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SPACES OF SERIES IN SYSTEMS OF FUNCTIONS
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The Banach and Fréchet spaces of series A(z) = >~ anf(A,2) regularly converging in
C, where f is an entire transcendental function and (A,) is a sequence of positive numbers
increasing to +oo, are studied.

Let My (r) = max{|f(2)|: |z| =r}, Ty(r) = %{w, h be positive continuous function on
[0, +00) increasing to +o00 and Sy, (f, A) be a class of the function A such that |a,|M¢(Ah(A))

— 0 as n — +o0. Define [|A]|;, = max{|a,|M;(Ah(A,)) : n > 1}. It is proved that if In n =
o(T'f(An)) as n — oo then (Sp(f,A),| - ||ln) is a non-uniformly convex Banach space which is
also separable.

In terms of generalized orders, the relationship between the growth of M(r, A) =
=Y lan|Mys(r)y), the maximal term pu(r, A) = max{|a,|Ms(rA,): n > 1} and the central
index v(r, A) = max{n > 1: |a,|M;(r\,) = pu(r, A)} and the decrease of the coefficients a,.
The results obtained are used to construct Fréchet spaces of series in systems of functions.

1. Introduction. Let A = ()\,) be a sequence of positive numbers increasing to +o0,
f(z) =) fiz" (1)
k=0

be an entire transcendental function and M¢(r) = max{|f(2)|: |z| = r}. Suppose that the

series
o0

A(2) =) anf (M) (2)

in the system f(\,z) converges regularly in C, i.e. for all r € [0, +00)

M(r, A) == Z lan| M (rA,) < 4o00. (3)

n=1

Many authors studied the representation of analytic functions by series in the system f(\,2).
We mention here only the monographs of A. F. Leont’ev [1| and B. V. Vynnytskyi [2], and
there in references.

Since series (2) converges regularly in C, the function A is entire. To study its growth,
generalized orders are used. For this purpose, as in [3] by L we denote the class of continuous
non-negative on (—oo, +o00) functions a such that a(x) = a(xy) > 0 for x < zy and a(x) T
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+00 as 79 < & — +o00. We say that o € LY, if a € L and a((1 + o(1))z) = (1 + o(1))a(z)
as ¢ — +oo. Finally, a € Ly, if @ € L and a(cx) = (14 o(1))a(x) as x — +oo for each
c € (0, +00), i.e. a is a slowly increasing function. Clearly, Ly,; C L°. For a« € L and 8 € L

quantity ( )
— aln M(r
0aplf] = Jim O

is called (|3]) generalized (a, 5)-order of the entire function f. In terms of the generalized
(o, B)-orders in the paper [4-5,14] the relationship between the growth of functions M¢(r),
M(r, A) and Mf’l(i)ﬁ(r, A)) was studied.

The study of various spaces of analytic functions represented by power series and Dirichlet
series has been studied by many authors (we only point out here [6-10]). For the Laplace-
Stieltjes integrals, the Banach and Fréchet spaces were studied in [11-12].

The present paper is devoted to the study of Banach and Fréchet spaces for entire func-
tions represented by series (2) regularly converging in C. Note that the function In M (r) is
logarithmically convex and, therefore,

dln Mg (r
Ly(r) == —dlnj;( ) /' Ho0, T — +00,
(at points where the derivative does not exist, dlr;f\f . ™) means right-hand side derivative).

The function I'¢(r) will play an important role in our research.

2. Banach spaces of series in the system of functions. At first we remark that if
In n = o(I'f(\,)) as n — oo then series (2) converges regularly in C if and only if

lim 0 ( ! ) ~ too. (@)

oo An ||

Indeed, if series (2) regularly converges in C then |a,|Ms(r),) — 0 as n — oo, i.e. for
all r € [0, +00 and n > ny(r) one has |a,|M(r\,) < 1, whence ﬁMf_l(ﬁ) > r for all
n > ny(r). In view of the arbitrariness of r we get (4).

