {1,...,u'}.
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Therefore, by Proposition 1, HQ\MH = 0 and, consequently, @\u is identically equal to zero.

Taking into account R,(CR) = R,SC),

o= Y ol (#w)"” (12)

l: Mn—Z+ keMpn
»x(,My)=p  U(k)>0

fory € (Lgf) [0,1]))" and p € {1,...,u'}. Since @u is a symmetric continuous p-homogeneous
polynomial on (LEES) [0,1])", by Theorem 1, the representation (12) is unique and, conse-
quently, oy = 0 for every [: My — Z, such that s(l, M) = u. Thus, the set of polynomials
{R,(CR): ke M N} is algebraically independent.

Since every finite subset of the set {k € Z%: |k| > 1} is a subset of the set My for
some N € N, it follows that the set of polynomials {R,(CR): keZy, |kl > 1} is algebraically
independent. O

Note that we cannot prove Proposition 2 by analogy to proof of [12, Proposition 1],
because the proof of [12, Proposition 1| essentially uses |7, Theorem 6], which, in general, is
not valid for the real case.

Let us prove the following analog of Theorem 1.

Theorem 3. Every symmetric continuous N-homogeneous polynomial P: (LS;&) 0,1)" = R
can be uniquely represented as

P(y) = Z Oél H <R’(€R)(y)>l(k)’

l: MN—Z+ keMy
»x(l,Mn)=N I(k)>0

where y € (Lgf) [0,1))", oy € R, My is defined by (6), and s is defined by (5).

Proof. Let P: (L[0,1])" — R be a symmetric continuous N-homogeneous polynomial. Let
P: (ng) [0,1])" — C be the N-homogeneous polynomial, defined by (8). By Proposition 1,
P is symmetric and continuous. Therefore, by Theorem 1, P can be uniquely represented as

ﬁ(y) _ | Z o H <R,(;C)(y)>l(k)’

where y € (ng) [0,1])™, oy are, in general, complex numbers, My is defined by (6), and s is

defined by (5). For every y € (L[0,1])" we have P(y) = P(y) and R,(;C) (y) = R,(CR) (y) for

k € My. Therefore, w0
1(k
Py = > a I (RPw) (13)

l: MN—Z+ keMn
»(l,Mn)=N I(k)>0

for every y € (L[0,1])". Let us show that all the coefficients a; are real numbers. Since
P(y) € R, it follows that P(y) — P(y) =0, i.e.,

2 Y Ima [] (R,(}“(y)y(k) —0 (14)

l: MN—Z4 keMn
»#(l,Mn)=N I(k)>0
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for every y € (L((E) [0,1])". By Proposition 2, the set of polynomials {RSR): k € MN} is
algebraically independent. Therefore, by (14), Im oy = 0 for every coefficient «;. Moreover,
since the set of polynomials {R,(CR) ke M N} is algebraically independent, it follows that
the representation (13) is unique. ]

Note that we cannot prove Theorem 3 by analogy to proof of Theorem 1, because the
proof of Theorem 1 essentially uses Theorem 2, which, in general, is not valid for the real
case.

Corollary 2. The set of polynomials
(RY: kezn, |k >1) (15)

is ?1% algebraic basis of the algebra of all symmetric continuous real-valued polynomials on
(Lec[0, 1))

Proof. Let P: (LC(E) [0,1]) — R be a symmetric continuous polynomial. Then P can be
represented in the form
P:P0+P1+...—|—PN/,

where N’ € N, ) € R and P; is a j-homogeneous polynomial for j € {1,..., N'}. For every
jeA{l,...,N'}, by (3), P; is symmetric and continuous. Therefore, by Theorem 3, P; can
be represented as an algebraic combination of elements of the set (15). Consequently, P can
be represented as an algebraic combination of elements of the set (15). By Proposition 2, the
set (15) is algebraically independent. Consequently, the representation of P as an algebraic
combination of elements of the set (15) is unique. O

3. Completion of the algebra of symmetric continuous real-valued polynomials
on L& [0, 1]. Theorem 3 and Corollary 2 imply the following corollary.

