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ASYMPTOTIC SOLUTIONS OF SINGULARLY PERTURBED LINEAR
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COEFFICIENTS

S. Radchenko, V. Samoilenko, P. Samusenko. Asymptotic solutions of singularly perturbed linear
differential-algebraic equations with periodic coefficients, Mat. Stud. 59 (2023), 187-200.

The paper deals with the problem of constructing asymptotic solutions for singular per-
turbed linear differential-algebraic equations with periodic coefficients. The case of multiple
roots of a characteristic equation is studied. It is assumed that the limit pencil of matrices of
the system has one eigenvalue of multiplicity n, which corresponds to two finite elementary
divisors and two infinite elementary divisors whose multiplicity is greater than 1.

A technique for finding the asymptotic solutions is developed and n formal linearly inde-
pendent solutions are constructed for the corresponding differential-algebraic system. The
developed algorithm for constructing formal solutions of the system is a nontrivial generali-
zation of the corresponding algorithm for constructing asymptotic solutions of a singularly
perturbed system of differential equations in normal form, which was used in the case of simple
roots of the characteristic equation.

The modification of the algorithm is based on the equalization method in a special way the
coeflicients at powers of a small parameter in algebraic systems of equations, from which the
coefficients of the formal expansions of the searched solution are found. Asymptotic estimates
for the terms of these expansions with respect to a small parameter are also given.

For an inhomogeneous differential-algebraic system of equations with periodic coefficients,
existence and uniqueness theorems for a periodic solution satisfying some asymptotic estimate
are proved, and an algorithm for constructing the corresponding formal solutions of the system
is developed. Both critical and non-critical cases are considered.

1. Introduction. The systematic study of differential-algebraic equations (DAES)

dz
AW = B+ [(1), 1€ 0:T) 1)
was begun in the second half of the past century. In particular, Campbell has proposed the
notion of a standard canonical form of system (1) that was represented as

<]n0_5 Nso(t)> Ccli_f B (Mo(t> ?) v+ h(t), 2)

where I, and I, are identity matrices of orders s and n — s, respectively, and N () is
a nilpotent lower (or upper) triangular matrix [4]. Note that, when the matrix N(¢) is
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additionally constant, system (2) is called the strong standard canonical form of system (1)
[10, 24].

Later Campbell and Petzold have found sufficient conditions of reduction of system (1)
to its Kronecker’s form [6, 24]. It allows to find the general solution of system (1) and to
study then Cauchy problem, boundary value problems, and others |6, 5, 1, 18, 19].

Another way to deal with DAEs is to decouple them by means of canonical projectors.
Using a concept of the tractability index, the numerical methods for solving differential
algebraic system were developed in papers by Gear and Petzold [10], Griepentrog and Mérz
[11], Brenan, Campbell and Petzold [2|, J. Pade and C. Tischendorf [23|, A. Dick, O. Koch,
R. Mérz and E. Weinmuller [7].

Effective methods of transforming a special class of index-1 tractable DAE to a standard
canonical form are presented by Boyarintsev [1|, Samoilenko, Shkil’ and Yakovets [25]. Also
it was assumed that the matrix A(¢) had a constant rank on the interval [0; 7).

Based on the notion of index, Lamour, Marz and Winkler [20, 21] have extended the
Floquet theory for DAEs with periodic coefficients. They have defined the monodromy matrix
for the differential algebraic system, studied the stability of the corresponding homogeneous
system, found the sufficient conditions for the existence of a unique periodic solution of
system (1).

One of the efficient methods of integration of DAEs is the perturbation method [22, 13,
14, 1] according to which in a perturbed system

(A@) + 6A1(t))ccll—f = (B(t) +eBi(t))x + f(1), (3)

where ¢ is a small parameter, matrices A;(¢) and B;(t) are chosen in such a way that the
index of system (3) should be smaller than that of initial system (1). Then under certain
conditions, the solutions of system (3) converge to the corresponding solutions of system (1),
as ¢ — 0 [30, 31].