On the other hand, if r» € [1, 400) is an arbitrary number and (4) holds then for every

K > r and all n > ng = ny(K) we have ﬁMf_l(L) > K, ie. |a,|M¢(K\,) < 1. Therefore,

lan]

i |an| My (rAn) = i lan M (KA )L (n) i My(rda) _

n=ng n=ng Mf(K/\”> B n=ng Mf(K/\n>
- KAndl M () - KX,
n f t
= Zexp{— / Wdlnt}: Zexp{— /Ff(t)dlnt}§
n=no TAn n=no TAn
< exp {=T(rA) In(K/r)} < Y exp{—T;(\)In(K/r)} < +o0,
n=ngo n=no

because In n = o(I'f(\,)) as n — oo, what was required to prove.
Let h be a positive continuous function on [0, +00) increasing to +oo and such that

lan| My Onh(An)) = 0, 1 — +00. (5)
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Let us show that if In n = o(I'y(\,)) as n — oo then the series

- f(Z)‘n)
B9 = 2 37 () ©)

converges regularly in C.
Indeed, for every » > 1 as above we have

Anh(An) h(/\ )

r

}<+oo,

I'¢(t)dIn t} < iexp {—Ff()\n) In

TAn n=1

because h(\,) = 400 and In n = o(I'¢(\,)) as n — oo.
By Sin(f,A) we denote the class of series (2) such that (5) holds. On S,(f,A) for
Aj(z) =507 Aan i f(Anz) (7 =1,2) we define operations

(A4 A2)(2) = Y (ang +ang) fnz), (AA)(2) =Y Aanf(Anz).

Put ||All, = max{|a,|Ms(Ah(N,)): n > 1}. Under these operations Sj(f, A) becomes a
normalized linear space.

Theorem 1. Ifln n = o(I'f(\,)) as n — oo then (S,(f,A), || - ||») is a non-uniformly convex
Banach space which is separable also.

Proof. Let (A,) be a Cauchy sequence in Sp(f,A), Ap(z) = 07 anpf(Ayz). Then in view
of (5) |anp|Mi(Ah(N,)) = 0 as © — +oo for each p, and for a given € > 0 there exists
Jjo = Jjo(e) € N such that [|A, — Al[» < ¢ for all p > jo and ¢ > jo, i.e.

max{|anp — Gnq| Mr(Ah(Ny)):n > 1} <e.

Thus, |an,M(Ah(
that (|a,p| MM h(
as p — 0o. Since

n)) — oM A h(N,))| < eforalln > 1, p> jo and ¢ > jg. This shows
qAEf

A
An)))p2y is a Cauchy sequence, so it converges to |ano| My (A h(A,)) (say)

|0 Mp(Anh(An)) < lanoMp(Anh(An)) = npMp(Anh(An))] + [anp [ Mp(Anh(An)) — O
as p — 00, the series Ag(z) = i anof(Anz) belongs to S, (f, A). Also we have
n=1

|A, — Aolln = max {|an, Ms(Ah(Nn)) — anoMe(Ah(Ay))]: > 1} =0, p— oo,

i.e. the space (Sp(f,A),|| - ||») is complete and, thus, a Banach space.
Further consider B j, and Bs ), defined as follows:

Bin(z) = f(2An) Bou(z) = S (2An) + f(A)

- M(Angh(An,))’ - My(ah(Aeg)  Mp(Ash(Ar))’

where ny and k are positive fixed integers. Obviously, Bj;, € Si(f,A), but
HBl,hHh = 1, HB2,hH = 1, HBLh + B2,hH = 2 and ”BQ,h — Bl,h” =1 7@ O, i.e. the space
(Sn(f,A), |l - ||n) is non-uniformly convex (see, for example, |7, p. 183]).
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It is still to be shown that (S,(f, A),||-||») is separable. For this, at first, consider the set
of all function A,, € (Sx(f,A),| - ||n), which has the representation A,,(z) = > b, f(An2),
n=1

where b, = ¢, + id,, and c,, d, are rational numbers for every n. This set is readily seen to

be a countable one. It is also everywhere dense in (Sp,(f,A), | - ||»)-
Since A(z) = > anf(Az) € Sp(f, A), | - |In), i-e. |an|Mp(Ah(N,)) — 0 as n — 400, for

n=1
every € > 0 and n > ng = ng(e) we have |a,|M(A,h(\,)) < €/2, i.e. max{|a,|M(Ah(\,)):
n>ng} <e/2.