Corollary 3. Every symmetric continuous polynomial P: L® [0,1] — R of degree at most
N’ can be uniquely represented as

Py =actY. Y a1 (RPw)" (16)

N=1 l1,-.,INEZ4 k)E{l,...,N}
l1+2ls+...4+Niy=N 1 >0

where y € Lgf) 0,1] and oy, .1 € R. Consequently,

P(y) = ao + i Z Uyl H <R;(<C) (y)>lka

N=1 l1,..,INEZ 4+ ke{l,...,N}
l1+2l2+..+Niny=N Ix>0
where y € L [0, 1].
(©)

Let G be a set of all functions g € L’ [0, 1] such that § = g o o, for some o, € =, where
g is the complex conjugate function to g.

Lemma 1. For every m € N and g € G, the value R (g) is real.
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Proof. Let m € N and g € G. Then there exists 0, € = such that § = g o 0,. Since the

polynomial R is symmetric, it follows that

R (9) = R (g0 04) = R (9)-

On the other hand,

R (9) = Ri (9).

m

Therefore, R,(;g)(g) = $§)(g). Thus, Rgg)(g) is real. O

Let us denote PS(LQE) [0,1]) the algebra of all symmetric continuous polynomials, which
act from L'[0,1] to R.

Corollary 4. For every P € P,(L¥[0,1]) and g € G, the value P(g) is real.

Proof. This is an immediate consequence from Corollary 3 and Lemma 1. O

For every r € N and P € P,(L{[0,1]), let

IPllr = sup |P(g)].
llglloo <r
ge

Let AS(LSE) [0,1]) be the completion of PS(LgEf) [0, 1]) with respect to the metric

1 PP,
d(P, P) = —
( 1, 2) 22T1+||P1—P2”T7

r=1

where Py, P, € PS(LQE) [0, 1]), generated by a countable system of norms {|| - ||.: r € N}.

For every function f € AS(L((E) [0, 1]), let us define the function f: G — R in the following
way. Let {P,}>_, C PS(LEE) [0,1]) be a sequence of polynomials, which converges to f. For
g € G, let

-~

flg) = lim P,(g).

It can be checked that f(g) does not depend on the choice of the sequence {P,,}°_,. By
Corollary 4, P,,(g) € R, therefore, f(g) € R.
For every r € N and f € A,(L¥[0,1]), let

~

[fllr = sup |f(g)l

llglloo <
geG

Note that AS(Lgf) [0, 1]) is a Fréchet algebra of functions, which act from L% [0,1] to R, with
respect to the metric

1 Bl
A1) = 2y T - Al

r=1

(17)

where f1, fo € AS(Lgf) [0, 1]). Note that a sequence of elements of AS(LQE) [0, 1]) is convergent
(fundamental) with respect to the metric (17) if and only if it is convergent (fundamental)
with respect to every norm || - ||, » € N.
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Proposition 3. Let f: LY [0,1] — C be a symmetric analytic function, which is bounded
on every bounded subset of L$3[0,1], of the form

oo I
C
f(y> = ap + E § , Xyl | | R( )<y)) )
N=1 I,y INEZy k‘G{l ..... N}
l1+2l2+...+NInN=N 1.>0

where y € ng) [0,1] and all the coefficients «y, ;. are real. Then the restriction of the
function f to L% [0, 1] belongs to the algebra AS(Lgf) 0, 1]).

Proof. For m € N, let f,,: Lo [0,1] — C be defined by

m I
C
fo) =a0+d Y e I (RO®)"
N=1 I1,eeey INEZ+ k‘E{l ..... N}

l1+2l2+...4+Niy=N >0

where y € LY [0, 1]. Since f is analytic and bounded on every bounded subset of LY 0, 1],

it follows that, for every r € N,

sup  [f(y) = fm(y)| =0 as m — o0 (18)
lylloo <7
yeL(oE)[O>1]
and
sup | fuw(y) = frr(y)] = 0 as min{m/,m"} — oo. (19)
lyll oo <7
yEL(o(o:)[Ovl]