Although the systems of linear differential equations (3) are studied since the 70s of
the last century there are many questions of theoretical and practical interest unanswered.
The exception is only the systems with constant coefficients for which on the condition
det(Ap + €A41) # 0 the fundamental matrix solutions can be represented by convergent
power series in ¢ [3].

Consider a more general system than (3), namely,

dz
ed(t,e) o = Blt,e)a+ f(t.e), t €[0;T], (4)
where A(t, €), B(t, ) are n X n—matrices, f(¢, ) is an n-dimensional vector possessing uniform
asymptotic expansions of the following form

Alte) =) " A(t), Blte) =) eBi(t), ft.e) =) " filt)

with real or complex-valued infinitely differentiable coefficients. The solutions of such singular
perturbed DAEs have some specific features in comparison with the solutions of system (1).
Samoilenko, Shkil’ and Yakovets have shown that under certain conditions for perturbed
matrices a homogeneous system

— = B(t,e)x (5)
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has two types of linear independent formal solutions corresponding to finite or infinite
elementary divisors of a pencil By(t) — AAy(t) [25]. Moreover, their linear combination is
a formal general solution of system (5). It should be noted that in the case of multiple di-
visors of a pencil By(t) — AAy(t) asymptotic expansions of solutions of system (5) can be
constructed in some fractional powers of small parameter ¢, where values of powers of ¢
depends on the multiplicity of elementary divisors of the pencil By(t) — AAy(t), as well as on
perturbed coefficients of system (5).

The obtained results have been used to find solutions of singularly perturbed periodic
differential algebraic systems [28, 32].

This paper deals with the DAEs (4) with periodic coefficients in case of multiple spectrum
of the main pencil By(t) — AAy(t). We have found the conditions under which system (4) has
the only periodic solution with prescribed asymptotic expansion.

It is well known [25], that in the case of multiple eigenvalues of By(t) — AAy(t) the
technique of constructing asymptotic expansions is tedious and quite complicated. That is
why we propose in present paper a modified approach for finding formal asymptotic solutions
to system (5). Namely, our technique is based on transformation of the system with multiple
spectrum of the main pencil of matrices into system whose main pencil of matrices has a
simple spectrum [28]. On our opinion, the proposed approach is more rational one than
others.

2. Homogeneous DAEs. We assume that the following conditions are satisfied:
1. The matrices A(t,e) and B(t,¢) are periodic in ¢ of period T
2. The pencil of matrices By(t) — AAy(t) is regular for all t € [0; 7.
3. The pencil By(t) — AAy(t) has one eigenvalue A\o(t), two finite elementary divisors (A —
Xo(8))Pr, (A — Ao(2))P2, 2 < p; < po, and two infinite elementary divisors of multiplicity
q1 and g2, 2 < 1 < qo; furthermore py +p2 + ¢1 + @2 = n.
Then there exist periodic nonsingular sufficiently smooth matrices P(t,¢), Q(t,¢) such
that
P(t,e)A(t,e)Q(t,e) = E(t,e) = diag{N,(t,¢), [, (t,e)},
P(tv 8>B(t7 €)Q<t7 5) = Q(t7 5) = dlag{IQ(ta 8)7 Wp(tv €>}7
where I,(t,0) = I,, I,(t,0) = I,, I, and I, are the identity matrices of orders q (¢ = ¢1 + ¢2)
and p (p = p1 + p2), respectively;
Ny(t,0) = Ny = diag{Ng,, Ng, }, W(t,0) = diag{W,, (t), Wp,(t)}, p = p1 + po,

N, is the square matrix of order g; such that

010 ... 0
0 1 ...0
Ny,= oo, ,1=1,2,
000 1
0 00 0

and W, (£) = A(t)L,, + N,,, i = 1,2 29, 26].
We set x(t,¢) = Q(t,€)y(t,e). Then system (5) can be written in the form