Now let G € (Si(f,A), ] - ||n) be defined as G(s) = Y b,f(Az), where b, are given as
n=1
b, = 0 for n > ng and |a, — b,|Mr(Ah(N,)) < e/2 for 1 <n <ng— 1. Then

|A—Glln < max{|a, — by | Mp(Ah(A,)): n < ng— 1} +max{|a,| Mg A h(An)): n > ng} <e.
Therefore, (Sp(f,A),|| - ||n) is separable, and Theorem 1 is proved. O
The following statement concerns uniform convergence of (A,,).

Theorem 2. Let In n = o(I'f()\,)) as n — oo. In order that (A,,) C Si(f,A) converges to
A € Sy(f,A) by || -||n it is necessary and sufficient that A,,(z) converges uniformly to A(z)
over each compact subset of C.

Proof. If Ap(2) = 3 anmf(Anz) and ||A,, — Al|p < € for every € > 0 and all m > my(e)
n=1
then
max{|an m — an|Mr(Ah(A,)):n > 1} <e

and, thus, |an,m — an|Mr(Ah(N,)) < € for every ¢ > 0, all m > mg(e) and all n > 1.
Therefore, if m > mg(e) and r < ry < 400 then, as above,

‘Am<2) - A(Z)| = Z<a"’m an)f()\nz) < Z |an _ an|Mf(7">\n> <
S My (roAn My (roA,
- Z ™ a"'Mf(A”h(A“”Mf(&iM 2)) se) Mf&(nmi)) =
< EZGXP {—Ff()\n) In h(:(\]">} = Kye

From hence it follows that A,,(z) converges uniformly to A(z) on {z: |z| < ro}.
Conversely, let A,,(z) converges uniformly to A(z) on each {z: |z] < r}. Then
|@nm — an|Mp(rA,) < e for every € > 0, all n > 1 and all m > my = mg(e,r), whence

(tnam — anl My Aah(A)) < &

Choosing = h(A,,) from hence we get |y, m — an|Mp(Ah(N,)) < e for every e > 0, alln > 1
and all m > my = mg(e, n), i.e. ||An — Alln — 0 as m — . O
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Corollary 1. Let A(z) = i anf(Mn2), Am(z) = i anf(Anz) and Inn = o(I's(A,)) as
n=1

n — oo. Then A,,(z) — A(z) as m — oo for all z it and only if |a,|Ms(Ah(N,)) — 0 as
n — oo, i.e. A€ Su(f,A).

Indeed, if A € Si(f,A) then |a,|Ms(Ah(N,)) = 0 as n — oo and |4, — A, =
= max{|a,|M(Ah(\,)): n > m} — 0 as m — oo, i.e. A, = A by | - |5 and, therefore, by
Theorem 2 A,,(z) — A(z) as m — oo for all z.

Conversely, if A & S, (f, A) then |a,,|Ms(Xy,h(Ay,)) > 1 > 0 for some sequence (n;) T oo.

q
Therefore, if m < p < ¢ < oo and A,,(2) = > a,f(A\,z) then

n=p
[Apglln = max{lan[My(Ah(An)): p <1 < q} =1

provided p < n; < ¢. Hence it follows that (A,,) is not even a Cauchy sequence.
Now, for (Sp(f,A), || 1l») by S5 (f, A) we denote the dual space, i.e. S (f A) is the family

of all continuous linear functionals on (S,(f,A),| - [|n). Let L(A) = Z angn, Where real
n=1

numbers are such that

|gnl

—Mf()\nh()\n)) =K < +00. (7)

—_

n—

Theorem 3. Let In n = o(I'¢(\,)) as n — oo. Then every bounded linear functional defined
on (Sy(f,A), || - ||n) is of the form

L(A) =) angn,  A(z) =) anf(An2), (8)

where g, is real-valued sequence satistying (7).