For m € N, let h,, be the restriction of f,, to L® [0, 1], i.e.,

=ty Y [ (E0)"

N=1 I1,0ney INEZy k‘E{l ..... N}
l1+2lo+...4+Niy=N 1. >0

where y € LE[0,1]. Evidently, {hn,}2°_, € P,(LE[0,1]). For every r € N, by (19),

s = Bl = 5D [hir (9) = hmr ()] = 5UD | for (9) — Frnrr(9)]

1g9]loo <7 [9lloc <7
geG geqG
< sup ‘fm’(y) _fm”(y)| —0
[ylloo <r
yeL[0,1]

as min{m/,m”} — oo. Consequently, the sequence {h,,}>_, is fundamental with respect
to the metric (17). Since the algebra AS(LSE) [0,1]) is complete, it follows that there exists
he Ay (LY [0, 1]) such that {h,,}>°_, converges to h. Let us show that h is the restriction of
f to ijf)[o, 1]. Let y € Léﬂi)[O, 1]. Let r € N be such that r > ||y||«. Then ||h — hy||» — 0 as
m — oo and, consequently, the sequence {h,,(y)}°_, converges to h(y). On the other hand,
by (18), taking into account f,,(y) = hn(y), the sequence {h,,(y)}>_, converges to f(y).
Thus, h(y) = f(y). O
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The following proposition shows that the algebra AS(LSE) [0,1]) contains nonanalytic
functions.

Proposition 4. The function
L0 3y~ [R7 ()] € R (20)
belongs to the algebra A (L'[0,1]).

Proof. By the Stone-Weierstrass theorem, for every r € N, there exists the sequence of
real-valued polynomials of one real variable {p%)}fnozl, uniformly convergent to the function

R>tw |t €R (21)

on [—rr]. Let ¢, = p&T ) for every m € N. Then the sequence {g,}>_, is uniformly
convergent to the function (21) on every segment [a,b] C R. For every m € N, let

Qum: L¥[0,1] = R

be defined by
Qm(y) = am (R (1)), (22)
(R)

where y € Ls’[0,1]. Evidently, @,, is a symmetric continuous polynomial on LY [0, 1] for
every m € N. Let us show that the sequence {Q,,}>°_; is fundamental in .AS(LSE) [0,1]). For
r,m’,m"” € N,

HQm/ - Qm””r = Ssup ’@m/<g) - @m”(g)’ = Sup |Qm’ (REC)(Q)) - Qm”(Rg(C)(g» ’ (23>

[19lloo <7 [19]loo <7
9geG g€

For every g € G such that ||g||s < r, we have R{®)(¢) € R and
C
F T o ST
[RP@] < [ let)ldt < gl <7
0,1

that is, R\“(g) € [—r,r]. Consequently,

” S“up< |G ( R9(g)) = g (R 9)| < tes[up | |G () — G (1) (24)
e <r —r,r

Since the sequence {¢,,}5°_, is uniformly convergent on [—r, 7], it follows that

sup g (t) — qmr(t)] — 0 as min{m’,m"} — occ. (25)

te[—r,r]
By (23), (24) and (25), ||Qm — Qumr|lr — 0 as min{m’,m"} — oo. Thus, the sequence
{Qm}2_; is fundamental with respect to the norm || - ||, for every r € N. Consequently,
{Qm}2_; is fundamental with respect to the metric (17). Since the algebra AS(LEE) [0,1]) is
complete, there exists f € AS(LEE) [0,1]) such that {Q,,}°_; converges to f. Let us show

that f(y) = ‘RgR)(y)‘ for every y € Lgi{)[o, 1]. Let yo € L% [0,1]. Let » € N be such that
r > ||yolleo. Since the sequence {Qn,}o°_, converges to f with respect to the norm || - ||,,
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it follows that the sequence {Q.,(yo)}°_; converges to f(vyo). By (22), Qm(yo) = gm(to),
where ty = RgR)(yo). Then the sequence {g,,(to)}>°_, converges to f(yo). Let ro € N be such
that tg € [—ro, o). Since the sequence {g,, }5o_, uniformly converges to the function (21) on
[—70,70], it follows that the sequence {qm(to) }o_, converges to |to|. By the uniqueness of the

limit, f(yo) = |to, i-e., f(yo) ‘R( (Yo ‘ Thus, f(y }R(R )| for every y € Lff‘f)[o, 1], i.e.,
the function (20) commdes with f. Consequently, the function (20) belongs to the algebra
AJ(LE)0,1]). O