B(t,2) % = (t¢) — 2B (1, )Q7 (1 )Q 1.y, )

where Q'(t,0) =0, t € [0;T].
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The transformation y(t,c) = exp ( fo Ao(t) > (t,e) changes system (6) into

% = (Q01,2) ~ M(DE(1,) — 2B 2)Q (1, 2)Q (1) (7)

It should be noted that the pencils Q(t,0) — A\o(¢)E(t,0) — AE(¢,0) and diag{l,, N,} —

Adiag{ Ny, I,} have the same Kronecker normal form [9]. Then there exist periodic nonsi-
ngular quasi-diagonal sufficiently smooth matrices P(t), Q(t) such that

P(t)E(t,0)Q(t) = diag{N,, I,}, P(t)(2t,0) — Xo(t)E(t,0))Q(t) = diag{l,, N,}.
We set z(t,e) = Q(t)u(t,e). Then system (7) can be written in the form

eE(t,¢)

du

eH(t,e)— 7

= C(t,e)u, (8)

where H(t,e) = P(t)E(t,e)Q(t),
C(t,e) = P(t)(Qt,e) = Mo(t)E(t, ) — eE(t,e)Q 7 (t,6)Q'(t,€))Q(t) — eP(t) E(t,£)Q'(t).
Let us define the matrices

=Y " FH(), Cte) = Ci(t)

k>0 k>0
where Hy(t) = Hy = diag{ Ny, I}, Co(t) = Cy = diag{1,, N,,}, Hi(t) = diag{H1,(t), H1,(t)},
C1(t) = diag{C14(t), C1,(t)}; here, Cy,(t), Hy,(t) are square matrices of order g.
We seek a formal solution of system (8) in the following form

t

1 —
u;(t,e) = v;(t,e) exp (—/x\i(t,s)dt>, 1 =1,n, 9)
€
0
where v;(t, ) are n-dimensional vectors, \;(¢,¢) are scalar functions, and [25, 27|
=Y (o), Mte) =Y N (te) i =T, (10)
k>0 k>0

Substituting representation (9) into system (8), we get
(Co + eCi(t))vi(t, e) — (Ho + eHq(t))vi(t, e) Ni(t, e) = eH(t,e)v;(t,e)—
= EFCh(tvilt,e) + Y M Hi(t)ui(t o) Ailt, ). (11)

k>2 k>2
Let K(t,¢) be defined by K(t,¢) = diag{l, + €C1,(t), I, + €¢H1,(t)}. Then
= M(t) = diag{T, + > F My (), I, + > F M, (1)}

k>0 k>1 k>1
and M, (t) = diag{—C,(t), —H1,(t)}.
Multiplying both sides of relation (11) on the left by K~1(¢, ), we obtain

(Do + D1 (t))vi(t,e) — (Fo +eF1(t))vi(t,e) Nilt,e) = ¢ Z P FL(t)Vi(t, €)

k>0

= e Dyp(tyvilt,e) + Y Fr(t)uilt,e) (L e), (12)

k>2 k>2
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where Dy = Cy, Fy = Hy, D;(t) = diag{0, D1,(t)} = diag{0, C1,,(t) — H1,(t) N, },
Fi(t) = diag{F1,4(t), 0} = diag{ H1,(t) — C14(t)N,, 0},
Dy(t) = Cs(t) + diag{0, Myp(1) N, — Hip(t)Cp(1)
ZM )Ci—i(t) + diag{0, My (t) Ny + Mi—1,C1,(8)}, k2 3,

F2( ) = Ha(t) + diag{ng(t)Nq - Clq(t)qu(t)v 0},
F.(t) = Y M;(t)Hy—i(t) + diag{ My, (t) Ny + My_1,,H14(t),0}, k> 3.