Proof. In view of (7) we have

[e.9] o0

Ignl
— <
n=1 n=1
< max{|a,| Mp(Ah(Ny)): n > 1}2 M ’g" = K||Al|n < +o0,

i.e. L is well-defined functional on (S, (f,A),| - ||n). Moreover,

o0

LA < 141 S 3o

whence

1Ll < Z e Tewn 9

m

Conversely, we first remark that if A € (S,(f,A), |- |ln) and A,,(2) = > anf(A,2) then

n=1
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A = Alln = max Ja | My (Auh(A)) = 0

as m — oo and by Corollary 1 from Theorem 2 A,,(z)) converges uniformly to A(z) over
each compact subset of C. Therefore, if L € S;(f, A) and be define L(f(z\,)) = g, for each
n then

L(A) = L(mlgréoz anf(z/\n)> = WILE%OZG"LU(Z/\")) = Z AnGn-

n=1 n=1 n=1

|gn| |gn|
Now we show that —=——— < [|L||;, so that ———— < +o00. We take
z 0 h00) 12l 50 that 3% 5B
S1gN{ gn
p € Nand let a, = ———— for 1 < n < pand a, = 0 for n > p. If we define
- Mf()‘nh(/\n))
A(z) = > anf(z\,) then obviously A € S,(f,A) and ||A||, = 1. Hence
n=1
n=1 My(Anh(An)) n—1 My(Anh(An))
9n
ond [L(A)] < AT = [l 50 that 35 ot < L], and
- Ign - s
=sup ) —— v <sup [ Ll = [|L]|n (10)
; My (A p ; Mp(Auh(An)) — p

Inequalities (9) and (10) together show that

= |9n]
G000

b

and this completes the proof of the Theorem 3. O]

3. Growth of M(r, A). Let p(r, A) = max{|a,|Ms(rA,): n > 1} be the maximal term and
v(r, A) = max{n > 1: |a,|Ms(rA,) = p(r, A)} be the central index of series (3).

Lemma 1. The functions In p(r, A), A4y and v(r, A) are non-decreasing and
[T4(tN,
In pu(r, A) = In p(ro, A) = /Mdt, 0<ry<r<-+oo. (11)

T0

Proof. For h > 0 we have

p(r +hy A) = |ayina) | Mp((r + B)Arin,a)) =

M;((r + h)Aui+n,a))
My(rAvena)

pu(ry A) exp{ln My((r + h)Auirin,a) — In My(rdygina)} =

= |ay(rth,a) Mp(rAutn,a))

(r+h)Ay(rsh,4)
= u(r, A) exp{ / I'¢(t)dIn t} <

TAU(T-‘,—}'L,A)
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< pu(r, A) exp {T¢((r + W) Aosna) In (1 + h/r)},

i.e.
In p(r+h,A) —In p(r, A) <Tr((r +h)Avgs,a) In (14 h/r). (12)
Similarly,
Mf(r/\,,(r A))
pu(ry A) = |ay e a)| My ((r + h) Ay, a)) \ <
AT CATM((r + R Agra)
(r+h)Au(r,A)
:M(T—I—h,A)exp{ — / ['¢(t)dIn t} SM(T+h,A)exp{—Ff(r)\l,(rjA))ln(l—i—h/r)},
TAu(r,A)
i.e.
In pu(r+h, A) —In p(r, A) > Te(rAyea)) In(1+h/r). (13)

From (12) and (13) we obtain

In(1+h/r) < In p(r+h,A) —In p(r, A)
h - h

In(1+h/r)

I'e(rA
f(r V(T,A)) h

S Ff((’f’ + h)/\u(r+h,A)) .
Hence it follows that the functions In pu(r, A), Ay, and v(r, A) are non-decreasing. Our
reasoning is also correct if h < 0. Therefore, if (ry, r9) is an interval of constancy of the
function v(r, A) then at h — 0 we obtain

dl Ay Ty(rae
np(rA) _ Lilrhea)
dr r

Since the function I' f(r)\l,(n 4y) has a finite number of discontinuities on each finite interval,
we obtain the equality (11). O

We need also the following lemma.
Lemma 2. Ifln n = O(L'¢(\,)) as n — oo then for some g > 1 and all r > 1
p(r, A) <9M(r, A) < Ku(qr, A), K = const > 0, (14)
and if In n = o(I's(\,)) as n — oo then for every ¢ > 0 and all r > 1
p(r, A) <M(r, A) < K(e)u((L+¢)r, A), K(e) > 0. (15)
Proof. From (3) for ¢ > 1 and r > 1 as above have

u(r, A) < M(r, 4) < 3 |an|Mf<qmn>% < ulqr, A) Zexp{ - / Iy(t)d1n t} <

n=1 TAn

< u(qr, A) Z exp{—Ly(rA\,) In ¢} < p(gr, A) Zexp {-T'y(\,)In ¢}.