Let M be the set of all continuous multiplicative hnear functionals ¢: Aj ( LY 0,1]) — R.
In other words, M is the spectrum of the algebra A,(L%[0,1]). Let us describe the set M.

Let ¢ € G. It can be checked that the mapping d,: A,(L L¥ [0,1]) — R, defined by

d,(f) = f(g), is a multiplicative linear functional. Also note that d, is continuous with
respect to every norm || - ||, where r € N and r > ||¢||«. Thus, 6, € M.

Proposition 5. For every sequence £ = {&,}0°_; C R such that sup,,cy ¥/ |&m| < 400,
there exists g¢ € G such that R (ge) = &, for every m € N,

Proof. Let £ = {&,,}00_; C R be such that sup,,cy 1/|&n| < +00. By Theorem 2, there exists
Ye € LY [0, 1] such that R (ye) = &m for every m € N. Let g¢: [0,1] — C be defined by

Since g = g o 0, where o: [0,1] — [0, 1] is defined by

o(t) = t+ 31, iftefo,3)
t—1, ifteli ]

it follows that g € G. For every m € N,

[SIE

R = [ (e@0) "t + [ (02t = 1) dt = 3+ 5 = 6o

0

o
>,

Proposition 6. For every ¢ € M,
sup 4/ |g0(Rg$)){ < 400.
meN

Proof. Since ¢ is continuous, it follows that there exists » € N, such that ¢ is continuous
with respect to the norm || - ||.. Therefore, there exists C' > 0 such that |p(f)| < C|f]|, for

every f € AS(LEE) [0, 1]). Since

HRS}S)HT: sup ‘E(R ‘— sup ‘R < sup / lg(t)|™ dt < r™,
llloo <r lglloo <r Ioloesr
geG ge

it follows that
o (RE)| < Cr
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sup 1/ |g0(Rg§)) < 4o00.

meN

for every m € N. Therefore,

]

Proposition 7. Let ¢, € M be such that go(Rgf)) = ¢(R,(7H§)) for every m € N. Then
©=1.

Proof. By Corollary 3, every P € P,(L%[0,1]) can be uniquely represented in the form (3).
Therefore, since ¢ and 1) are multiplicative and linear,

I R

N=1 l1,-.,INEZ4 kE{l,...,N}
l1+2ls+...4+Niy=N lx>0
N’ l
B ®)\ )" _
—a+Y. Y anew [ (wED) =@
N=1 l1,,INEZ4 ke{l,...,N}
l1+2la+...4+NIlny=N 1 >0

for every P € PS(L((E) [0,1]). Since ¢ and v are continuous and ¢ coincides with v on
P, (L]0, 1]), which is dense in A,(LE[0,1]), it follows that o(f) = 1(f) for every f €
AJL20,1)). O

Let ¢ € M. By Proposition 6, the sequence {(p( Sﬁ‘?)) }::1 is such that

sup A, |g0(Rg$)) < +o00.
meN

Therefore, by Proposition 5, there exists g € GG such that R (9) = @(Rﬁn ) for every m € N.

Since Rq(q(s)(g) = (R)(g) J, (Rm ), it follows that <p(R,(£§)) =9 (R( )) for every m € N.
Therefore, by Proposition 7, ¢ = d,. Thus, we have proved the following theorem.

Theorem 4. For every ¢ € M there exists g € G such that ¢ = d,. Moreover, for every
peM,
m (R)
sup |90(Rm ) < +00,
meN

and, conversely, for every sequence {&,}>°_, C R such that sup,,cy {/|&m| < 400, there
exists unique ¢ € M such that gp(Rglf)) = ¢,, for every m € N.
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