7

S

Il
o

We modify the standard procedure for deriving the functions f)’l(s) (t,€) and XES) (t,e). We do
it in the following way: if we compare the coefficients belonging to £°, we take in the left-hand
side of (12) also the higher order terms Dy (£)3\” (¢, €)e**! and A\ (¢, &) Fy ()07 (¢, e)e+!. Of
course, these terms will then be neglected in deriving the functions 'ﬁgsﬂ)(t,a). Thus, we
have

(Do + €Dy (t) — XL, ) (Fy + eF ()02 (t, ) = 0, (13)
(Do + eDy(t) — XNO(t, ) (Fy + e F ()0 (¢, ) = d(t,¢), s € N, (14)
where ) \
A (te) = F@ " (te)) =Y De(t)o Pt e)+
k=0 k=2
s k ' s—1
IS TRV (AT (o) + (Fo +eFu() Y 8 (o)At e)
k=2 j=0 k=0
We write equation (13) as
(I, = MO (t, &) (N, + eFi(t))0 (8, €) = 0, (15)
(Np + Dy (t) = NO(t,€)L,)0%5 (£, €) = 0, (16)
~(0)
where 717 (t, &) = 3’(%)) (t€)
Vs (t7€)

Consider equation (15). The characteristic equation of N, 4+ F,(¢) has the form
w? + By (t, e)w?™ + ...+ Byoi(t, e)w + By(t, e) = 0, (17)

where B;(t,e) = O(g), e = 04, j=1,q0 — 1, By, (t,€) = hq qu( )e + O(g?), € — 0+,
Bi(t,e) =0(e%), e = 0+, i=q + 1, — 1, B,(t,e) = hq?l( )hfl 31+1( t)e? + 0(e?), e = 0+,
for all ¢ € [0; T]. Here, hgjl-)(t) is the element of the matrix H;(t). Let the following condition
be satisfied.

4hmﬂ)#thﬁﬂ)¢Oiﬂ)#OtemimWMm
h(t) = By (D0, 1 (5) = By o (DRG0,
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g,

g k

We construct the characteristic polygon for the equation (17) [15, 25]. Its vertices are the

points (¢;0), (¢g1;1), and (0;2).

%, the solutions of equation (17) have the following form

Since tgf; = qil, tg Oy =
wy(t,e) = {/hGL (e +0(m), j =T,
U)j(t,E) =" héi;-l—l(t)gg + 0(56)7 ] =q1 + 17Q'

Let @j(f,éf), j -
Tq_l(t, )(N, + eF1, (1)) Ty(t,

Then
(Nq + €F1q(t

as the cofactors of the first and (¢ + 1)th rows of the matrix N, + eFy,(t) — w;(t, €)1

respectively. Hence it follows that

a;

a

@j(ta 5)

qu( )h 1)

q1,9

%‘(t, 5)

a1 (t)h

_ 1 92—491
b 1<t>h§1?q1+1<t>s "

b?2+Q1*2 (t)h(l)

£)

= W,(t,¢) = diag{w (t, &), wa(t, €), ...

1,q, be the columns of the matrix T,(, ), where

, wy(t, €)}.

) —w;i(t e)1)p;(t,e) =0, j =1.q.
The components of the vectors ¢;(t,¢), j = 1,q1, and ¢;(t,e), j = ¢1 + 1, ¢ can be taken

3-1-2<t>h<t>e% +0(e)
af ! (O)he (1) + O(e™)
a (i Jhiy (e + O(em)

q1—1

AVt (e + 0(e)

q

O(e)
O(e)

92— q1+1
+O(

a2— q1+2
+0(e =

+
1+1 (t)g “ qq21

(™ +0e)

q1,q1+1

bq1+q2-1(t> + O(e™)
b2 ()R L1 (t)ew + O(emm)

o—1

bjl*qﬂ(t)hg}glﬂ(t)e =+ Ofe)

q»