n=1 n=1
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If In n = O(';(\,)) as n — oo, that is In n < cI'f(\,,)) for some ¢ > 0 and all n > 1, then
for ¢ = e“t! we obtain

M(r, 4) < pular, A) S exp {—” 1

1l n} = Kpu(qr, A),

n=1

i.e. (14) holds. If In n = o(I'f(\,)) as n — oo that is In n < WI}(A”)) for every ¢ > 0
and all n > ng(e), then for ¢ = 1 + ¢ we get

S exp{-T;\)ngt< > exp{-2lnn},
n=ng(€) n=ng(¢)
whence (15) follows. Lemma 2 is proved. O

Let « € L, p € L and
— a(ln M(r, A))
0aplA] = lim —————~
ﬁ[ ] r—+00 6(7‘)

be the generalized (o, 3)-order of an entire function A. Lemma 2 implies the following
statement.

Proposition 1. Let a(ln z) € L. If either In n = O(I'¢(\,)) asn — oo and 8 € Ly or
)

— a1 A
Inn =o(Ty(\,)) asn — oo and B € L° then g, 5[A] = hljrn %

Proof. If In n=0O(I'f(\,)) as n — oo and € Ly then (14) implies

= a(np(rA)) _ — ol M(r4) _ — ol plgr, A) +In K) — Blgr) _
rbee B(r) T oretee B(r) T robe Blar) rtoe (1)
el p(rA) o Blar) _ — a(ln p(r,4)

= lim

r—+00 B(r) r—+oo (3(r) r—>+00 B(r)

If In n=o(I'f(A\,)) as n — oo then similarly from (15) we obtain

— a(mM(r,4) _ — alnpu(r,A) — B(1+e)r)
r—-+o00 5(7“) r—4o00 5(7“ r—r+oo B(T)

— 1
It is known [8] that if 3 € L° then lim Bl +e)r)
r—-+00 ﬁ(r)

Using Lemma 1 and Proposition 1 we prove the following theorem.

N 1ase 0. O

1
Theorem 4. Let a(e”) € L° f(z) € L°, m — 0 as r — 4o0 for each ¢ €

(0, +00) and In n = o(I'¢(\,)) as n — oo. Suppose that In Ms(r) = O(T's(r)) and T'y(r) =
O(r) as r — +o0. Then

0aslA] = sap[A],  05[A] = lim

n—00 1 _ 1 ’
(o ()

(16)
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Proof. Suppose that g, [A] < +00. Then by Lemma 3 In u(r, A)) < a=!(o8(r)) for every
0> 0ap|A] and all r > 7o, i.c.

In |a,| < a(eB(r)) —In M(rA,) for all n > 1 and r > ro.
Choosing 7 = 7 (a(\,)/0)) we get
6)\n/|an| > Mf(/\nﬁil(a()‘n)/g)»

for all n > nyg, i.e.

M7 /an)}) = MB~ (@(M)/0)), 12 no.

dln In M¢(r)

If In My¢(r) = O(I'y(r)) as r — +o0, that is ]
nr

dln M;'(e* 1
¢§—<+ooforaﬂx20.

> ¢ > 0 for all r, then

dln x c
Hence it follows that the function y(z) = M, '(e®) belongs to L° and, thus,
Mt (etet7) = (14 o(1)) (M ' (e7)), @ — 0. (17)

Therefore, A, 3~ (a(An)/0))) < (14 0(1))M; " (1/|an]) as n — oo and

o), o)
o (58 /o) 2 20,

whence in view of the condition 8(z) € L° and the arbitrariness of ¢ we obtain the inequality
#4.8lA] < 0a5[A], which is obvious if p[A] = +o0.

Now, to prove the equality s, 5[A] = 0a.[A], suppose by the contrary that s, g[A] <
< 0a,p[A] and choose s, 5[A] < 5 < ¢ < 04,5[A]. Then

la,| < for n > ng(s).

My(AnfB~H(An)/>)))

Therefore, for r > rq(¢)

Mf(’l“)\y(r))
pu(r, A) = law) | My (rdue) < —
OEORE My Oun B (a0 /%)
and, since p(r, A) — 400 as r — +00, we obtain r > 7 (a(Ay,a))/5)), i.e.
Aora) < a t(sef(r)) for all r > ro = ro(s).

Inr
Since — 0 as 7 — +o0o and «a(e”) € L, we have

In o=t (>6(r))

a(ra™(sB(r))) = alexp{ln o™ (>8(r)) + In r}) = a(exp{(1 + o(1)) In o™ (56(r))}) =
= (L4 0(1))B(r) < qB(r), r=ro(q).

Therefore, T'(rA,¢.4)) < T(a™'(gB(r)) for r > r1 and by Lemma 1

T

In p(r, A) —In p(ry, A) < /

T1

Lo @50 gy < 1y (g(r)) o = < CaH(gB(r))In -,

t T1 T

because I'¢(r) < Cr for all r. Since a(e®) € L and
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Inlnr

In o (gB()

as r — +00, as above we get

a(Ca™(gB(r)) In (r/r1)) = (1+ o(1))gB(r)
as r — +00, and, g, g[A] < ¢, which is a contradiction to the condition ¢ < g, s[A]. O

Remark 1. The conditions In n = o(T';(\,)) as n — oo and (z) € L° in Theorem 4 can
be replaced by conditions In n = O(I'f(\,)) as n — oo and B(x) € L.

Since the functions a(z) = In* z and §(z) = xT satisfy the assumptions of Theorem 4,
the following statement is correct.

Corollary 2. Let a function f and a sequence (\,) satisfy the conditions of Theorem 4.

Then
T Inln M(r,A)) — A In A,

The functions a(x) = f(z) = In™ x do not satisfy the conditions of Theorem 4. In this
case we put

oAl = Tim In In M(r, A))

r—-+00 In r

and prove the following theorem.

Theorem 5. Let In n = O(I'y(\,)) as n — oo. Suppose that In M¢(r) = O(L'¢(r)), r =

— Inln M
o(In Ms(r) asr — +oo and lim InIn My(r) < 1. Then

n—0o0 nr

oAl = s[A] 4+ 1, s[A] = Tm In A |
oo (L 1
An ! |an|

Proof. Let 1 < p[A] < 400. Since Lemma 1 implies

T In In p(r, A)

r—+400 Inr
for every o > p[A] and all r > ry(p) we have In u(r, A) < r¢ for r > r¢(p), i.e.

(18)

= Q[A]7

In |a,| +1n Ms(rA,) <7 forall n > 1 and r > ro(o)
Choose r = r,, = AY®™". Then r, > ro(0) for n > ng(p) and, therefore,
In |a,] < A€ D —In M(AYD) n > ng(p)
The condition r = o(In M/(r) as r — +oo implies
In |a,| < —(1+0(1))In MA@ D) as n — oo,
i.e. in view of (17)

A < M (exp{(1+ o(1) In (1/[an))}) = (1 + o(1) My (1/]aal). 1 oo,
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whence »#[A] < p— 1. In view of the arbitrariness of ¢ we get the inequality »[A] +1 < p[A],
which is obvious if g[A] = +oo.

Now, to prove the equality »[A]+1 = p[A], suppose that s»[A] < o[A] — 1. Then for every
» € (#[A], 0[A] — 1) we have

lan] < /M%)

for all n > ng(s¢). Therefore, as in the proof of Theorem 4 we obtain A, 4) < 7% for r > r
and, thus, in view of (11)

I it
Ff (tl—i-%) 1

1 A)—1 A) < = r Int=
n u(r, A) —In p(ro, )_/ ; dt 1+%/ st)dn t

0 T.é+%

r1+%

1 dln M;(t)
_ dln t =
1+%/ dlnt M T 15

143¢
To

(In My(r'*#) —In My(rg*>)),

whence

143
oAl = Tm In In p(r, A) < Tm In In My(r'+>)

r——+00 Inr T r—+4oo Inr

= (14 3)olf] <1+ 5,
because g[f] < 1, which contradicts to the condition 3¢ < g[A] — 1. Theorem 5 is proved. [

4. Fréchet spaces (see more details in [13]). For fixed ¢ < 400 by S, we denote the class
of function (2), such that g, s[A] < p. Then (18) implies

1
la,| < n — 0o. (19)

w (o (i)

Using an idea of the article [8|, for ¢ € N we define

1Al g = g jan| My (A”ﬂl (QQJE/\ln/)q» '

If B € L° then
BH(1 + o))
100) > Q(c) > 1

for every ¢ > 0 and all x > x( and, as above, we have

o (5 (00, )
o () 0 R
< exp{—T'f(An) In Q(1/(q0))} < 1.