7jZQI+]—7Q7
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where

2 (t 277 .
/it ‘( argaj )+ 7rj+ Sinarga]()—i- 7T]>7j_ o
q1

/— bi( 2 b;(t) + 27y
|( arg + 7T]+ Sinarg ]<)+ ﬂ—'])’j:l,QQ.
q2
It is easy to see that the matrix T, (¢, <) is nonsingular. Indeed, let us define the matrix
. T1<t7€) TQ(t7€)
Tolt,e) = (Tg(t,s) Ti(t,e))"

where Ti(t,¢) is a square matrix of order ¢;. Then

det T,(t,e) = det Ty(t,e) det(Ty(t,e) — T3(t,e)T;  (t,e)Ta(t, €)) =

= det Vi(t) det Va(t)(A\) 1 (D) =Rt () ] b2 s(D)e" + 0" ), v > 0,

=1

where

a7 (t) a3 T(t) af = (t) b (t) bia(h) b~ (t)

1 1 1 1 1

Vi(t) = a(t)  a(t) ag () |, Va(t)= | bg+1(t) bg+2(t) by(t) |,

af () a3 () ag—>(t) bi(t) bia(h) b~2(t)
because 9]

det Ty(t,e) = det Vi(H)hD) (DR ()™ + O T Tar),

Further, detVi(t) and det V2(t) are Vandermonde determinants up to a sign. Thus,
det Vi(t) # 0, det Va(t) # 0, t € [0; T, and det T,(t,e) # 0, t € [0;T7.
Substituting the representation

0 (te) = Ty(t, )Gy (+ ), (18)
into equation (15), we get
(I, = NO(t, )W, (t,2))3, (£ &) = 0. (19)
Therefore,
MOt e) = 7% e =1, {GO, ) =0, t€[0:T], i £, i,5=1,q
7 ( 78) {qzl ( 78)}1 ) {qzl ( 75)}3 ) € [ ) ]7 ? 7£j7 1,] , 4,

wz(t, €)’
where {E]Vi(lo) (t,e)}; is the jth component of Z]Vi(lo) (t,e).
Consider now equation (16). Suppose the following.

5. C((;Zpl,qﬂ( ) # 0, cq(lq+pl+1( ) # 0, c(t) #0, t €[0;T], where c( )( t) is the element of the

. 1 1 1 1
matrix Cy(t), c(t) = Céﬁpl,q+1(t)0£z,;+pl+1(t) §+)p1,q+p1+1(t)cﬁz,gz+1(t)-
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Then the solutions of the equation det(N, + eDs,(t) — wl,) = 0 have the following form

i/ q+p1q+1 €p1+05p1 ]ZQ+1a(]+p1>
w;(t,e) = f/ nq+p1+1 5P2+O€P2 ), i=q+p +1n

Let T,(t,¢) be the square matrix of order p such that

T4t e) (N, + eDiy (1) Ty(t,€) = Wy(t,e) = diag{wgi1 (¢, €), wapa(t, ), s walt, )}

Substituting the representation v 3) (t,e) = Ty(t, 6)&;(20) (t,€) into (16), we obtain

(W,(t,e) = NO(t,e) )35 (t,) = 0.
Thus

Xt e) = wilt,e), {GP )} =1, {GV(t,e)}; =0, t € [0;T), i # 74, i,j=q+1,m,

and G\ (t,e) =0, t € [0, T], i=q+ Ln, Gy (t,e) =0, t € [0;T], i =1,q.
We write equation (14) for s = 1 as follows

(L, = XO(t,2) (N, + eFag ()3} (¢, 2) = d} (8. ), (20)
(Np +eDy(t) = N0 (8, ) 1,)0 (1, ¢) = diy (1 2), (21)
e (1)
where ﬁgl)(t,s) = ~(1)<t €) , and cAlEl)(t,s) _ di%)(tag) .
Uiy (t,€) dis (t,€)
The transformation i)'gll)(t, e) = T,(t, E)qz(ll)(t’ £), ’17,21)@’ e) =To(t, 5)@(21)(% ¢) changes (20),

(21) into the equations

(I, = MOt o)W, (t, €)a (t,e) = g (¢, 2), (22)
(Wy(t,e) = MO (8, €)L)a (1 €) = g (£, ), (23)

where g\ (t,) = T, 1 (t,€)d\) (t,€) = T, (t, ) N, Ti(t, €)3 + Wo(t,e)a " AV (¢, ),
g§;><t,s> =T <t,a>d§;<t,s> =T <t,e>T;<t,s>q§2’ + a5 AVt e).
Therefore,

3(t.e) =~ G oy =0 re oo

Cwi(te)
IR ) B —
{%1 (t 6)} wl(t,&f) _wj( 6) ) 1 7&‘77 Z?] - 17Q7
05 (t.e) = (Wylt,e) = N (t,e) L) g (te), i =T,

where f\(t,e) = T, (t,e) N, T}(t,£)q", and

AVt e) = —{f )t e) i {3y (te)li=0, t € [0: 7],
~(1) L {giQ (t.e)};

{qz2 ( ) )} wj(t,s)—wi(t,a)’
i (te) = (I, = N (o)W, (t.e) Lgl (t,e), i =g + L,m,

L7 J, hj=q+Ln
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where fg)(t,s) = Tpfl(t,s)Tlg(t,s)@go).

Let T,7'(t,¢) be defined by

_ Vi(t,e) Valt,e)
1 _ 1\Y 2\ 4,
Tq (ta 6) - (Vé(t,é‘) ‘/4(757 8) )

where Vi (t,¢) is a square matrix of order ¢;.

Using the Frobenius formula for the inverse of the block matrix [9], we find

1 it

O() O(e ) ... O )

. -0 (-8 [00) 06 o)

t€[0;T], e = 0+; % = sy, + Gosay + Usss + Q204 @ = 1,4; 65 is the Kronecker delta.
It should be noted that the matrix 7' (t,¢) has the same form as T, *(t, ¢).
For the sequel we assume the following.

6. ¢2 < p1.
Then
() = 0(™), A (t,e) = 0(1), i = T4,
W(t,e) = 0(em), AV (t,e) = 0(1), i =q+ L,
t € [0;T], e — 0+. In the same way we define the functions o\ (¢,£), A (t,¢), i = T,n,
s = 2,3.... In addition,

9 e) =0, i=Tn, A6 =o@E lBla), i=17,
XES)(t,s) = 0(57[5]7%(%7[%])+%), i=q+1,n s=23,.,te[0;T], ¢ = 0+,

where [g} is the integer part of 5. Moreover, the functions @(s) (t,e), ng) (t,e),i=1,n,s €N,
are periodic in ¢ of period T'.

The main results this section can be formulated as a theorem.

Theorem 1. If A,(t), Bs(t) € C™[0;T], s > 0, and the assumptions 1-6 are satisfied,
then system (5) has n formal solutions of the form (9).

Remark 1. If the pencil By(t) — AAo(t) has more than one distinct eigenvalue, then sys-
tem (5) can be reduced to a set of systems of lower order in each of which the corresponding
characteristic equation has only one eigenvalue [8, 15, 16].

3. Nonhomogeneous DAEs. Consider now system (4). We seek a formal solutions of
system (4) in the following form

[e.o]

(t,e) = etu,(t). (24)

s=0

Substituting representation (24) into system (4) and equating the coefficients of like powers
of €, we get
By(t)xzs = dg(t), s=0,1,...,

where dy(t) = > 5o Ae(t)xl__1(t) = > 7 Bi(t)zs—i(t) — fs(t), z:(t) =0, t € [0;T], i < 0.
Suppose that the following condition is satisfied.
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7. Nolt) £ 0, t € [0;T].
Hence, it follows that z4(t) = (Bo(t)) 'ds(t), s = 0,1, ..., because det By(t) # 0, t € [0; 7.

Moreover, the functions xz4(t) are periodic of period T. Thus, expression (24) is a formal
solution of system (4) of period T

Let us show that the constructed formal solution of (4) has asymptotic character. Substi-
tuting relation

x(t,e) =y(t,e) + xm(t,e), xm(t,e) = Zsms
into (4), we have the following system

AL, 5)% — B(t,2)y + g(t, <), (25)

where g(t,e) = O(e™*!), t € [0;T], € — 0+.
We construct a square matrix V,,(t,e) of order n consisting of the first m terms of
expressions (10)

Zg'fv VB (t,e) = [0M(¢, ), (¢, ), ..., 5™ (¢, €)].