Therefore, if In n = o(I's(\,)) as n — oo then in view of (19) [|Al|y, exists for each ¢ € N
and it easily to check that || A ,, is & norm on S,,.
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Clearly, ||Allpq < I|Allgg+1- Therefore [6], the family [|A[lye: ¢ € N induces on S, the
unique topology such that S, becomes a local convex vector space and this topology is given
by the metric d, where

o

1A = Ay,
A A _ 1 09 . 2
(A, As) Z;%H A1 = Asll g “

The space with the metric d we denote by §Q7d.

Theorem 6. If the functions «, §, f and the sequence (\,) satisfy the hypotheses of
Theorem 4 then S, q is a Fréchet space.

Proof. Tt is sufficient to show that S, is complete. Let therefore (A;) be a d-Cauchy sequence
in 5,4 and so far for a given € > 0 there corresponds an m = m(e) such that

|4 — Akllgg <€
for all j, kK > m and ¢ € N. Consequently for these j, k and ¢ we have

Sw (o ()<

(9)

ie. |a,(1j) )| < ¢ and (aq(l );>1) is a Cauchy sequence. Therefore, a;” — a, as j — oo.

Letting k — oo in (21) one has for j > j,

Z a9 — a,| M < (%)) <e, (22)

and consequently taking j = jo in (22) we get for a fixed ¢

S o (50 <

whence in view of (19) with ) instead of a, we obtain

i (200 < (240
o (20 0 o () <2

— a(A,) < Tm a(An)

oG ) (e G )

because M ! is a slowly increasing function.
By Theorem 4 in view of the arbitrariness of ¢ we get g, g[A] < p. Thus, using (21) again
we see that ||A; — All,, < € for j > jo and the result is proved. O

) =o0+1/q,

For S, 4 by gz,d we denote the dual space. The following analog of Theorem 3 is true.
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Theorem 7. If the functions «, (3, f and the sequence (A\,) satisfy the conditions of
Theorem 4 then continuous linear functional L on S,q is of form (8) if and only if for
allm € N and g € N

gn| < KM, ()\nﬁ‘l (onr(—i;)q))) , K = const > 0. (23)

Proof. Let L € S, ;. This clearly means if 4,, — A in S,q then L(A4,,) — L(A).

Now let a,, satisfy (19) and A,,(s) = 3 anf(2\,). Then we claim that A,, — A in S,4

n=1
(observe that A,, € §Q7d). To ascertain this, it is sufficient to prove that A,, — A in the
norm || - ||, for every ¢ € N.
So let ¢ be fixed integer. Choose € € (0, 1/¢). Then in view of (19) we can determine an
integer m = m(e) such that

1

a(\,) ’
M| N\,B7E
(o (552))
and it follows as above that

: 00 ()
1Am = Allgg = D anfEAllea < Y e /4
n=m+1 n=m+1 Mf ()\nﬁl <a()\n)))

0+¢

la,| < n>m+1,

— 0, m — oo,

and this ascertains our claim. Combining this with the continuity of L we have
lim_ L(4,) = L(4)
in the topology given by d.
Note that L(A,,) = zm: dyngn, where g, = L(f(z\,)) for each n. Since L is continuous on
(Spds |l * o), there exisi?a K > 0 such that
|gn| = [L(f(zAn))] < K[ f(2A0)) ] oq for each g € N

and so, using the definition of the norm || f(z\,))]] 0.4, We get (23).
To prove the other part, let now g, satisfy (23). Then

o+ 1/q

L(A)] < Kfj e s (20N

and so |L(A)| < K||A|l,,q for all ¢ € N. Therefore, L € (S,4, | - ||oq)" for all ¢ € N. Since

Al 0iq < 1Al gsgs1, from (19) it follows that S, , = gl(gg,d, | 1loq)*- Thus, L € S, ,. O
qz
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