We set y(t,e) = exp(z fo Ao (1)dt)Q(t,e)Q(t)Vy(t, €)z(t, €) and multiply both sides of (25)
on the left by P(t)P(t,e). Then system (25) can be written as
dz
dt
where h(t,e) = exp(—= fg Xo(t)dt)P(t)P(t,e)g(t,¢).

Observe that the matrices H(t,¢) and V,,(t,e) are nonsingular for all ¢ € [0;7] and for
all small positive e.

Since

C(t,e)Viu(t,e) —eH(t,e)V,) (t,e) = H(t,e)Vi(t, &) (Am(t, €) + ™ Sn(t,€)),

where A, (t,€) = Yrl, eF A0 (t,2), AW(t,2) = diag{A{"(t,€), A" (t,2), .. A\ (£, 2)},

eH(t,e)Vi(t,e)— = (C(t,e)Vin(t,e) —eH(t, &)V, (t,€))z + h(t, ), (26)

- a7 (Wylte) + O ) 0 .
Slt,2) = (I + O(")) ( i - O(ngl)) T\ (t,¢)G(t, <),
T(t,e) = diag{T,(t, ), T,(t,€)},

m+1 m+k+1

G(t.e) =Y DtV 0(te) 4+ b 3~ D)Vttt e)—
k=2 E>1 s=k+1

m+k
=D N TRV ) = RS T R()Y VOt o) AR (1 g)—
k>0 s=k k>0 §>2 7>0

—1
—(F0+€F1(t)) €k
0 s=k

3

VO () AR (¢ g,

NE

x>
I

1

+

VE(te) =0, AO(t,e) =0,t € [0;T], s <0, s > m, the system (26) can be written in the
form

&% = (Am(t.€) + ™ 1St €))z + (H(t€)Vm(t,2) " hit, ). (27)
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In addition,
m 1
e LS, (te) = O™ El Ty, e jo;1), e s 0+
The transformation z(t,e) = exp(—= fot Xo(t)dt)u(t, ) changes system (27) into

du
8_
dt
where q(t,e) = (H(t,e)V,,(t,€)) ' P(t)P(t,e)g(t, ). Observe that q(t,e) = O(e™), t € [0; T,
e — 0+.
Suppose the following.
8. Re()\ (t g)+ N\o(t)) #0,t€[0;T),i=1,n.
Then, without loss of generality, we can assume that
At e) + Xo(t) 1, = diag{A,—(t,€), Ams(t,€) },
where A,,,_(t,e) and A, (¢, £) are the diagonal matrices whose eigenvalues are the eigenvalues
of A (t,e) + Ao(t)I, with negative and positive real parts, respectively.
Let us write a system of integral equations

= (Ap(t,€) + XNo(O) L, + ™S, (t, &))u + q(t, ), (28)

t+T
ute) == [ (5.0 (U0~ 1) Wi 02) Suls.uls. s, (29)
t
where Wy(t,e) = exp(= fo m(t,€) + )\0( )1,)dt) is a fundamental matrix solutions of the

corresponding homogeneous system e = (Ap(t,e) + Xo(t)L,)u, ¥1(0,e) = I,. Note that
system (29) is equivalent to (28) [12] on the set P = {u(t,e) € C[0;T] : u(t+T,e) = u(t,e)}.
System (29) can be written in the form
-1

w (te) = em (1_ ~exp (é /0 ' Am_(t,e)dt>) y

T
1 t
< foxp (] M (1. 2)a) Sonlt-4 5,00 (b 45.2) + Spalt 4 5, et 4-5.2))ds, (30
t+s—T
0

wa(te) = €m<exp (- é/OT Aps(t.)dt) 1+) e

) /eXp <1 /t; Aol €>dt> (Sma(t +s,8)u_(t +5,¢) + Spa(t + s,6)uy (t + s,¢))ds. (31)
Sp(t,e) = (Sm1(t,8) Smal(t, €)

u_(t,¢),
Here u(t,e) = (u+((t, 8))) ) Sps(t,€) Smalt,e)
u_(t,e) and wu4(t,e) coincide with the orders of the matrices A,,_(t,€), Sni(t,e) and
A (t,€), Sma(t,€), respectively; I_ and I, are the identity matrices of appropriate order.
Let us consider the mapping ¢ = Au of the set P into itself given by system (30),
(31). The mapping ¢ = Au is a contraction mapping. Thus, the operator equation r = Ar
(and consequently system (30), (31) also) has one and only one solution [17]. Note that

ult,e) = O™ 1315a0), ¢ € [0, 7], & = 0+

) , and the dimensions of vectors
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Theorem 2. If A,(t), Bs(t) € C™0;T|, s > 0, and the assumptions 1 — 8 are satisfied,
then for sufficiently small €, € € (0;¢0], and for each fixed m > 1 system (4) has a unique
solution x = x(t,¢) of period T such that such the estimate

2(t,) — zm(t,e) = O™ F1 @), te [0:7), & — 0+
is valid.
Further, assume that the following condition is satisfied.
9. \o(t) =0, t €[0;T].
The transformation x(t,¢) = Q(t,€)y(t, €) changes system (4) into
dy
SH(t2) Y = C(t,2)y + 1 2), (32)

where r(t,e) = P(t,e)f(t,¢).
Then, multiplying both sides of system (32) on the left by K~1(¢,¢), we get

d
eF(t, 5)d—i

where I(t,e) = K™ (t,e)r(t,€) = >0 € l(t).
We seck a formal solutions of system (33) in the following form

= D(t,e)y +1(t,e), (33)

= Z e%ys(t, €). (34)

Next, we substitute representation (34) into system (33) and compare the coefficients of
powers of € in such a way that

(Do + D1 (t))ys = dy(t,e), s=0,1, ..., (35)
where

ZFk Yy 1(t,e) — ZDk Ys—k(t,e) = Ls(t), wi(t,e) =0, t€[0;T], i <O.

The transformatlon ys(t,e) = R(t, s)zs(t e), R(t,e) = diag{I,,T,(t,¢)}, changes system (35)
into ®(t,¢)zs(t, ) = ¢s(t, €). Here O(t, e) = diag{I,, W,(t,e)},

gs(t,€) = ts(ZFk R(t,8)zskr(t,e) + R(t,e)2.__(t,€))—

—ZDk R(t,) 2 1(t,c) — z@)).

So, we have z4(t,e) = @*1(t,5)q5(t,5), s=0,1,....
Let z4(t,€) be a g-dimensional vector whose components are the first ¢ components
of zs(t,e), and let zx(t,e) be a p-dimensional vector whose components are the last p

components of z(t,¢). Then
12

zs1(t,e) = 0(5_[5]—%(%—[5]))7 Zzeo(t,€) = 0(5—[%] o1
m 2 m m
In the similar manner, we obtain system (28), where now ¢(t,¢) = O(€m_[7]_l_ﬁ(7—[7]))
te€[0;7T], e = 0+.
Repeating the preceding argument, we have the following result.

—~
N|w
|
—
N|w
-
N——
S~—
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Theorem 3. If A,(t), Bs(t) € C™1[0;T], s > 0, and the assumptions 1-6, 8, 9 are satisfied,
then for sufficiently small €, € € (0;¢¢], and for each fixed m > 3 system (4) has a unique
solution x = x(t,¢) of period T such that

2(t,e) — am(t,e) = O™ E1710) 1 e [0:7), & — 0+,

where x,(t,€) = Q(t,)ym(t, €).

11.

12.
13.

14.

15.

16.

17.

18.

19.

20.

21.
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